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Lectures mi the Theory of Beciprocants. 

By Professor Sylvester, F. R. S., SavUicm Professor of Geometry in the University 

of Oxford. 

[Reported by J. Hammond.] 



LECTURE XI. 



We may write for the Annihilator of an Invariant 

• • • • ° 

ft = ttoOi + 2aia2 + ^d^ + . . . . jaj^yCij 
and for its opposite 

O=yaiao+ {j— l)a««i + (y— 2)030, + + a/V-i» 

• • • • 

where the pointed letters Oo, Oi, a,, . . . . aj stand for the partial differential 

operators 9ao» 9«»» ^o,, 3>^. 

Suppose £i and to operate on any function U{a^^ Oj, a,, . . . . a^); then 

nof7=(n.o + n* o) u 
and onz7=(o.n+ o*n) ?7, 

where the full stop between and £i signifies multiplication, and the asterisk 
operation on the unpointed letters only. Thus, 

a.o= o.£i, 

and, consequently, (flO — Ofl) U= (11 * — * fl) CT. 

Now, £iMtOU= \ 1 .ja^+ 2(y— 1)0101+ SiJ— 2)o,Os+ .... +J. 10;;«i0^^i} U,, 

and 0*D,U= {l.yoiOi+2(y— 1)0,02+ +(y— l)2oj_iO^_i+y.lo/i^} ZT, 

whence we readily obtain 

(HO — Oft) U=j{affl(i + OiOi + a^(i% +.... + a/ij) U 

—2 (oiOi + 20,02 + 3«3«8 + . • . . +J(^/^j) U' 
Introducing the conditions of homogeneity and isobarism, viz. 

(oqOo + OiOi + O2O2 +.... + a/ij) U= iU 
. • • • 

and (oiOi + 20^0, + ^a^z +.•••+ j<^flj) U^^wU^ 

Vol. IX. 
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where i and w denote the degree and weight of ?7, supposed now to be a rational 

integral homogeneous and isobaric function (or, to avoid a tedious periphrasis, 

say a gradient) , we see that if the complete type of the gradient Ui& Wyi, J, 

{£10— 0£l) U= {ij— 2w) U=YiU, 
where yi is the excess. 

Since the operation of increases the weight of the operand by unity, but 

does not alter either its degree or its extent, it is clear that the type of 0^ U is 

^ + ^; i» i- The excess of 0*17 is therefore 

ij—2{w + e)=zYi—2Q, 

and the theorem just proved shows that 

(no— 0£i) (ru= {ri — 26) (yu. 

From this we pass on to prove that flO^ — 0^H, acting on any gradient as its 
objective, is equivalent to q(yi — g^ + 1) O^"^] i- ^- when q is any positive integer 
we shall show that 

(nO^— O^D) U=q{r! — q+l) O^-^U. 

The subsequent consideration of a special case of this formula, in which U 
is replaced by any invariant /, will enable us to prove that there can be no 
invariants for which the excess ij — 2w is negative. Let 

then O^-'^-^nO^ + ^ZJzr P,4.if7, 

and therefore (P, + 1 — P,) Z7= 0« " * -^ (ft — Ofl) 0* Z7. 

Substituting in this for 

(no — 0X1) (rUi\j& value (>? — 20) O^U, 

we have {Pb + i—Pb) U= {ri — 2Q) O^-^U. 

Hence 

(P,-Po)?7={(P,-Po) + (P,-PO + (Ps-P.)+.... + (^.-^.-i)l?7^/ 
= {>7 + (>7 - 2) + (>7- 4) + .... + (>? -2^+2)} O^^^U 

= q{yi-q+l)0''-'U. 
But since Pg=^D,0^ and Po= O^H, this result may be written 

(flO^— 0^£l)U=q{y! — q+l)0^-'^U. 
If now Cr= /, an invariant, we have ft?7= 0, and our formula becomes 

aCfiI= q(ri — q+l) O^^^l 
Writing in succession q=^my m — 1, .... l,we obtain 

m{yi — m+l) 0^-^I= £iCrl 
(m—l)(>7 — ?n+ 2)0^-2 =£iO^-H 

[m — 2) (>7 — m + 3) 0^-^/= nO"*-«/ 

\.riI=£iOL 
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By assigning to m a suflSciently large value we are able to make 0™/ vanish as 
well as ClI; for, the type of / being w]ij j, that of 0"*/ is w + m;i,j\ But it 
is evident that no gradient can have a greater, weight than ij, the product of its 
degree and extent, for each terra is a product of i letters none of them having a 
weight greater than j. If, then, we suppose that m'=-ij — to + 1 , the weight of 
0"*/ is 10 + m=-ij +1. 

Therefore O'*/=0. 

Again, yi — m + 1 = ty — 2w — {ij — w + !) + !=• — w. 

If, then, Yi is negative, every term in the series 

m(>7— 7W+ 1), (rw — 1)(>7 — m + 2), 2(>7 — 1), l->7 

is negative and can never vanish. Hence we have successively 

0~-i/=0, 0"-*/=:0, .... 7=0; 
i. e. when ij — 2t^? < no invariant of the type w]i,j exists. 

Observe that the elenchus of the demonstration consists in the fact that the 
successive numerical factors >? — m+l,>7 — m+2,>7 — m + 3,....>7 are all 
non-zero on account of >7 being negative ; but if yj were positive we should 
eventually come to a factor yj — /ii which would be zero, and we could not conclude 
from {[I + 1) {yj — (i) 0*/being zero that 0*7= . Since yj — (m — 1) passes from 
yj — {ij — u?) to >7, i. e. from — w to yj/it passes through zero when >? is positive. 

The second part of Cay ley's completed theorem remains to be proved, viz. 
that when ij — 2t/?'=]> 0, the number of linearly independent invariants of the 
type w]iyj 18 precisely equal to A(i/?;i,y);i.e. to {w]i,j) — {w — \]i,j). I show 
this by proving that if 7) (tt? ; i, j) is the number in question, keeping i andy con- 
stant and taking te? <= -^ , 

D{w',iJ) + D{w-l)iJ) + D{w-2)iJ) + ....+D{0',iJ) 
cannot be greater than 

^{w)iJ) + £^{w-l)iJ) + A{w-i)iJ)+ .... + A{0;i,y), 
and consequently, since we know that no single D{w]i^j) can possibly be less 
than the corresponding A(t^; iij)y it follows that 

7)(i/;;i,y) + 7)(2^_l;i,y) + Z?(ii?-2;i,y) + ....+i)(0;i,y) 
= A(K?;i,y) + A(i/;-l;i,y) + A(t(^-2;i,y) + ,...+A(0;i,y); 
and, furthermore, that each 

D{w]i,j) = ^{w]iJ). 
For if any D were greater than its corresponding A, some other D would have to 
be less, which is impossible. 
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This principle of reasoning may be illustrated by imagining a row of ballot- 
boxes and supposing it to be ascertained that no single box contains fewer white 
balls than black ones. If, then, there are not more white than black balls alto- 
gether, the total number of whites must be the same as that of the blacks. And 
since there are just as many whites as blacks distributed among the ballot-boxes, 
the number of white and black balls must be the same in each box ; for other- 
wise some box must contain fewer whites than blacks, which is contrary to the 
hypothesis. 

Observe that the sum of the A's is {w, i,j); for 
iw\i,j) — {w—l;i,J) + (w—l;iJ)—{w—2;i,j) + + {0'yi,j)—{—l]iJ) 

= («^;^',y) — (— i;*'»y) 

and (— l;i,y) = 0, 

since there is no way of composing — 1 with parts 0, 1 , 2, ... .y. Hence what 

I have to show is that 

I want preliminarily to express 11*0^/ as a multiple of /.* 
This can be done by a formxUa previously demonstrated, viz. 

n CK/= 5 (>7 — 9+1)0^-1/, 
which gives 

£i'O^I=q{yi-q+l)aO^-'I=:q{yi-q+l){q-l){yi-q+2)(y''Ii 
similarly 

£VO^I= q{yi-q+ l){q - l)(>7 -q+ 2){q - 2)(>7 - ^ + 3) 0^-»/; 
and finally, changing the order of the numerical factors. 

This shows that £i^CfiI and h fortiori 0^1 can never vanish unless yi — g' + 1 
becomes negative. 

Suppose now that /^ means an invariant of the type w — g^ ; t, y ; its excess 
is ij — 2{w — g), and consequently 0^1^ cannot vanish unless ij — 2{w — q) — g+1 
becomes negative, which is impossible. For 
iJ — 2{w — q) — q + 1 = ij — 2t£; + g + 1 , and ij — 2ti>=>0 by hypothesis. 

By taking 0^/^ as an image^ so to say, of Ig we shall be able to obtain a 
limit to the number of /^'s by obtaining a limit to the number of their images. 
In fact, taking the image O'^Iq of each of the D{w — g; i,j) linearly independ- 

* The result of operating on I with O and Q each q times, the two operations following each other 
according to any law of distribution whatever, will always be a numerical multiple of I ; but the value 
of this multiple will differ for different laws of distribution. 
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ent invariants of the type w — q\i^j (this is what is meant by the /^'s) and 
giving'^ all possible values from iQ w inclusive, the total number of these 
images is obviously 

Each of them will be a gradient of the weight w — q'\-q {i- e. of weight w) , 
and will consist of terms of weight w, degree i, and extent y. The total number 
of such terms will be the number of ways of making up w with i of the numbers 
0, 1, 2, 3, . . . .y, or with the usual notation (to; ii j). If, then, it can be 
shown that none of these forms are linearly connected, then, inasmuch as they 
are all functions of the same {w]i^j) arguments, i^ will follow that their total 
number cannot exceed {w] i, j) . I.e. we shall have shown that 

cannot exceed 

^{v)]ij) + ^{w— l;i,y) + A(u?— 2;i,y) + + A(0;t,y), 

and by the ballot-box principle, as already stated (inasmuch as no i> is less than 
its corresponding A), it will follow that each D is the same as the corresponding 
A, and the theorem to be proved is established. 

The proof of this independence is easy. For l"* suppose that there is any 
linear relation between the forms 

o^/„ 0^/^, o^/i^ . . . . , 

for each of which the value of q is the same. Denoting these forms by 

P P' P^^ 
let the relation in question be 

;ip, + XP'^ + r Pi' + = . 

Then Xfl^P^ + Xii^Pj^ + rCi^P^^ + = 0. 

But each argument Il^P, is of the form 11*0^/,, and since this is equal to Iq mul- 
tiplied by a number which does not vanish,* we have a linear relation between 
/ /' r^ viz 

%. e. the I^s would not be linearly independent, contrary to hypothesis. Thus the 
images {O^Iqt O^Fqr O^I^q . • . .) belonging to invariants of the same type w — q\ 
iyj cannot be linearly connected. 

2^ I say that the images of invariants of different types cannot be linearly 
connected. For let g^, g^, 5?", . . . . arranged in descending order of magnitude, 

* In fact, remembering that the excess of the type u? — g ; » , j is v — 2 (u? — g) = 7 + 2g, we find 

OffO?/ff = 1.2.8 fl{(v + 3g)(v + 2g — 1) (7 + « + !)}/<? , 

in which both n and q are positive integers. 
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be the different values of q in the images supposed to be linearly related. The 
result of operating with Q? on any image of the form O^'I^, is to bring it to the 
form Sl^-^^D^'CP^Igf, which is a multiple of n^-^^'/^,, and therefore vanishes. 
But fl*, acting on any of the images 0^/g, 0*ij, . . . . , will, as we have seen, 
bring back the multiple of /, ; thus the operation of H^ on the supposed relation 
will give a linear equation connecting /^, /^, /^', . . . . , and for the same reason 
as before this is impossible. Hence there can be no linear relation whatever 
between the images of the invariants whose types extend from w;i,j to 0; t,y, 
and the number of these images will accordingly be not greater than {w',i,j), 
as was to be proved. ^ 

It is well worthy of notice that D{w]ifj) may be zero, but obviously 
cannot be negative, as it denotes a number of things which may have any value 
from zero upwards. Hence follows a remarkable theorem in the pure theory of 
partitions which it would be extremely difficult to prove from first principles, 
viz. that the difference between the two partition numbers 

{wii,j) — {w—l]i,j) 
can never be negative when if — 2w? = > . It may be zero, but cannot be less 
than zero. This explains what I said about the hyperbolic paraboloid if — 2t^? = , 
where t, y, w are treated as co-ordinates of a point in space. We might call the 
value of {w; i, J) — {w — 1;*,/) the density of any point i, j, w, and the 
theorem may then be expressed by saying that at points within or upon the 
hyperbolic paraboloid the density can never be negative ; for points outside this 
surface it can never be positive. 

As regards the analogous formula in the Theory of Reciprocants 
{w]ij) — {w— 1; i+ l,y), 
we do not know that any algebraical surface can be constructed which will enable 
us to discriminate between the cases in which this difference, say E{w] t, /), is 
positive or negative. Should such a smface exist, its equation must contain w 
in a higher degree than the first. Supposing that the above formula represents 
the actual number of reciprocants, it will follow (and this is confirmed by expe- 
rience) that there can be no reciprocants to a type of negative excess. For 
{w)ij) — {w—l)i+ \J) 

= (^; *') y) — (^ — 1 ; *> y) — («^ — * — 2; i + 1 , y — !)• 

But if ij — 2i£? is negative, (to; i, j) — {w — 1 ; i, j) is zero or negative. Hence 
{w] i, j) — {w — \\ i + Ijj) is non-positive. 



Sylvester: Lectwres en the Theory of Eeciprocants. 

2 



For satisfied invariants (those ordinarily so called) t^ = ^ , and the formula 



for their number becomes (-^ >*'»/) — (~o 1 J *> Jj • 

As these form a well-defined class apart, it would have seemed very natural 
to begin with them in endeavoring to establish the theorem, reserving the theory 
of unsatisfied invariants (sources of covariants) for future consideration. But to 
all appearance it would have been very diflBcult, if not impossible, to have 
succeeded in dealing with them alone. 

This is another example of the law in Heuristic that the whole is easier of 
deglutition than its part. 



LECTURE XII. 

Before proceeding further with the development of the pure analytical 
theory of reciprocants, it may be useful to point out some instances of its rela- 
tions and applications to geometrical questions. 

Using yi, y,, ys, . . . . y^ to denote the successive derivatives of y with 
respect to a,* let the complete primitive of the differential equation 

F{x,y,yi, y„ y«) = 

be 4)(ir, y, ^, (ly v, )=0. 

We can in general so determine the n constants X, ^, v, . . . . that the curve ^ 
may pass through n given points, and if we take these to be consecutive points 
on the curve <I> (x, y) = 0, 

4) and * will have a contact of the {n — 1)*^ order at a given point of *. In 
order that the curves may have a contact of the n*^ order at a point whose 
abscissa is x, the ordinates of * and ^ at that point and their 1'*, 2*, . . . . n^ 
derivatives with respect to x must be the same for both curves. But at every 
point of ^ its differential equation 

F{x, y,yi,y%, y«) = 

has to be satisfied, and therefore the x, y, yi, y,, . . . . yn ^f any point on *, at 
which contact of the rt^ order with ^ is possible, must also satisfy the same 
equation. 

* In future yi , l^a , ^s , > • • • y. wiU always have this meaning, the derivatives of x with respect to 
y will be denoted by a^i , 0:2 , ^s i • • • • i An<i whenever the letters ^,a, &,c,.... are used they will 

stand for Vi^ ^^ f;^ » \.2%.i. ' respectively. 
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Now, suppose that for x and y we substitute given functions of them, 
X and F; the curves ^ and become 

4)(X, F, X,f£, V, ) = and *(X, F) = 0. 

Contact of the n}'^ order with the transformed ^ will therefore be possible at any 
point of the transformed <I> for which 

F{X, r, Fa, F,,.... FJ = 0, 

where Fi, F,, Fg, . . . . F^ are the derivatives of Fwith respect to X. 

But, unless the function F and the substitutions X=/i{x, y), F=/|(a:, y) 
are so related that the transformed differential equation 

F{X, F, Fi, F„....FJ = 

is identical with the untransformed one, the property marked by the contact of 
the transformed curves will not be identical with that marked by the contact of 
the untransformed ones. 

For example, let F'=y^) then the relation between 4) = y-f-^ + f£ = 
(the complete primitive of y, = 0) and an arbitrary curve * is that the constants 
% and li may be so chosen that the line y + Xa + f* = may have a contact of 
the second order at any point of 4> for which yg = ; and the property marked 
is an inflexion on <I>. But if we make the substitution X= a:*, F= y*, so that 

(d \* 
— j y* = and its complete 

primitive into y* + A^+f£ = 0, it will still be possible so to choose a and |t£ 
that y* + Xa*+ f£ = may have a contact of the second order at any point of an 

arbitrary curve for which f-pj y* = 0, but the property marked, instead of 

being an inflexion, will be a contact of the second ordei* with a conic having a pair 
of conjiigate diameters coincident with the co-ordinate axes. 

This property remains unaltered when the co-ordinate axes are inter- 

(d \* 
— Jy* = will be identical 

with f -Tj j a5* = Of ill which the variables x and y have changed places. The 
identity of the two differential equations is easily verified, for 

fL^,j^—^ ±(1. ^y^-J. fjL ^y-L±/^^V— -? -^^1 
\ds?J^~ 2ai' dx\x^ dxj '2a. ' \ x ' da^"^ x \dx J a;' ' da: J 



\ 



\ 
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BO that the differential equation may be written 

^!/y» + ^1 — 1/1/1 = 0. 

Interchanging x and y in this, we have 

yxx^ + ya^ — xxi = 0, 

in which, if we write »i = -3- = — , and 'a, = ^^ = — ^ , it follows immedi- 

*®y * yxx^ + y7\ — xxi = — ^{xyy^ + xy{ — yy^, 

and the identity in question is established. 

Such a form as the above, which merely acquires an extraneous factor when 
the variables are interchanged, might be called a reciprocant, if it were not con- 
venient to restrict the use of the word to forms in which the variables x and y 
do not appear explicitly. With this limitation, the geometrical property indi- 
cated by the evanescence of a reciprocant will be independent of the position 
of the origin, but not in general independent of the directions of the co-ordinate 
axes. Thus, we may prove that the equation 

indicates the possibility of 4-point contact with a hyperbola whose asymptotes 
are parallel to the co-ordviate axes. To do this it is suflficient to show that its 
complete primitive is the equation to such a hyperbola. 
Writing the equation in the form 

A — ^ A 

y2"~2-y, ' 

we see that its first integral is 

g 

log ys = Y log Vi + const. ; 
or, when prepared for a second integration, 

— -2•y^%» = ^• 
Hence yr* = ^ + i^» 

and finally we obtain the complete primitive 

which proves the proposition. 

With the notation previously explained, in which yi = ^ y, = 2a, yj= 6J, 
the diflFerential equation is U — a' = 0, We have therefore proved that at all 

Vol. IX. 
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points of a general curve for which the Schwarzian (bt — a*) vanishes, 4-point 
contact with a hyperbola whose asymptotes are parallel to the co-ordinate axes 
is possible. 

We now consider the important case in which the conditioning differential 
equation remains unchanged when the axes are orthogonally transformed, and 
is therefore found by equating to zero an orthogonal reciprocant The simplest 
example of this class of equations is that which marks the points of maximum 
or minimum curvature on a curve. Since these points are points of 4-point 
contact with a circle, the conditioning differential equation will be that of the 
circle (x + X)»+ (y + ^)» + r = 0. 

Differentiating this three times in succession, we have 

x + ^ + {y + li)t=0, 
l + f+2a{t, + ii) = 0, 
at + b{y+ii) = 0. 

Eliminating (i from the last two of these equations, y will disappear at the same 
time, and the condition for points of maximum or minimum curvature is found 
to be 2a*< — J(l + ^) = 0. 

In Salmon's Higher Plane Curves (2d edition, p. 357) the "aberrancy of 
curvature " is given by the formula 

tan5_y, ^^_t-——.. 

The above differential equation is therefore equivalent to j = • 

If we differentiate the radius of curvature p = ^ "^^^ = ' "^ ^ ,we find 

Hence it follows that tan J = -^ . -^ . 

The conditioning equation for points at which -^ or tan j is a maximum or 

minimum ^^ ^ = ; or the same condition may be expressed by — ^ — = . 



''o- '-S-'=^{'-'-^} = -- 



d«ap^ _ d f^ ft(l + <O l __ „ 2c(l+f) 2aht , 3&*(l+<») 



is an orthogonal reciprocant, for it can be expressed in terms of legitimate 



\ 
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combinations of 1 + <*, which is an orthogonal reciprocant of even character, 
with the three orthogonal reciprocants of odd character, 

a, 6(l + <»)— 2a*«, c{\ +f) — baht + ba^. 

In fact, the above expression for — -^ — , when multiplied by o? to clear of frac- 
tions, becomes, 

2a*— 2a»J< + 36*(l +^) — 2ac{\+f) 

where the right-hand side is a linear function of orthogonal reciprocants of the 
same (even) character, so that the combination is legitimate. 

Quantities such ^fi p, ^ , ;tt , . . . . , ^^ P' dA ' ^ » where d^ is the 

angle subtended by the arc da at the centre of curvature, have values inde- 
pendent of the particular position of the co-ordinate axes (supposed rectangular), 
and consequently these values, expressed in terms of <, a, J, c, . . . . will be 
absolute orthogonal reciprocants. A differential equation expressing the condi- 
tion that any one of these quantities vanishes, or that any one of them has a 
maximum or minimum value, will also be independent of the position of the 
rectangular axes, and must therefore be expressible in the form of an orthogonal 
reciprocant equated to zero. 

Mr. Hammond remarks that, since the radii of curvature at corresponding 

points of a curve and its evolute are p and -^ , the radius of curvature of its 

T^ evolute is ^^ . The radius of curvature of the n*^ evolute of any n^^ involute 

of a circle is constant, and, consequently, the differential equation of an vF^ 
involute to a circle is 

^ X = 0. 
Writing this in the form 



\ a ' dx J ' a * 



to which it is easily reduced, since 

d^~P* (fe ~(l+f»)i*da; ~~~2^'d^' 
we see by what precedes that the left-hand member of the differential equation 
is an orthogonal reciprocant. 
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As an exafnple of the class of singularities which next presents itself for 
consideration, let us find the diflferential condition which holds at points of con- 
tact of the fourth order with a common parabola. This condition is expressible 
by the diflferential equation whose complete primitive is 

{y + xxf + 2;ia; + 2//y + V = 0. 

Differentiating three times in succession, we obtain 

(y + xa;)(< + x) + ;i + f£< = 0, 

2a(y + xa:+/^) + (^+ x)* = 0, 

6 (y + XX + //) + a (< + x) = . 

The arbitrary constants v and ^ do not appear in the last two of these equations, 
from which, if we eliminate |t£, the variables x and y disappear at the same time, 
and we find 2a^—h{t + x) = 0. 

A final diflferentiation and elimination give 

10a6— 4c(< + ;c) = 0, 
4ac— 56* = 0. 

Points of 5-point contact with a parabola are therefore indicated by the eva- 
nescence of the pure reciprocant 4ac — 66*. And in general the diflferential 
equation JB = , where R is any pure reciprocant, indicates a property of a 
curve which may be called a descriptive singularity, since it is totally unafifected 
by the arbitrary choice of any two lines on the plane for the axes of co-ordinates. 
For it was proved in Lecture IX of the present course that if i be the degree 
and [I the characteristic of i2, the substitution of ly-^mx + n for x and 
Hy + m*x + n' for y changes R into (?m — lm*)\lt + mY^R, so that the diflferen- 
tial equation JS = and the geometrical property corresponding to it are left 
unchanged by the substitution. 

Six-point contact with a cubical parabola is another example of a descrip- 
tive singularity. Its defining diflferential equation may be written in any of the 
following forms : 

45yiy? — ^bQyiy^4y^+ 192y|2/J + 400y^Jy5 + \6by^^\ — 400yty, = 0, 

125a»c? — 750a*6cd + 256aV + dOOab^d + 165aiV — 3006^c = 0, 
5 (934^5 - ^^y^!/m + 40y§)* + 64 {3y^, — 5y|)» = , 
1 25 {aH — Sahc + 2by + 4 (4ac — dV^f = ; 

or, if we make a^d — Sabc + 2b^=z A and ac — — b^=Mj the equation may 
be put in the form /^ AV i f^^— a 



1 
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In the theory of Binary Forms, when the numerical parameter x in 
{aH — Sabc + 2by + x {ac — Vf 
is so chosen that the highest powers of h cancel each other, the form divides by 
a* and gives the Discriminant of the Cubic 

c?d^—6ahcd + ihH + 4ac»— 8JV. 
In the parallel theory of Reciprocants the form 

125J.*+ 256Jf' 
is divisible by a (instead of by a*) , giving 

125rt«c? — IbOa^hcd + bOOahH + 256aV + 165aft*c* — 3006*c, 

which may be called the Quasi-Discriminant. 

A complete discussion of the differential equation 

is reserved for the next ensuing lecture, in the course of which it will appear 
that the Quasi-Discriminant equated to zero is the differential equation of the 
cubical parabola. 



LECTURE XIII. 

We may integrate the general homogeneous equation in reciprocants extend- 
ing to d, inclusive, as follows : 

Calling ac— -t-V=^M and aH'^Zahc+ 2ft' = jl, 

the equation in question will be of the form 

But if we write ^ = Aa*, 

where ^, a are general linear functions of the co-ordinates, say 

y + mx + /I, y + m'x + n', 

we may eliminate the five constants w, n, m\ n', A, and the result will evidently 
be a pure reciprocant extending to rf, inclusive, and, being homogeneous and 
isobaric, can only be of the form 
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60 that it remains only to determine x in terms of X, or, which is the same 
thing, X in terms of x. 

The solution /3 = Aa^ implies a = A ^/?^. Hence the equation between 
if and A must be of the form 

where d is a constant, for otherwise there would be more than one general solu- 
tion to it. It only remains then to determine the values o( p^ q, $, i,jy which 
may be affected by considering the particular solution y=^a^. 

When >l= 2, if and A both vanish, and if % = 2 + ^ * where e is an infini- 
tesimal, if and A will each be of the same order as e (that the first power of e 
does not vanish in if or J. may be easily verified). Hence 2 -f j -f- c is of the 
order €, and therefore q=> — 2 andy = 1 . 

When X= — 1+6, M remains finite and A is of the order e. Hence 
J? = 1 and i = 1 . Thus, the equation is 

d(X+l)*iP+(;i— 2)(2a — l)ji» = 0. 

To find $j let A, = 3 and y = a*; then 

a=3x, J=l, c = 0, d=0, M= ^, A=2, 

so that —0.-^ + 5.4=0, ^ = -26» 

and finally 16 (X + l)»iP + 26 (2X» — 5)1 + 2) ^* = 

has for its integral /3 = Aa\ 

If ;i = oo, we may make 

and, consequently, /3 = c'*, which contains five independent arbitrary constants, 
will be the general integral. 

For a parallel method of deducing the Integral of A^ + xA^ = , where A 
(our future AG — jB*) is the projective reciprocant whose letters go up to/, see 
Halphen's Th^e sur les Invariants Diff6rentiels, Paris, 1878. 

Mr. Hammond has succeeded in deducing the equation between A and M 
from the primitive /3 = Aa^ by direct elimination, as shown in what follows. 
Possibly he, or some other algebraist, may eventually succeed in the more 
difficult task of obtaining the Differential Equation to y = /J^a*"*^ {i. e. the linear 
relation between A^ and A^) by some similar direct process. 
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Differentiating the equation ^a^^ = X three times in succession, and observ- 
ing that, since a = y + mx + n and ^ = y + fi'x + n', 

-,// Ot/ ^*3^ -, 

we have a/?' — Xa'fi = , 

y,(a — X/3) +y, {(2-X)a' + (l - 2X)/3'f =0. 

From the last two of these three equations we obtain, by eliminating (a — X^), 

y,(l-X)a'^-yS{(2-a)a' + (l-2^)/?'}=0; 
or, writing 

y,= 2a, y,= 6J, 2 — ^ = 33», 1 — 2;i = — 3r», 1— a = g» — r», 

and dividing by a!^, the equation assumes the form 

Differentiating again, remembering that a" = /?" = 2a, and — = 3J, ^ = 4o, 

we find 4ao— 66*,, .. 9* . »^ 

-4^r-(9*-'')=-^ + ^. 

The elimination of ^ between this and the equation immediately preceding it 
gives 4ao — 66* 



'(«'-'') 9'+{|,(«*-'') + 7F-$ = »- 



4a* 
Writing in this 4ac — 66* = 4if , we obtain by an easy reduction 

and, taking the square root of each side, 

a' (2gVif + rb) — 2aV = 0. 
A final differentiation gives 

a' (^ + 4cr) + 2a {2qA^M— 6br) = 0. 

Finally, eliminating a', we obtain 

(2gVif + rb){2q^M— 5rb) + ar (4cr + ^.) = . 

^W + ^(;^ — 86V Jf) + r»(4ac— 56«) = 0; 

or. 4(3» + »*)if* + <?r(o^ — «iiO = 0- 

^^'^^ ^ = ?= ^(«« - t) = 5<««- 76c, 



Hence 
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and, consequently, 

aJf' — 86Jlf=a(6ad— 7ftc) — J (8ac— 106»)= 6 (a*d— 3a6c+ 2*^) = 6j1; 
so that we may write 

*(?• + r»)if*= — jr (aif — SfeJf) = — bqrA, 
or, 16 (V + ^)*^ — 25^r»jl* = , 

where 85* = 2 — ;i and — 3r* = 1 — 2^. 

Replacing ^ and r* by their expressions in terms of X, the differential 
equation becomes 

1 6 (a + l)*if » + 25 (2a» — 5X + 2) il» = . 

Some special cases may be noticed. 

When ;i = 2 or -g- , the equation reduces to Jf = , which is the differential 
equation of the common parabola previously obtained. 

When ;i = a or y , we obtain 256iP + 125 J.* = for the equation of the 

cubical parabola, where the expression on the left-hand side is the Quasi- 
Discriminant. 

When X = — 1 , we find J. = for the differential equation of the general 
conic. 

When % is an imaginary cube root of negative unity, so that A.* — ;i + 1 = 0, 
we have (X + 1)* + (2A* — 5;i + 2) = 0, 

and the differential equation becomes 

16if» — 25^* = 0. 

We shall subsequently avail ourselves of this result in finding the complete 
primitive of the Halphenian A. 

In the case where X is infinite, from the complete primitive /? = e** we first 
eliminate the exponential function and afterwards the arbitrary constant L 

Thuswefind /3' = Za'/3 and -|.= -g- + |- j 

or, y^{a' — ^') — a'^—0. 

Hence y^ {a! -^)- y,fi' (a' + 2^') = 0. 

The elimination of /? gives 

36 _ 1 ^ 
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Comparing this with the equation previously obtained, 

we see that g* = 1 and r* = — 2 . Substituting these values in the differential 
equation 16 (?* + ^)*^ — 25j*r»-4» = , 

it becomes 8if + 25 J.* = , 

which is the differential equation corresponding to the complete primitive 

P = ^\ 

We shall hereafter consider in detail the theory of that special class of pure 

reciprocants (M. Halphen's Differential Invariants) which retain their form when 

any homographic substitution is impressed on the variables ; i. e. when, instead 

of X and y, we write 

£c + my -|- n , f a? + ^'y + w' 



Vx + ml'y + rJf Vx + 7n!'y + iJ' * 

Since perspective projection is the geometrical equivalent of homographic 
substitution, it follows from the definition of Differential Invariants that they 
are connected with the properties and relations of curves which remain unaf- 
fected by perspective projection. For this reason Differential Invariants are 
sometimes called Projective Reciprocants. Two reciprocants with which we are 
familiar belong to this important class. One of them, y%or a, vanishes at points 
of inflexion on the curve yz=z/(x)] the other, 

9i4y6 — 45^,2/8^4 + 40Z^» or a^d — Sabc + W, 
which, for reasons given below, we shall call the Mongian, vanishes at sextactic 
points ; L e. at points where a conic can be drawn having 6 -point contact with 
the given curve. 

To illustrate the distinction between a projective and a merely descriptive 
singularity, consider for an instant the pure reciprocant 4ac — 56*, which, as we 
have seen, vanishes at all points of a general curve where 5-point contact with 
a parabola is possible. Now, 5-point contact with a parabola is a descriptive but 
not a projective singularity; after projection the parabola becomes a general 
conic, and 5-point contact with it becomes 5-point contact with a general conic, 
which is not a singularity at all. But inflexions and sextactic points are indelible 
by projection, and thus belong to the class of projective singularities. 

The differential equation to a conic was originally obtained by Monge in 
the form Oj^yg — A5y^s!/i + 40y| = 
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(see Monge, Sur les liquations diffi§rentielles des Courbes du Second DegrS. 
Oorresp. sur Tl^cole Polytech. Paris, II, 1809-13, pp. 51-64, and Bulletin de la 
Soc. Philom., Paris, 1810, pp. 87, 88), At the end of the first chapter of his 
Differential Equations, Boole mentions this form of equation as due to Monge, 
but without any reference, and adds the remark: "But here our powers of 
geometrical interpretation fail, and results such aa this can scarcely be otherwise 
usefiil than as a registry of integrable forms." The theory of Reciprocants, 
however, furnishes both a simple interpretation of the Mongian equation and an 
obvious method of integrating it. 

To see that the differential equation of a conic is satisfied at the Sextactic 
points of a given cm^e, we have only to remember that at such points the 
derivatives of y with respect to x, up to the fifth order, inclusive, are the same 
for the given curve as for a conic. 

We proceed to show how the Mongian may be integrated. Writing in the 
above equation 

yg=2a, 3^8=2.36, ^4= 2.3.4c, y^=2.3A.6d, 

it becomes a^d — Sabc + 25' = 0, 

where it can hardly fail to be noticed that the left-hand member of the equation 
is an ordinary Invariant as well as a Reciprocant. It will be proved hereafter 
that all Differential Invariants possess this double nature. 

Now, if (1=^ Si + Wf where i is the degree and w the weight of any pure 
reciprocant B, the ordinary theory of eduction shows that 

da\a'iJ~ a^ + i 
is another pure reciprocant. 

When we consider the letters a, 5, c, .... in any invariant / to mean 

^ f ^f 0^0 A , .... the parallel theory of generation for Invariants gives the 

corresponding theorem that if r = 3$ + 2ti?, where i is the degree and w the 

weight of/, a^-vbl 

a / I\ dx 

dx \aT/~ al+i 

is also an invariant. 

A strict proof of this theorem will subsequently be given. For present 
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purposes it is sufficient to notice the easily verified special cases of the two 
theorems _d / 4ac — 56^ \ _ 20 (c^d — 3a6c + 2fc') 

, d /ae—^\ _ 5(a»d — 3a6c + 2fr») 

and -3— ( IP I — ii . 

It follows as an immediate consequence that the equation 

a^d—3abc+ 26»=0 

admits of the two first integrals 

oTT (4ac — 66*) = const, 
and a""T (ac — £•) = const. 

Now, a-T (4ac — 5 J») = ^ («~ ^*) = — T ^ («~^) ' 

so that the Mongian equation is equivalent to ^ (a"""^) = 0, or to ^ (j/T^) = 0- 
We thus obtain an integral of the form 

yfT = Z + 27nx + ny?^ 
from which the complete primitive may be found by two easy integrations. Thus, 

p dx wi + na? 

^^ ^ ~J (Z+2wkc + rw^* ~ (in — m*)(Z + 2mic + na^)i 

gives y + j?aj + gr = ^^_^^ (7 + 27na5 + n7?)\ 

which is the equation of a general conic. 

By first interchanging the variables cc, ^ in the Mongian equation (whose 
form remains unaltered by this interchange, since c^d — 3aJc + 26* is a recip- 
rocant) and then integrating three times with respect to a;, we should find another 
integral of the form 05"^ = 7 + 2m'y + n'y*. 

The solution may be completed by two integrations, as in the former method. 

Mr. Hammond remarks that -^^ — ^—^=, —^ (a*), where <=yi. For, since 

A— ^ A — 2- A. 
dt~ dt'dx ~ 2a' dx' 

we have -=- (a*) = —-.—-. a"*. 36 = ^^ , 

cte ^ ^ 2a 3 a* 

and, consequently, 
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Hence the integral a"^ (ac — J*) =: const, previously obtained for the Mongian 
is equivalent to -^ (a*) = constant ; i. ^- to -^^ (y' ) =^ const. Thus we have 

if* 

another integral of the form 

from which it is also easy to pass to the complete primitive. 

I add a few general remarks relating to the subject-matter of this and the 
preceding lecture. Instead of the cumbrous terms Projective Reciprocants or 
Differential Invariants, it may be better to use the single word Frincipiants to 
denominate that crowning class or order of Eeciprocants which remain, to a 
factor prfes, unaltered for any homographic substitutions impressed on the 
variables. This is the species princeps. If we go back to the species infima, we 
see the beginning of life in the subject. In general Reciprocants, all that is 
affirmed is that there exist forms-functions of the derivatives of y in regard to 
X which (to a factor pr^s) remain unaltered when the variables x and y are 
interchanged, so that /(yi, y,, ys? • • • •) becomes 4>(a:i, a:,, arj, . . . .)• The 
function 4> only differs from / by the acquisition of an extraneous factor ( — )*y5 ; 

*• «• /(yii y», ys, — ) = {—Yyt/i^i, ^, a^s, — )• 

A particular species of these general (mixed) reciprocants arises when 
/(yi, y%, ys, ' ' • '), differentiated in regard to yi, gives a reciprocant. These 
are Orthogonal Reciprocants, and in them we see the first dawn of free contin- 
uous motion as distinguished from mere displacement (or mere interchange of 
axes). Orthogonal Reciprocants, when a, y are rectangular co-ordinates, remain 
unaltered (save as to a factor) when the orthogonal axes are moved continuously. 
A quarter of a revolution of course will reverse their original positions, so that 
we see the condition of mutual displacement is fulfilled. Thirdly, Reciprocants 
into whose form the first derivative y^ does not enter are called Pure. Their 
form is invariable when the axes (now taken generally) undergo separate 
displacement (instead of turning round together) in a plane. Here there is a 
further development, so to say, of life in the subject. 

Finally, in Frincipiants, a particular species of Pure Reciprocants, the in va- 
riance remains good, not merely for any position of the axes of reference, but 
for any homographic deformation of the plane in which they lie, so that the 
evanescence of a Frincipiant corresponds to some property of a curve not only 
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intrinsic but indelible by projection, as ex. gr. an inflexion, or a double point, 
or a sextactic point, and so on. 

It is clear from this review that the Theory as we have given it goes to the 
root of the subject, and that the word Reciprocant is rightly chosen as conveying 
the notion of a property .which is common to the entire continuous series of 
forms bearing that name. All the links of this connected chain are thus compre- 
hended under the general name of Reciprocants. 



LECTURE XIV. 

The remaining lectures of the course will be devoted to the theory of Pure 
and Projective Reciprocants. I shall first treat of the existence and properties 
of the Protomorphs of Invariants and Reciprocants, using the latter system of 
protorilorphs to obtain all the fundamental forms of Reciprocants in the letters 
a, 6, c, e2, c. I shall then pass on to the theory of Projective Reciprocants, or 
Principiants, with its applications contained in M. Halphen's Th^e pour obtenir 
le grade de docteur ha sciences (Paris, Gauthier Villars, 1878). It will be seen 
that M. Halphen's very ingenious methods become greatly simplified when his 
results are read by the light of an important discovery in the theory of Prin- 
cipiants recently made by myself tod Mr. Hammond working conjointly, arising 
out of a theorem put forward by one of my hearers. This theorem, on exami- 
nation, we found was necessarily erroneous and would fail at the very first step 
of its application. But although the proposition stated was wrong, it contained 
an Idea which survives and may be incorporated in a valid and extremely 
important theorem, which I will endeavor to explain. 

A Principiant, besides being an Invariant in the original letters 
a, 6, c, d, . . . . is also an Invariant in the letters a, A, B, G, D, . . . . where 
each capital letter is itself a Reciprocant ; and, conversely, every invariant in 
the capital letters A, B, G, D, . . . . is a Principiant. The invariants in the 
capital letters form a system of protomorphs for Principiants, so that every 
Principiant is either some such invariant simply, or a rational integral function 
of such invariants divided by some power of a. Thus, for example, it will be 
proved that the Cubic Criterium (i. e. the Principiant which gives, when equated 
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to zero, the differential equation of a cubic curve) may be expressed as the 
quotient of 

^ ^» + ^ A{A^D — ZABG+ 2B^) — {A0E—AD' — B'JS + 2BCD — C') 

by the fifth power of a. 

The proof of this theorem is based upon the fact that we can form a series 

of terms beginning with the Mongian (viz. a^d —Sabc + 26^) , say A, B, O, D, 

such that HA=^Oy 

nC7=25x-|, 



where Cl=:ad^+ 263, + Scda + , 

coupled with the fact that every Principiant must be a function of the letters in 
such series and the small a . 

Each consequent of the series A, B, 6!^, Z>, .... is, so to say, an Invariant 
relative to its antecedent ; it becomes an actual Invariant when its antecedent 
vanishes. 

In the theorem as originally proposed, each letter of the series was derived 
by the operation of an eductive generator upon the one which precedes. In the 
true theorem the scale of relation is between three and not two consecutive 
terms. Galling the letters Uf^, v^f v^^ . . . .Ui, we have 

where & is the ordinary eductive generator, 

4{<w—V)dt + 5{ad—bc)d, + 6{ae — bd)da+ , 

M is the first pure reciprocant after the monomial a, viz. M=^ac j- &•, 

Uf^ = A = a*d— Zaho + 26*, and 6ui = GA. 

But although, as I have said, the theorem in the form proposed was abso- 
lutely erroneous, its proposer has rendered an invaluable service to the theory 
by the mere suggestion of what turns out to be true, viz. that every Principiant 
is an Invariant in regard to a known series of Reciprocants considered as simple 
elements. 
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To this theorem there \b a correlative one, for it will be shown that there 
exists a series of invariants J^, il^L, ^t» . , • . , the first term of which, J^, is the 
same as the Mongian A^ each of the other terms of the series being a Becipro* 
cant relative to the one that precedes it. In fact, we have 

7^ = — 2aMi, 



where 7 = 4 ( ^^d^ + hahd, + 6 (ac + ■^) a^ + , 

and, as a consequence, every Principiant wiU be an Invariant in respect to these 
Invariants and the first small letter a. 

Thus, speaking symbolically, we have not only 

P — R + I 

(a logical equation meaning that P has the same qualities as both R and /, or 
that a Principiant is both a Reciprocant and an Invariant), but also 

P = IR and P=//, 

meaning that a Principiant is an Invariant of Reciprocantive elements, and an 
Invariant whose elements are themselves Invariants. 

I may add that the invariantive elements Aq, Ai^ A^, A^y . . . . ^r^ defined 
by the equations 

a.=d-^(±)c+z{\)'b-(Jl)'a. 

SO that any invariant in the reciprocantive elements -4, 5, G^ D^ . . . . is equal 
to the corresponding invariant in A^^ A^^ A^^ A^^ . . . . Thus, 

A ^ -4^, 

A*D — SABO + 2£» = AlAg — 3^,^1-4, + 2^1, 
AH — 4BD + 3 C« = A^,At — ^^A, + ZA^, 
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M. Halphen appears not to have noticed the Principiant AE— ABD -f- 3C7*, 
which presents itself naturally when the theory is viewed from our present 
ground of vantage, but A, AG — B^ and A?D — 3-45(7+ 25* occur in his 
Th&ie in connection with the curve 

in which a, /?, y are any linear functions of 05, y, 1 . 

When X = — 1 the differential equation of this curve (the conic afi = y*) is 
^ = 0, but it is AG — :E^ — 

when A* is a cube root of negative unity, and 

A^D — ZABO'\' 2BP—0 
when % has an arbitrary value. 

Before making out an exhaustive table of all the irreducible forms of pure 
reciprocants in the letters a, 6, c, eZ, c similar to, but not identical with, the 
corresponding table for invariants, it seems to me desirable to say something 
of Protomorphs in general; and this will be better understood if we devote a 
short space to the protomorphs of Invariants. The simplest forms of these are 
the following well-known ones of alternately the second and third degrees : 

P^ = ac — V, 

P^ = aH—Zahc+2lf, 

P^ = ae — 4bd+S(f, 

P5 = ay— 5abe + 2aod + Sb^d— 66c», 

P^ = ag — 6b/+ 15cc— 10(?, 

P, z= a*h — 7abg + dacf— bade + 12&y — 305oc + 20i<?, 

The quadratic Protomorphs P,, P4, P^, . . . . , are absolutely unique, for the 
number of invariants of the type j] 2,y is (/; 2,y) — (jT — 1; 2,y)= 1 if/ is 
even, and = if / is odd. Their form is so well known that there is no need 
to dilate upon it here. 

The cubic ones Pj, P5, P7, . . . . , may be derived from the quadratic ones 
by means of Oayley's generators, given early in the course, viz. : 

P={ac — h^)d^ + {ad—U)d, + lae — hd)da+ , 

Q={ac— 2V)p^ + 2{ad—2hc)dc + 3 (ae— 2hd)da + 

Let us first use the P generator 

P{ac — V) = a{ad — hc)—ib{ac — V)=^aH—Zahc + 26«, 
P{ae — 4&i + 3c*) = a{a/— be) — 46 {ae — bd) + 6c{ad—bc) — Ad{ac — V) 
= d?f-^ habe + %xcd + ^bH — 66c». 
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Similarly, we find 

P {ag — 6bf + Uce — lOcP) = a% — 7abg + 9ac/— bade + 1 26*/— ZOhce + 206cP, 

and so on. 

Let / be any invariant whatever of the type w)i,j (satisfied or unsatisfied) ; 
then using the original forms of the generators P and Q as given by Cayley 
(see Lect. IV), we have 

P/= a{bda + €dt + dd, + )I—ihI, 

QI=a{cd, + 2ddc+^da + )/— 2t/?6/, 

and, consequently, 

UP-Q)I=aybda+U-l)cd, + U-2)dd,+ ....\I-{vi-2w)I. 
If in this formula we write 

=jhda + U- l)cd, + U- 2)dd, + ...., 
it becomes {jP — Q)I=a 01— {if — 2w?) 6/, 

which, when / is a satisfied invariant, so that ij — 2t(? = and 0/= 0, reduces 
to {JP-Q)I=0, 

showing that the forms obtained by operating with either P or ^ on any satis- 
fied invariant are the same to a numerical factor pr^s. 

Now, each quadratic protomorph is a satisfied invariant (for when to=y 
and i= 2, iJ — 2io = 0), and therefore the cubic protomorphs found by operating 
on the quadratic ones with Q will only differ by a numerical factor from those 
already obtained by the operation of P. But we must not conclude from this 
that the cubic protomorphs are unique. Their number is in fact given by the 
formula (j; 3^j) — {j— l; 3,/), 

where it is obvious that 

(y-l;3,y) = (y-l;3,y-l); 

so that the above formula may be written 

0';3,y)-(y-l;3,y— 1), or say a (y; 3, y). 

Now, there is a simple rule for finding {j] 3, y) ; it is the nearest integer to 

U + ^f 
12 • 



Prom the following table, obtained by the use of this rule, 



y= 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


16 


(y;3,y) = 


2 


3 


4 


6 


7 


8 


10 


12 


14 


16 


19 


21 


24 


27 


A(y;3,y) = 




1 




1 




1 




2 




2 




2 




3 



it may be seen that for any odd number y=> 9 there are two or more forms of 
extent j equally entitled to rank as protomorphs. If I be the last letter which 
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occurs in one of these forms, its first term will of course be aH ; the difference 
between any two such forms will not involve the letter I, and will only extend 
to kj but will still be of the same (potential) extent as I. 

The property of the protomorphs a, Pg, P,, P4, . . . . is that every inva- 
riant is a rational integral function of them divided by some power of a, as 
appears from the fact that Q, any given rational integral function whatever of 
the letters a^ b, c, d, e, . . . . , may obviously be expressed as a rational integral 
function of a, 6, P^, Ps, P4, . . . . divided by some power of a. Thus, 

Q = a-~4»(a, J, P„Ps,P4, ....)• 
Suppose Q to be an invariant /; then 

I^=^(a,b,P^,P,,P, ), 

and, consequently, * 

where D, is the annihilator for invariants ; so that 

£l{lar) = 0, na = 0, fiP,= 0, fiP8 = 0, 

We have therefore <i* ni. d4> — rx 

Hence ^ does not contain 6, but is a rational integral function of the proto- 
morphs alone, and 

/=a-~4>(a,P„P3, P4,.-..). 
I shall show how to obtain a similar scale of forms possessing like properties 
for pure reciprocants. 



LECTURE XV. 



A Frotomorph may be defined as a form whose weight is equal to its 
actual extent, so that its type is S'yhJ* The first protomorph is a, which 
corresponds to y=0. For higher values of y it follows immediately from the 
definition that every protomorph will contain a term a*"*Z, in which the letter of 
highest extent appears only in the first degree multiplied by a power of the 
first letter. The existence of this term enables us to instantly recognize a 
protomorph. As in the case of invariants, it will be shown that every pure 
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reciprocant is either a rational integral function of protomorphs or else such a 
function divided by some power of a. But first it will be better to prove 
h priori their existence and exhibit examples of them for the earlier values of/. 
It was proved, in Lecture IX, that the number of pure reciprocants of the 
type t£7 ; t, y is at least equal to 

{w]ij)—{w—\)i'\- IJ). 

Now, obviously, the number of partitions of w into i parts not exceeding t(7 + e 
is the same as the number of partitions of w into i parts not exceeding w^ so 
that (tr ; t , ti7 + e) = (to ; i, w)) 

and since, by a well-known theorem, (ti?; i, y) = («i7;y, i), we see that 

(«£?;w? + e,y) —{w)j, w + e) = {w]j, w) = {w\w,j), 

a result which follows more immediately from the consideration that the parti- 
tions of W]w + e,j diflFer only from those oi WjW^jhy b columns of zeros, as 
we see in the annexed example : 



3j6, 3 



3;3, 3 



30000 300 
21000 210 
11100 111 

Hence, if tr=y, and i=y>j\ we have 

and (^—1; i+ ^J) = {j—^iJ—^^J— !)• 

Thus, the number of pure reciprocants of the typey;/, j is 

in other words, the diflference between the indefinite partitions of y and those 

of y — 1 • Expressed by means of generating functions, this difference is the 

coefl&cient of a?' in 

1—x 

(l_a.)(l —a?)[\ — J) (1 — a?0 

= coefficient of 2c^ in the expansion of 



(1— a?Xl— a^) (1 — »0* 

This coefficient is a positive integer for all values of y (except y= 1, when it is 
zero), which proves the existence of reciprocants of the type y;y,y when y has 
any value except unity. 
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But we wish to prove the existence of one or more reciprocants of the type 
J J JiJ which actually contain a term of the form a^""V, where the letter I is of 
extent y. The number of such forms is the difference between the number of 
pure reciprocants of the types /;/,/ B,ndj;j,j — 1 . 

Now, the number of linearly independent pure reciprocants of the type 
J]j\ J has just been shown to be 

(/jy^y)— (y— i;y— i,y— !)• 

And, in like manner, that of the linearly independent reciprocants of the type 

0';y,y-i)-(y-i;y+i,y-i) 
= (y; j\j- 1)— (y— 1; y— i»y— i)- 

The difference between these two numbers is therefore 

(y;y,y)— (y;y»y— i)=i- 

For the only partition not common to the two types iBj\0^''\ made up of one 
J andy — 1 zeros, which belongs to the first type, but not to the second. Hence 
reciprocants of the type j;j\ J contain one term which those of the type y,- j\ J — 1 
do not, and which can only be a^^H. This proves the existence of protomorphs. 

In the latter part of the above proof we have assumed the truth of the 
theorem, which, however probable, is not demonstrated, that the number of 
reciprocants of the type w; i, j is [w] t, j) — {w — 1 ; i + 1 , j) and no more [that 
concerns the subtrahend, viz. : (y ; y, j — 1) — {j — 1 ; y — 1 , y — 1)] . 

We shall, however, have an independent method of arriving at Protomorphs 
by direct generation, just as we saw that all the cubic protomorphs to invariants 
were derivable by direct operation of generators from the quadratic ones. 

The difference between the two cases is that the lowest degree of Invari- 
antive Protomorphs fluctuates alternately between 2 and 3 . For Reciprocantive 
Protomorphs the lowest degree corresponding to a given extent fluctuates, but 
has a tendency to rise, and goes on progressing until it exceeds any assignable 
number. 

It is interesting to find what the degrees are for successive values of y. 
The calculations required are greatly facilitated by an extensive table of parti- 
tions given by Euler in 1750, and partly reproduced by Cayley in the American 
Jofwrwxlof Mathematics, Vol. IV, Part 3. In the table as presented by Cayley, 
the number in column j and line i means the number of ways of partitioning y 
into exactly i parts (zeros excluded). Hence, to find the number of ways of 
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partitioning j into i parts or fewer; i. e. to find {j ; i, «> ) or its equivalent (y ; i, /), 
we must add up the numbers in the !■*, 2*, 3* . . • . i"^ lines of column y. 
When these summations are made we obtain the subjoined table : 



2 8 



Extent y= 
6 7 8 9 10 11 12 18 14 16 16 17 18 







1 


1 


1 


1 




1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 




■*■ 


2 


2 


8 


8 




4 


5 


6 


6 


6 


7 


7 


8 


8 


9 


9 


10 




< 


2 


8 


4 


6 




8 


10 


12 


14 


16 


19 


21 


24 


27 


80 


88 


87 






2 


8 


5 


6 




11 


16 


18 


28 


27 


84 


89 


47 


64 


64 


72 


84 






2 


8 


6 


7 


10 


18 


18 


28 


80 


87 


47 


57 


70 


84 


101 


119 


141 






2 


8 


6 


7 


11 


14 


20 


26 


86 


44 


68 


71 


90 


110 


186 


168 


199 






2 


8 


6 


7 


11 


16 


21 


28 


88 


49 


66 


82 


106 


181 


164 


201 


248 






2 


8 


6 


7 


11 


15 


22 


29 


40 


62 


70 


89 


116 


146 


186 


280 


288 



S 6 
Q 
6 

7 

8 



The number of pure reciprocants of the type/; i, j" is 

(i; *,/) — (y— 1; * + i»y) = (y; »»y) — (/— 1; i+i,y— 1). 

To find the minimum degree for protomorphs of extent J we have therefore 
only to see for what value of i any figure in the J column first becomes greater 
than the figure in the column to the left one place lower down. The fluctua- 
tions of the minimum degree are indicated by the dark irregularly waving line 
which runs through the table. 

Accordingly, we find that the types of the protomorphs, omitting w, which 
is always equal to/, are as follows : 

(2, 2), (3, 3), (3, 4), (4, 5), (3, 6), (4, 7), (4, 8), (5, 9), (6, 10), (5, 11), (5,12), . . . . , 

whereas for invariants they are 

(2, 2), (3, 3), (2, 4), (3, 5), ,(2 , 6), (3, 7), (2, 8), (3, 9), (2, 10), (3, 11), (2, 12), .... 

Corresponding to the extents 

2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, , 

the lowest degrees of the Beciprocantive Prot^omorphs are 

2, 3, 3, 4, 3, 4, 4, 5, 5, 5, 6, 

Contrast this with the regularly fluctuating series 

2, 3, 2, 3, 2, 3, 2, 3, 2, 3, 2, 3, .... , 
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which shows the minimum degrees of invariantive protomorphs for successive 
extents. 

It may be proved, from known formulae in the theory of partitions, that as 
the extent increases the minimum degree of reciprocantive protomorphs increases 
(on the whole) and ultimately becomes infinite when the extent is so. 

The apparent number of protomorphs to the several types is 

(2, 2), (3, 3), (3, 4), (4, 5), (3,6), (4, 7), (4, 8), (5, 9), (5, 10), (5, 11), (5, 12), . • . . 
111111234 2 3 

The explanation of this multiplicity is the same as that previously given for the 
case of invariants : the difference between any two protomorphs of a given type 
J] i}J will be a reciprocant (no longer a protomorph) of the type/; i^J — 1. 

For the only term containing the letter I (of extent y) will disappear from 
the result of subtraction ; and, accordingly, the above numbers, each diminished 
by unity, will give the numbers of a set of reciprocants of the same degree- 
weight as the protomorphs, but of a smaller (actual) extent. 

Assuming that the number of pure reciprocants of the type w]i, J is cor- 
rectly given by the formula 

{w',i,J) — {w—li i+l,y), 

Buler's great table of partitions, already referred to, enables us to carry on the 
determination of the minimum degree and multiplicity of protomorphs for all 
extents as far as 59. 

If m is the multiplicity corresponding to the minimum degree i of a recip- 
rocantive protomorph whose extent is j\ we form without difficulty, using only 
the principles explained above, the following table : 

J = 
m = 

y= 

m = 

y= 

m = 






1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


1 


- 


2 


3 


3 


4 


3 


4 


4 


6 


6 


6 


1 





1 


1 


1 


1 


1 


1 


2 


3 


4 


2 


12 


13 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 


6 


6 


6 


6 


6 


7 


7 


7 


7 


7 


8 


8 


3 


6 


8 


6 


6 


15 


18 


12 


12 


2 


40 


32 


24 


26 


26 


27 


28 


29 


30 


31 


32 


33 


34 


35 


8 


8 


8 


9 


9 


9 


9 


10 


10 


10 


10 


10 


32 


14 


6 


84 


82 


68 


45 


207 


211 


180 


161 


102 
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• 

3 = 


36 


37 


38 


39 


40 


41 


42 


43 


44 


46 


46 


47 


m 


10 


11 


11 


11 


11 


11 


11 


12 


12 


12 


12 


12 


m = 


45 


482 


469 


391 


320 


167 


13 


1126 


1064 


881 


687 


337 


• 


48 


49 


50 


51 


62 


63 


54 


66 


56 


57 


58 


59 


• ^^ 


13 


13 


13 


13 


13 


13 


13 


14 


14 


14 


14 


14 


m = 


2829 


2666 


2492 


2097 


1643 


892 


26 


6394 


6017 


6227 


4266 


2755 



Notice the repetitions of i indicated by the series 

1\ 0\ 2\ 3», 4\ S\ 4*, 5*/ 6*, 7^ 8«, 9*, 10«, 11«, 12^ 13^ 14»+'. 

It wiH be observed that there is a general tendency of the number of equal 
values of i to increase, but that this is subject to occasional fluctuations. When 
y = 5 , » = 4 ; but when y = 6 , i = 3 , so that the minimum value of i recedes. 
After this point is reached, * either advances or remains stationary, but never 
recedes. 

In order actually to find the protomorphs, we may use the annihilator V. 
This was my original method of obtaining them ; a shorter way, analogous to 
that used by Halphen for differential invariants (principiants), has been previously 
mentioned, but it will be instructive to begin with the method of indeterminate 
coefBcients. In the first place we have the form a of weight 0, which is anni- 
hilated by 

7= 2a% + 5abdc+ {6(ic+SV)dd + {7ad+7bc)d, + 

For weight 1 there is no pure reciprocant. We could not make R = Xa*~^J, for 
then FK= 2Xa*+\ which cannot vanish unless X= and consequently 5 = 0. 
To find the Protomorph of extent 2, assume R = ^xzc -f- fi6'; then 

VR = 4^a»& + &Xa^b = (4/i + bX) a^b. 

Hence X and fi are proportional to 4 and — 5 , and we may write 

R=4ac—6V. 

For extent 3 , assuming R = ka^d + iiabc + r J', we have 

VR = 2^a»c + 6mW + 5^*6» + 6Xa«c + SXa*b\ 

which vanishes when 

2(i + 6X = 0, 6v + 5(i + 3^ = 0. 

We may therefore write a = l,f£ = — 3,i;=2, and thus obtain 

R = a^d—Sabc+ 2b\ 
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For extent 4 the table of minimum degrees indicates the existence of a proto- 

morph of degree 3. To find its value we assume 

jB= xc?e + ^hd + fmi? + vVc. 

Operating with F, we find 

c?d a^bc ah^ 

Fi2 = 2:1 4i/ . 

6X 3;i 

7x 7x 

In order that VB may vanish, we must have 

2X + 73C = 0, 4v+10(i + 6X+7x= 0, and 61^ + 3A = 0. 

To avoid fractions, let x = 50; then ;i= — 175,r=105, and /£ = 28 ; thus, 
i2=50a«e— n5abd+ 28ac* + 105ft*c; 

whereas, the protomorph of extent 4 for Invariants is 06 — 4bd + 3c^. There 
is no reciprocant of degree 2 weight 4 to correspond to this. 



LECTURE XVI. 

By using the generator for pure reciprocants instead of the annihilator F, 
we readily obtain the protomorph of extent 5 and of the fourth degree whose 
existence is indicated in the previously given table of minimum degrees. We 
have only to operate on the protomorph of degree 3 and extent 4 with 

G=4:{(w — l^)d^ + 5{ad—bc)d^+6(ae — bd)d^ + 7{af—be)d, + 

Thus, G (50a*e — nbahd + 28ao* + 1056*c) 

= 4 (ac — 6*)(— 176ad + 2106c) 

+ 5 (od— 6c)(56ac + 1056^) 

+ 6(ae— Jd)(— 175a6) 

+ 7{a/—be){60a^). 

Rejecting the numerical factor 36, which is common to all the terms in the 
result, and at the same time writing the terms themselves in reverse order, we 
have 

10a* {of— be) — SOab {ae — bd) + {ad—bc){8ac+ 156«) + 4 (ac — V){— 5ad+ 66c) 
= lOay— 40a*6e— 12a*cd + 65ab^d + 16a6c*— 39j^c, 

which is the protomorph in question. 
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The form just found is irreducible, as indeed it ought to be, since the mini- 
mum degree for extent 5 is greater than that for extent 4 by unity, which exactly 
corresponds with the unit increase of degree due to the operation of G. But if 
we use G to generate a protomorph of extent 4 from that of extent 3, the 
resulting form will be reducible. In fact, 

G{a^d—Zahc+ 26») 

= 4 (ac— 6*)(— 3ac + %W) + b{ad — bc){— Sab) + 6{ae — bd)a* 

= 3 {2ah — na^hd — 4aV + 1 7a6»c — 86*) . 



If now we write 




ac — 


.|6»=3f, 


aH- 


■ 3060+26" = A, 


ah — 


■|a»6d-2aV+-^ 


we have shown that 
But 


OA = QB 



B, 



50jB + 128 if* = 25 {2ah — la^hd — 4aV + llaWc — 86*) + 8 {Aac — 56»)« 
= a (50a*e — nbahd + 28ac* + 1056*c) ; 

so that B is reducible, being expressible as a National integral function of a, M, 
and the previously obtained protomorph of degree 3 and extent 4. 

The general theory of the generator G is contained in that of the differen- 
tiation of absolute reciprocants, in which, i{ ii=z3i + w, where w is the weight 
and i the degree of any pure reciprocant B, we have 



It — it ' 
a* 



and, consequently, 



dx \aj)~ dx'dyK^^J' 



where R^ and ai are what R and a become when x and y are interchanged. Hence 

dB fjL j^ da 
dx 3 dx 



ii + l 

a* ^ 
and therefore Ulso the numerator of thisi fraction is a reciprocant. 
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Remembering that 
d 

the numerator may be written 



- = 36, - = 4c, ^=5d, 



a^ — (ibR=GR. 



The ordinary expression for G is found by writing 

A 
dx 



aA_f,i= a(3&a„+ 4ca^ + 6ddc + ) 



— b{Sada + 46a,+ 6ca, + ). 

If the actual extent of R isj*, that of GR is y + 1 ; for the operation of G 
introduces an additional letter. Both the weight and degree are also increased 
by unity. Thus, the type of R being w; i, j , that of GR is w? + 1 ; t -+- 1 , y + 1 . 
Suppose the weight of R to be equal to its actual extent ; then i2 is a proto- 
morph of the type j) i, y, and GR^ whose type is y + 1 ; i + 1 » y "+- 1 , is also a 
protomorph. This proves the existence of protomorphs for every possible 
extent. Starting with the form 4ac — 66* we obtain, by successive eduction, a 
series of protomorphs of the type y;y,y for which the general expression is 

wherey has any of the values 2,3,4,.... 

If i2 is a protomorph of minimum degree, GR (if irreducible) will also be 
a protomorph of minimum degree. Hence the minimum degree can never 
increase by more than one unit when the extent is increased by unity. 

The second educt G^R is always reducible ; for 

Combining this with if = ac r- 6*, we have 

56P-B+4;t^(;t^ + 4)Jfi2 = a|5a^ — 5(2^4- 1)6^ + 4|u(/i— 1)c\r, 

where the right-hand side is divisible by a , showing that the degree of G^R is 
always depressible by unity. R being a protomorph of degree i and extent y. 
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is one of degree i + 1 and extent y+2. Hence we may conclude that an 
increase in the minimum degree for protomorphs cannot be immediately foU 
lowed by another increase ; for, if this were possible, the minimum degree for 
extent y + 2 would be i + 2, instead of being i + 1 at most 

This conclusion is in accordance with the sequence of the values of i in the 
table of minimum degrees, and as far as it goes confirms the exactitude of the 
formula {y)]i,j) — {w — 1 ; i + 1 , /) for the number of pure reciprocants which 
wa£ assumed in calculating the table. 

The method previously employed to prove that every invariant is a rational 
integral function of protomorphs, or such function divided by a power of a, 
may be very easily extended to the case of reciprocants. 

In the first place, it is obvious that every rational integral function of the 
letters a, 6, c, d, • ... is by successive substitutions reducible to the form 

a-'^{a, 5, P„ Pa, P4 P^. 

where Pj means the protomorph of extent jT. 

Let any reciprocant R be put under this form ; then 

a*jB = *(a, J, P„ Pa, P4, P^), 

and, consequently, 

Now, F annihilates R, a, P^, P^, . . . . Pj, since these are all pure reciprocants. 
Hence the above identity reduces to -^ F6 = 0, from which (since Vh does hot 
vanish) we conclude that ^ does not contain h explicitly. Thus, 

a*iil = <D(a, P„Ps, P4, ....P,), 
and the theorem is established for reciprocants. 

The Protomorphs for Reciprocants a£ far as extent 8 are as follows : 
P, = 4ac — 65», 
Pg = aH — 3o6c + 26», 
Pi = 50a*6~ nbaJbd + 28ac» + i056»c, 
P5 = lOay — 40a»Ae — 1 2a^cd + 65a6*d + Uah? — 396»c, 
P, = 14aV — 63ai/— 1360acc + lUWe + 1470a<?— AlUhod + 2810c», 
P, = 7a% — m<3?hg — 6S9a*c/+ 735a6»/+ 605a»<fe + 306aJoe — lAibJfle 

— 2135a6rf» + 1001ac»d + 3465S»cd— 19255c», 
P8= 420a«t— 2310a»5^— 25648a*c^ + 9240a»<i/4- 21780a»e» + 36680afi»g' 
+ 86386a6c/— 191730aidc-- 59220ac»e + 120540ac(? 
— 1269456'/+ 2521266»ce + 1692606*<? — 4190346c*<? 
+ 129360c*. 
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The work necessary for obtaining the first four of these, P,, Pj, P4, P5, has been 
fully set out. Since P^ is of degree 3, its second educt, G^P^f is of degree 6 and 
its reduced second educt of degree 4. A linear combination of this with a 
form whose leading term is a^oe becomes divisible by a and gives P,; but as 
this requires the preliminary calculation of the form (a*ce), it is simpler to find 
P« directly by the method of indeterminate coeflBcients, and thence by eduction 
to get P7 and Pg. Thus (to a numerical factor prfes) P^ is the educt and Pg the 
reduced second educt of Pj. Beyond this point the calculation of protomorphs 
has not at present been carried. 

Referring to the table which gives the minimum degree and multiplicity 
for a Protomorph of any extent, we see that the multiplicity exceeds unity 
when the extenty=]>8, and is exactly equal to 2 when/ = 8, 11, or 21. 

Hence the protomorphs as far as P7 inclusive are unique ; but there are two 
forms of extent 8 and degree 4 any linear combination of which (provided it 
contains the term aH) may be regarded as a protomorph. One of these forms 
is Pg, whose value is given above; the other is a linear combination of Pg with 
a form, whose leading term is a^cg, hereafter to be set forth. 

The irreducible forms for extent 2 are a and P,; every other form must be 
simply a power of P, multiplied by a power of a. We proceed to the calcula- 
tion of all the Irreducible Forms for the extents 3 and 4 respectively. When 
y = 3 , we may combine the protomorphs 

4ac — 56* 
and a^d — Sabc + 2b^ 

with one another. 

Adding 126 times the square of the latter to 4 times the cube of the 
former and dividing by a, there results the form 

125a^cP — IbOa^bcd + 5006»d + 266aV + 165a6V — 3006^c. 
This form is analogous to the discriminant of the cubic, but is of a higher degree 
by one unit. Its type is 6; 5, 3, whereas that of the discriminant is 6; 4, 3. 

In the case of invariants, we have to combine ac — 6* with a^d — 3abc + 26". 
The square of the second, added to 4 times the cube of the first, gives 
a*rf» — 6a^bcd + 4a*6'd + 9a^h^<?— 12ab^c + 46« + 4aV — 1 2a*6V + 12a&*c— 46«. 
Here the term 12a6^c is nullified by — 12a6*c, so that the result contains a*, the 
other factor being the discriminant 

a^d^ — 6ab€d + 4^b^d + ^ax? — 36V, 
which is of the type G; 4, 8, 
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We may show h pri/oH^ assuming the problematical but highly probable 
formula {w] i,j) — (it?— 1; i+l,j)^ that the type 6; 4, 3 does not belong 
to any reciprocant. 

For, as seen in the partitionments set out below, 

(6; 4, 3) — (5; 5, 3)= 5—5 = 
3.3 3.2 

3.2.1 3.1.1 
3.1.1.1 2.2.1 

2.2.2 2.1.1.1 
2.2.1.1 1.1.1.1.1 

We can by no other means combine the protomorphs with one another or 

with the Quasi-Discriminant (125a^(P ) so as to obtain additional fundamental 

forms. Every Rational Integral Pure Reciprocant of extent 3 is therefore 
necessarily a rational integral function of the four forms 

d©g. wt. 

1.0 a, 

2.2 AM =Aac—5b^, 

3.3 A =a»d— 3a6c+ 26^ 

5 . 6 (a^cP) = 1 25a^d* — 750a^bcd + bOOb^d + 256aV + 165aJ*c» — 3006^c. 

These are connected by a syzygy of degree-weight 6.6, viz. : 

1 25 A^ + 256ilf « = a {aJ^cP) , 
analogous to the Byzygy of the same degree-weight, in the Theory of the Binary 
Cubic, which connects the Discriminant with a and the Protomorphs of extent 
2 and 3. 

It will be clearly seen from an inspection of the fundamental forms that 
there is no law for the coefficients of Reciprocants akin to that of their alge* 
braical sum being zero in Invariants. 

(To be continued.) 



A New Method in Analytic Geometry. 

By William E. Stort. 



About a year ago, in connection with a course of lectures on plane cubic 
curves, I had occasion to prove that the four tangents to a non«singular plane 
cubic from any point of the same have a constant anharmonic ratio, and an 
instantaneous proof then occurred to me which is certainly, having a purely 
algebraic basis, not open to the oljjection which Sturm* has raised (without any 
real foundation, as it seems to me) to that given by Salmon. Shortly afterwards 
I applied the same method to the proof of other geometrical theorems, and gave 
it a general form in my own mind, at least, but have only recently found leisure 
to put it into shape for publication. It may not be uninteresting as an applica- 
tion to geometry of the fundamental theorem of algebra briefly stated: 'every 
equation has a root. 

Let /(a, ») = be an equation concerning whose left member /(a, x) we 
make the following assumptions : 

a). It certainly involves a variable a, being a rational algebraic polynomial 
in a. 

b). li possibly involves a second variable x, and if so, is a rational algebraic 
poljmomial in x . 

c). It has no factor involving x but not a • 

Under these assumptions /(a, x) may break up into factors, some of which 
involve a alone, and some both a and a;, but this is of no consequence. 

There are then two cases : 

I. If the equation involve both a and a, for every assumed value of x it 
defines a certain finite number (its degree in a) of values of a, which may be 

♦Crelle's Journal, Vol. 90, p. — . 
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considered so many functions of x, some of which will necessarily vary with the 
assumed value of a, and for every assumed value of a it determines a certain 
finite number (its degree in x) of values of x. 

II. If the equation involve a but not a;, it defines a certain finite number 
(its degree in a) of values of a , which are the same, whatever value x may be 
assumed to have, i, e. which are constant. 

Here we make no distinction between real and imaginary values. If, then, 
it is known that the equation will not be satisfied by any real or imaginary 
value of x when a certain value is assigned to a , it must come under the second 
qase, and the values of a determined by it are constant 

The following extension of this theorem is evident If a quantity a is con- 
nected with k other quantities x, y, z, .... by an equation /(a, «,y,2,....) = 0, 
say/=0, whose left member is a rational algebraic polynomial in these quan- 
tities (certainly involving a and possibly «, y, a, . . . .)> and if a;, y, 2, ... . are 
connected among themselves by A; — 1 auxiliary equations ^ = 0,4' = 0,....; 
then, if the equations /= 0, 4) = 0,'4'=0, .... cannot be satisfied by any set 
of real or imaginary values of a?, y, 2, ... . when a certain value is assigned to 
a, the values of a determined by/= will be constant, whatever values may 
be assigned to a, y, 2, . . . . satisfying the auxiliary equations. For, by means 
of the auxiliary equations, k — 1 of the quantities a, y, z, . . . . may be elimi- 
nated from the equation /=0, which is thus reduced to an equation between 
a and one of the other quantities, say x, to which the previous theorem is 
applicable. 

This extended theorem can be applied to the proof of numerous geomet- 
rical theorems. Let x, y, z, . . . . be the co-ordinates of a variable element 
(point, straight line or plane) of a one-way algebraic locus, i. e. point of a plane 
or twisted curve, tangent of a plane or twisted curve, generator of a ruled 
surface, edge of a cone, tangent plane of a cone or developable surface ; let 
^3=0,4^=0, ....be the equations of the locus, together with whatever iden- 
tities exist between the co-ordinates {e. g. such an identity exists between the 
six co-ordinates of a, straight line) ; and let there be a geometrical magnitude a 
determined by any position of the variable element and, it may be, certain fixed 
elements or geometrical forms (curves and surfaces), such that a is capable of 
determination by an algebraic equation which, when rationalized and cleared of 
fractions, is /(a, a:,y,z, ....) = 0, say of the degree 1/ in a. This rationalized 
equation defines v geometrical magnitudes determined by each element of the 
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locus, or say a stands in any one of v geometrical relations to a given element 
x^ y, z, . . . . If, then, it is found that a certain value stands in neither of these 
relations to any real or imaginary element of the locus, the above theorems 
show that the several geometrical magnitudes determined by an element of the 
locus are constant; t. e. that, taken in. some order or other, they have the same 
values for all elements of the locus. This will be more evident from the 
examples which I give below. To prove a given theorem involving the constancy 
of a magnitude a, all that has to be done is to find a value of a which can be 
shown to be impossible for any real or imaginary element of the locus, and the 
readiest manner of doing this seems to be to assume some simple value, such as 
or 00, and prove its impossibility. In a large number of cases the very nature 
of the locus will make this certain, and in these cases this method is instanta- 
neous, furnishing, it seems to me, the simplest conceivable proof. In other 
cases the assumed value of a, say or oo, will be possible only when the expres- 
sion of a assumes an indeterminate form, and then it will be necessary to show 
that the true value is not the assumed value. The first three applications given 
below belong to the first class, the others to the second class of cases. In both 
these classes of cases a can be expressed (not necessarily rationally) in terms of 
the co-ordinates of the element of the locus. It would be interesting to find a 
case in which a could not be so expressed, but to which the method is still 
applicable. 

The auxiliary equations may evidently constitute a restricted system, as in 
the case of the twisted cubic curve, without afiecting the applicability of the 
method. 

From the readiness with which one application suggests another, it seems 
probable that the method may be useful in the discovery of new theorems. 

It may be useful here to give an example to which the method is not appli- 
cable, for the purpose of showing the cause of failure. That the sum of the 
focal distances of a point of an ellipse is constant cannot be so proved, for the 
rationalized equation which determines the sum of these distances determines 
also their difference, and if the sum is constant, the difierence will vary, and vice 
versa, and it will not be possible to show that neither sum nor difierence can have 
a certain value, say ; in fact, the ordinary method of proof of the theorem 
stated holds only for real points of the ellipse, while the curve defined as the 
locus of points the sum of whose distances from two given points is a given 
constant will be an ellipse only if that constant is greater than the distance 
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between the given points. In a certain sense we may say that, for a part of the 
curve, including the real part, the sum, and for the rest the diflference, of the 
focal distances is constant. 

One of the simplest cases is that in which a is the anharmonic ratio of four 
points, lines or planes determined by the variable element of the locus. There 
are six values of this anharmonic ratio, depending upon the order in which the 
four points, lines or planes are taken, so that the order of the rationalized equa- 
tion /= is 6 ; and to prove the constancy of these values for all elements of 
the locus by our method, it would be necessary to show that there is a value 
which neither of these anharmonic ratios can have for any real or imaginary 
element of the locus. 

As a matter of form I call attention here, once for all, to the evident fact, 
already mentioned incidentally, that in all the following applications the quan- 
tity a, whose constancy is to be proved, is connected with the co-ordinates of the 
variable element of the given locus by a rational algebraic equation, as is neces- 
sary for the proof. 

1. The anharmonic ratio a of the junctions of a variable point of a conic to 
four fixed points of the same, taken in a given order, is constant. For it can 
have the value only if two of the junctions coincide, i. e. only if the variable 
point lies on the junction of two of the fixed points ; but, the curve being of the 
second order, the two fixed points are the only points of the conic on their junc- 
tion ; therefore a = only if the variable point coincides with one of the fixed 
points ; but then one of the four junctions in question is the tangent at this fixed 
point and the other three junctions are lines diflfering from each other and from 
this tangent ; so that, even in this case, a is not , and therefore is constant for 
every position of the variable point. 

2. The four tangents to a non-singular plane cubic curve from any point of 
the same (other than the two coincident tangents at the point) have a constant 
anharmonic ratio a {i. e, there are six constant values of a, according to the 
order in which the tangents are taken). For a = only when two of these 
tangents coincide, which they never do ; for the curve, being of the third order, 
has no double tangent, and an inflexional tangent meets the curve only at its 
point of contact and counts for only one of the four tangents from this point. 

3. The four planes joining a variable tangent of a twisted cubic to four fixed 
points of the same, taken in a given order, have a constant anharmonic ratio a. 
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For a = only if two of these planes coincide, i. e. only if the tangent lies in the 
same plane with two of the fixed points ; this plane will then meet the curve in 
the two fixed points and in two points at the contact of the tangent, i. e. in four 
points in all, which is impossible, the curve being of the third order ; or the 
point of contact of the tangent will be one of the fixed points, in which case 
one of the planes is the osculating plane at this point and does not coincide with 
either of the other three planes. 

The reciprocals of these three theorems are known to be true by the prin- 
ciple of duality. These reciprocals are : 

The anharmonic ratio a of the intersections of a variable tangent of a conic 
with four fixed tangents of the same, taken in a given order, is constant. 

The four intersections of a non-singular plane curve of the third class 
(which is* of the sixth order) with any tangent of the same (other than two 
coincident intersections at the point of contact of the tangent) have a constant 
anharmonic ratio a (i. e. there are six constant values of a, according to the 
order in which the points are taken). 

The four points of intersection of a variable generator of a developable 
surface of the third class with four fixed tangent planes of the same, taken in a 
given order, have a constant anharmonic ratio a. 

4. The angle between the junctions of a variable point of a circle with two 
fixed points of the same, taken in a given order, is constant. Let P(ar, y) be 
the variable point, Pi(xi, yO and P, (cr^, y,) the fixed points, 3 the angle which 
PPg makes with PPi, r the radius of the circle, and the centre of the circle in 
the origin of co-ordinates ; then x* + y' = ?-*, 

^.^^ ^ _ (yi — y2)a? + (a?2— gi)y+a?iya— a^yi 

^ + y'— (^ + •'Cj)a; — (yi + y«) y + x^x^ -f y^y^ ' 
which can be only when P lies on the junction of PiP^y or when P is infinite 
(i. €. one of the circular points). If P lies on PiP, it must coincide with Pi or 
Pjj, since these are the only points of the circle on this line ; but if it coincides 
with Pi the junctions in question are the tangent at Pi and the line PiPj, and the 
tangent of the angle between these lines is not 0. If P is a circular point, 
y = ±: ice, 5C= 00, 

ici-f a?,±»(yiH-y2) 
provided Pj and P^ are finite, and this value of tan ^ is evidently not 0. If P 
or P, is a circular point, evidently tan ^ = i. 
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5. The segment cut out of a variable tangent to a conic by two fixed tangents 
of the same subtends a constant angle at either focus. This is, as is well known, 
readily proved by the reciprocal of number 1 above, but it may be proved inde- 
pendently as follows : Let P be the focus, Pj and P, the intersections of the » 
variable tangent with the two fixed tangents, and ^ the subtended angle ; then, 
from the general expression given in the last number, it is evident that tan ^ 
will be 0, since P is finite, only if P, Pjand P, lie in one straight line, i. e. only 
if the variable tangent passes through the intersection of the fixed tangents, and 
therefore coincides with one of them, in which case the angle ^ is the angle 
between the lines joining P to the intersection of the fixed tangents and to the 
point of contact of one of them, whose tangent is evidently not 0. If one of 
the fixed tangents passes through the focus, tan ^ is evidently constantly = i. 

6. The ratio of the distances of a variable point of a conic from either focus 
and the corresponding directrix is constant. We define the focus as the inter- 
section of two circular tangents, i. e. tangents each of which passes through a 
circular point, and the corresponding directrix as its polar, i. e. the chord of 
contact of tangents from it. Evidently this ratio will be only when the 
distance from the focus is or that from the directrix is infinite, i. e. only when 
the variable point is the point of contact of one of the tangents from the focus, 
or when the variable point is infinite. If the variable point is infinite, the ratio 
in question is evidently the cosecant of the angle between the directrix and the 
direction of the infinite point, i. e. is not in general 0. If the variable point is the 
point of contact of one of the tangents from the focus, then its focal distance is 0, 
as is also its distance from the directrix on which it lies, and the ratio in question 
is undetermined. For a point very near the point of contact, both distances are 
small of the same order and their ratio is determinate. Let the origin be the 
focus and axis of x perpendicular to the directrix, whose equation is then of the 
form x + cZ = ; the point ( — d, id) is then the point of contact of one of the 

tangents from the focus, and the ratio in question is iTj ^^^ ^^^^ point. For 



a neighboring point x= —d + 8, y=^id-\- (^j 5 + ^ (^J ^*» where 

and (ttKj arc to be taken for the point of contact. Evidently f-^j=:: — i, and 

r^jhas a value different from 0, if the point of contact is finite. For this 
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1 /d^v\ 
neighboring point then y=^i{d—S)+ -^ i^J ^*' 



and in the limit, as b vanishes, 



i. e. is not 0. If the conic is a circle, d= oo, and for every finite point x + diB 
infinite and V^+1? is finite, so that the ratio in question is constantly 0. 

Of course this is not the shortest proof of the last theorem. Indeed, the 
definitions of focus and directrix show that the equation of the conic, with the 
same choice of co-ordinates as before, will be of the form 

a^ + y* — c*(» + d)*=0, 
where e is a constant, and we have directly, for any point (x, y) of the curve, 

x + d -=*=^- 
For a circle d=Qo, e = 0, de:=.r^ wliere r is the radius. 
Baltikorb, September, 1886. 



Klein^a Ikosaeder^ 

By F. N. Cole, Ph.D. 



Prof. Klein's work on the Theory of the Ikosaedron is thoroughly repre- 
sentative of the characteristic tendencies of the German mathematical school of 
which Clebsch was the founder, and in which, since 1870, Klein has held a fore- 
most place. The wonderful ability and success of Clebsch in giving to an 
algebraic problem a geometrical form, in replacing complicated relations of pure 
quantity by properties of arrangement of a geometrical configuration, constitute 
the chief charm of his works for the majority of his readers. The elegance of 
this geometrical-algebraical method appeals to and gratifies the artistic sense, 
while at the same time it gives the subject a broader sweep and a deeper reality. 
The practical demonstration of the possibility, already theoretically evident, of 
interweaving and unifying two fundamentally distinct branches of mathematics 
was particularly appropriate and welcome at a time when the rapid development 
of the modem theories had led to an extreme specialization of work and study. 
The evident necessity of a thorough and complete investigation of the relations 
and applications of the various mathematical theories to each other immediately 
opened up a new field of mathematical research, which has been abundantly 
productive, and bids fair not to be exhausted for many years to come. 

Clebsch's workf in this direction concerned particularly the mutual relations 
between the theories of the Abelian integrals and of invariants and co variants 
and those of the corresponding geometrical configurations. Other investigators 
have examined the deeper algebraical-geometrical nature of the algebraic func- 
tions.J The geometrical side of the theory of invariants is perhaps more 

* Vorlesiuigen fiber das Ikosaeder und die Aufldsung der Gleichungen vom funften Grade, von 
Felix EHein. Leipzig, Teubner, 1884. 

t An account of Clebsch 's mathematical services, bj his friends and pupils, appeared in the Math» 
Ann. Bd. VII. 

t There belong here, first of all, the well-known theories of the representation of the algebraic 
functions by Riemann's surfaces, part of which, to be sure, are contemporary with Clebsch ^s work ; I 
refer, however, more especially to the investigations of which the article by Brill and Nother, Math. 
Ann. Bd. VII, is« type* 
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conspicuous than the analytical, but it is very desirable that a purely geometrical 
theory of invariants, particularly of the binary forms, should be established in 
the way which Klein has indicated,* Of chief interest, however, for the present 
discussion, are the remarkable systems of relations which exist between the 
theory of groups of operations, of which the theory of substitutions constitutes a 
part, and nearly all other mathematical branches. It seems, indeed, as if the 
** Gruppentheorie " supplied, to a large extent, the essential formal structure to 
the various other theories, which then differ from each other only in the phase 
in which they are viewed. A characteristic feature of the modern mathematics 
is the predominant importance of theories, like that of groups of operations, 
which deal with discontinuous quantities. The theories which deal mainly with 
continuity have retreated decidedly into the background. It is a remarkable 
and suggestive fact that, scarcely two hundred years after the discovery of the 
Calculus, the higher mathematics has already exhibited a strong tendency to 
converge toward the oldest of all mathematical sciences, that of harmonious 
discontinuity — the theory of numbers. 

The fundamental idea of Klein's entire mathematical work has been 
the investigation of a portion of this theory of operations which has a par- 
ticular geometrical interest, while at the same time it is compactly united, 
through its analytical nature, with the entire Modern Algebra, using this name 
in its broadest sense. In the preface to the Ikosaedron, and in his ** Vergleichende 
Betrachtungen iiber neuere geometrische Forschungen," will be found a statement 
by Klein himself of the programme which he had already developed as early as 
1870, and which he has since accurately followed. It is the investigation of the 
groups of transformations of space into itself, and of those properties of space 
which remain unaltered — invariant — by these transformations, which has been 
the directing principle of his methods. Among these various transformations, 
those which are linear in the system of variables employed — the coUineations— 
play a most important part. Analytically these are represented by 
For space of 1 dimension a:( = aa:i + /Sx^, 

^% — Y^i + W, 
For space of 2 dimensions x[ = aiXi+ /?iX, + yia^s, 

x^ — a^Xi+^tX^ + Y^x^, 

^ EintrittB-Programm at Erlangen: Vergleichende Betrachtungen iiber neuere geometrische Forsch- 
ungen, 1872, Note VII at the end of the book, See also Lindemann's article in Math. Ann. Bd. VII : 
'' Ueber die Darstellung binarer Fonueu,-^ eto. 
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For space of 3 dimensionfl x[ = aia;i+ ^jOj + yix^ + ^1X4, 

Evidently we are not limited to any number of dimensions, but may con- 
struct in general n linear equations between any two sets of n variables each. 
The connection of the theory of groups of transformations with that of the 
invariants of Cayley is now evident. The latter are unchanged by the infinite 
and continuous groups of linear substitutions just mentioned, namely, by all the 
collineations of the corresponding space. From this point of view, the theory 
of the Cayley invariants* appears as a grand division of this greater theory, 
which then includes in itself the entire geometry, not only the projective, but 
also (and this is, as Klein has indicated, an interesting developmentf) the 
metrical. 

On the other hand, Klein has studied the discontinuam linear groups, both 
those which contain a finite, and those which contain an infinite number of 
operations. For those who are not acquainted with this theory, I may cite, as 
examples of these two species of groups, the rotations of any regular polyedron 
which bring it to a position congruent with its initial one, and the binary group 
of linear substitutions 6)' = aQi + i^^2 which gives all the periods of an elliptic 
function when two independent ones, dh and cjg, are known. The latter contains 
an infinite number of operations, which, however, are discrete (a and ^ being 
integers). Included in this latter group is also the infinite group o[ = acai + ^u^ , 
OjJ = yo)^ 4- ^6)^ when ah — /?/ = l.J In this review of the specific portion of 
Klein's work contained in his " Ikosaeder," it would evidently be out of place to 
give any detailed account of his work as a whole, but 1 have thought it desirable 
to give the preceding fragmentary sketch, in order that the **Ikosaeder" might 
appear in its proper position with respect to other portions of the more general 
theory. Having now developed so much of the latter as is necessary for my 
purpose, I proceed at once to the consideration of the ikosaedron itself. 

The theory of the algebraic equations, from its central position in the 

* Cayley invariantB. I haTe appUed this name to the ordinary invariants in order to distinguish 
them from functions unchanged by other groups of transformations, to which the name invariant is 
equaUy applicable. 

t See the Vergleichende Betrachtungen above, p. 12. 

X See Briot and Bouquet's Theorie des Fonctions EUiptiques, p. 384. 
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modern mathematics, is peculiarly well adapted to serve as a base from which 
connection may be made with the various allied disciplines. The relation 
between it and the theory of substitutions is a perfect dualism, the propositions 
of the one being exact reproductions of those of the other ; with the theory of 
invariants it stands by its very nature in the closest relation ; and if we regard 
the coefficients in the equation as functions of one or more variables, the equa- 
tion represents at once a geometrical configuration in space of one or more 
dimensions, while the discussion of the nature of the relation between the roots 
of the equation and its variable coefficients is the precise field of the theory of 
functions. It was therefore an excellent reason which led Klein, in writing a 
work in which the various branches of modern mathematics should be brought 
into a closer intimacy and mutual dependence, to select the theory of equations as 
a central feature. Not that this theory by any means assumes the greatest prom- 
inence in this work, but that in passing from one portion to another it always 
serves as a convenient stepping-stone, or a sort of central station. That exactly 
the equation of the fifth degree is chosen is not merely because we come upon 
it naturally after the solution of that of the fourth, but much more, from Klein's 
point of view, because the theories of the equations of the first five degrees 
constitute a closed system by themselves, the nature of which is most intimately 
connected, or rather identified, with the theory of the finite groups of linear 
transformations of a single variable. These groups present themselves, implic- 
itly or explicitly, in every phase in which the theory of these equations can be 
studied, and are of such fundamental importance that Klein has preferred to 
devote the first portion of the work before us to a thorough exposition of their 
theory from all points of view, while the treatment of the general equations of 
the first five degrees appears in the second part as an extended application and 
development of this theory. 

Among the various forms in which this theory of the finite linear groups of 
a single variable appears, the most tangible is undoubtedly that of the theory of 
those rotations of the ikosaedron and the kindred regular polyedra which bring 
these configurations to a final position which is congruent to the initial one. To 
this theory Klein has assigned the greatest prominence in the work before us, 
and he has made it the point of departure for the entire treatment of the subject. 
The first chapter of the book is occupied with a discussion of the groups of rota- 
tions of these regular bodies, while in the second chapter the immediate relation 
to the linear transformations of a single variable is exhibited by the introduction 



Cole : Klein^s Ikosaeder. 49 

of the stereographic projection of Riemaun. Thus : the ikosaedron is supposed 
to be inscribed in a sphere. By projection of the ikosaedron edges from the 
centre of the sphere upon the spherical surface, we obtain on the latter a geometri- 
cal configuration which, for our purposes, completely replaces the ikosaedron 
itself. It is in the sense of this configuration, and not of the regular geometrical 
solid, that the name ** Ikosaeder," as used by Klein, is to be understood. Obviously 
this results in no inconsistency with what here precedes, for all rotations which 
leave the ikosaedron congruent with its original position will do the same for the 
surface configuration. If now the sphere be placed on a horizontal plane, so 
that the point of tangency, which we may call the south pole of the sphere, is a 
vertex of the **Ikosaeder," and if then the entire configuration on the sphere 
be projected from the uppermost vertex, or north pole, on the plane, the result- 
ing plane configuration furnishes valuable assistance in the further development 
of the theory. 

To fix the position of a point on the sphere, we introduce a rectangular co- 
ordinate system with its origin at the centre of the sphere, and denote the 
co-ordinates of any point referred to this system by ^ , >7, ^. In the plane* we 
take another co-ordinate system, referred to two rectangular axes parallel respect- 
ively to the axes of ^ and yj . The co-ordinates of any point in the plane being 
X and y, we denote the point by 2 = a;-f ?/i, this being the ordinary notation of 
the geometrical representation of complex numbers. Between the co-ordinates 
of any point on the sphere and those of its projection in the plane there exist 

the relations x = _ , y = ^ ^ x + iy = _J . If now the sphere 
undergo any rotation, including as a particular case those rotations which leave 
the ikosaedron congruent to its initial position, any point ^ , >7 , f will take a new 
position ^', V, ^^ and at the same time its projected point z in the plane will 
become a new point /. Now, we may suppose the wliole of space to be rotated 
with the sphere, and such a rotation of space is a collineation, i. e. a transforma- 
tion in which all points on a straight line become points on a straight line. 
Such transformations are denoted analytically by the system of linear equations 
of page 46. The effect of any rotation of the sphere is therefore to convert the 
point ^, >7, f into the point ^ 

K, _ Qig + fei^ + giC ,._ qa ^/-hM + c2C w _ q»g + fc8? + o»C 

* The reader will notice that Klein suipdseB this second co-ordinate system to be projected on the 
sphere, thus dispensing with the plane. ThLi '' Ikosaeder^' contains at the end a figure of the projection of 
the ikosaedron as the plane. 

VOL. IX. 
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And now it appears that the corresponding transformation in the plane converts 
the point z into a new point »' which is related to the first point by the linear 

equation z' = — J^, where a, ^, y, 5 are constant quantities independent of z. 
This is a particular case of a more general proposition, the proof of which is not 
difficult. Thus there are in all »" distinct collineations of space, namely, those 
which are defined by four equations of the form a:< = aiari + ^ix^ + y^arg + K^i- 
These contain 16 — 1 essential constants. Of these, those which leave a given 
quadric surface (in the present case a sphere) unchanged, being limited by 9 
conditions, the preservation of the nine coefficients in the equation of the surface, 
form 00*. The projection of these oo« transformations of the spherical surface 
into itself gives <»• transformations in the complex plane which are defined by 
7i = 7"^ > ^^ ^y *^^s equation together with the replacing of z by its conjugate 
value, which amounts to a reflection of the plane on its real axis. 

Among these oo* transformations- of the spherical surface, we are more 
particularly concerned with those 120 rotations and reflections on the diametral 
planes which transform the ikosaedron into itself. The effect of such a rotation 
or reflection is to permute in a certain order all corresponding points of the 
ikosaedron, their projections in the plane of course undergoing the same permu- 
tations. Analytically this geometrical permutation of points is represented (in 
case of the rotations) by the replacement of the co-ordinate z of every point in 

the plane by a linear function of itself — J^. We have thus, parallel with our 

60 interchanges of points, a group of 60 linear functions, these being of such a 
nature that if we select any one of them, and put for z successively the co-ordi- 
nates of any set of corresponding points, we get the same co-ordinates again, but 
in the permuted order. The completion of the theory requires the determina- 
tion of these analytical expressions, which, however, need not be calculated 
separately, but are all obtainable by repetition and combination of two, the S 
and T of Klein, 8 denoting a rotation about the vertical axis through an angle 

-r- , and T a rotation of 180° about the axis which bisects one of those ikosae- 
dron edges which meet in the north nple of the sphere. For these we have* 

S:^=6z and Ti^ =73 — -^r — -Vi — ^fie.= ^^ )• These 60 rotations com- 

(«•— ^)« + (s*— e)\ \ 5 y 

bined with 2' = «' -|- y 'i = z z= a — yi give +he 60 reflections in a<ldition. 

: iL \ ■_. _ 

* See Klein, p. 41. \ 
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The 60 ikosaedron rotations convert any point on the spherical surface into 
60 similarly situated points, which then constitute a configuration which is unal- 
tered, invariant, for this group of rotations. There are, however, certain of 
these invariant configurations which contain a less number of points. Thus the 
1 2 vertices of the ikosaedron, the 20 centre-points of its faces and the 30 middle 
points of its sides are each configurations of the invariant character. To each 
invariant configuration belongs an invariant analytic function, namely, the 
analytical expression of the configuration, which is obtainable by multiplying 
together the values of the complex variable corresponding to the projections of 
the separate points of the configuration. Now, it appears that in the present 
case every such invariant function can be composed rationally from those three 
which represent the three special cases mentioned above of the ikosaedron ver- 
tices, etc., the T, H, /, of the book,* and from this it follows easily that for 
difierent values of Z, Z : Z— 1 :1 = H^: — T^ : 1728/^ defines any one of the 
groups of 60 points which are related to each other in the way we have consid- 
ered. This equation, which is of degree 60 in — , contains in itself implicitly 

the general equation of the fifth degree, for it is a resolvent of the latter. If 
for a given value of Z we can determine the corresponding group of 60 correlated 
points on the sphere, we can at once solve the equation of the fifth degree, and 
vice versa. 

In the " extended group " of 120 transformations, composed of the 60 rota- 
tions above and the 60 possible reflections on planes of symmetry, the former 
constitute a sub-group by themselves, while the latter do not, since two reflec- 
tions give a rotation, not a reflection. Moreover, if we take successively a 
reflection, a rotation, and the same reflection reversed, we get a rotation. Tlie 
group of the rotationa is self-conjugate'f within the extended group. 

In these first two chapters of the book will be found a very complete and 
elegant account of the theories, not only of the ikosaedron, which is identified 
with the theory of the equation of the fifth degree, but also of the oktaedron, 
the tetraedron and the " diedron," whose theories are of similar importance for 
the equations of the fourth and third degrees and the cyclical equations respect- 
ively. The geometrical interpretation which this theory gives to a portion of 

* See pages 56-61. 

tl use ** self-coD jugate sub-group" in translating Klein ^s ^* ausgezeichnete Untergruppe " and 
Jordan's '^groupe perrautable." 
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the theory of substitutions is well worthy of being studied, especially tlie 
geometric conception of the position of a self-conjugate sub-group within the 
entire group, and the resulting geometrical demonstration that the oktaedron 
group contains such a sub-group, while the ikosaedron group does not. 

Before leaving this part of the book, one more matter deserves to be noted. 
If we make our 60 linear substitutions in the plane, corresponding to the 60 

rotations of the sphere, homogeneous by introducing for 2, - , writing ^^^^^X-^^ ' 

it appears that the ** identical rotation "21= — z^ zi=^ — Zj, will appear among the 
homogeneous substitutions, so that there will be in all 120=2.60 of these. 
The relation between the homogeneous and the non-homogeneous group is there- 
fore a hemiedric isomorphism. This is not to be avoided. There is no group 
of binary linear substitutions which is holoedrically isomorphic with the non- 
homogeneous group considered. This is a fact of considerable importance for 
the theory of the equation of the fifth degree, as is seen later on. On this 
depends the appearance of an ** accessory" square root in the solution. 

This theory of the correspondence between groups of linear transformations 
of a single variable and groups of rotations of the regular polyedra receives a 
remai'kable completion in the fifth chapter of the book. We have seen that to 
every group of rotations corresponds a configuration of points, to which configu- 
ration an invariant then belongs. If any point of the configuration be given, 
all others proceed from it by the rotations, or, if we consider the projection on 
the complex plane, by linear transformations, so that the entire configuration, and 
consequently its invariant, are at once known. The inverse of this problem 
would be, given the invariant Z, to find the various points z of the configura- 
tion. Only one solution of this inverse problem is necessary ; i e, geometrically 
we need find only one point of the configuration, since all others are then obtain- 
able by known linear transformations from this one. Leaving the actual solu- 
tion of this problem out of consideration for the time being, we may attempt 
to determine h priori all possible problems whose different solutions possess this 
remarkable relation to each other. And now it appears that the choice of the 
groups of rotations of the regular polyedra as the object of the present investi- 
gation was no arbitrary one, but that these rotations and the corresponding 
groups of linear transformations of a single variable constitute a closed system 
by themselves, that, namely, every problem whose different solutions all proceed 
from any one of them by linear transformations is identical with one of the 
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problems of this system. In other words, every algebraic equation whose roots 
are all linear functions of any one of them is either an ikosaedron, an oktae- 
dron, a tetraedron or a cyclical equation, or can be reduced to one of these by 

replacing the invariant Z by a linear function of itself, Z' = ^ , , and z by 

^ = — ^^ . Or, again, every finite group of linear transformations of a single 

variable is holoedrically isomorphic, i. e. formally identical, with some one of the 
groups of rotations of the regular polyedra. This is the centre-point of this 
entire theory. The problem with the various phases of which tlie present work 
deals is in no way an arbitrary one, but constitutes, in all its developments, a com- 
plete whole, perfec£Ly defirved in ecery direction by co7iditions and limitations inherent 
in its oion nature. At the same time, these conditions and limitations serve 
exactly to characterize the position of the present theory with respect to other 
related or more comprehensive theories. Thus, the finite ternary, quaternary, 
etc., linear groups admit of an analogous geometrical treatment ; or, instead of 
increasing the number of variables, we may consider binary groups containing 
an infinite number of operations. On the other hand, I have already stated 
that the theory of the general algebraic equations of the first five degrees is 
identical with that of the rotations of the various regular polyedra and of the finite 
binary linear gi'oups. Similarly, we might seek for corresponding relations 
between the theory of the higher equations and that of the ternary, quaternary, 
etc., groups. In this theory, which was proposed by Klein,* considerable 
progress has already been made. Thus, for the general equation of the sixth 
degree, the quaternary group of the transformations of the Borchardt moduli 
^» >7» ?» ^» ^^^y for certain equations of the seventh and eleventh degrees, the 
ternary and quinary linear groups belonging to certain functions proposed by 
Klein,t play the same part as the groups of a single variable in the present case. 
The theory of the infinite groups leads to interesting developments, which will 
be considered later. 

The problem with which the book before us has to deal is now completely 
defined on all sides. On the one hand, it is the examination of all groups of 
linear transformations of a single variable, which then, as we have just seen, is 

*See in particular the article, ^'Ueber die AufldBung gewisser Gleichungen vom siebenten und 
achten Grade,'' Math. Ann. XV. 

1[ Ibidem. See further the article in the same volume, ^^Ueber die Transformation elfter Ord- 
nuDg,'' etc. 
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essentially identical with the determination of all groups of rotations of regular 
polyedra. This part of the theory, therefore, enjoys the joint benefit of the 
analytical and geometrical methods from the start. Having, through this exami- 
nation obtained a complete understanding of the problem itself, we have, on the 
other hand, to determine in detail all other problems which are equivalent in 
their nature to the one considered. The development of the former of these 
two divisions of the subject leads at once to the consideration of the analytical 
nature of the actual solution of our problems in the third chapter, while the fourth 
chapter deals with the Galois theory of substitutions, to wliich the theory of 
mutually equivalent algebraic problems naturally belongs. 

The third chapter is particularly instructive, on account not only of the 
insight which it gives into the nature of the actual solution of the problem and 
of the resulting extension of our knowledge of the theory of functions, but also 
because of the fundamental connection here exhibited between the theory of 
these new functions and the theory of the linear differential equations of the 
second and third orders. The introduction of these equations adds a new and 
most valuable instrument of research to those already at our disposal, and at the 
same time the dominant purpose of the book, the extension of the subject to 
meet all other related branches, is fully carried out in this direction. 

The introduction of the differential equations into this theory is accomplished 
in a remarkably natural manner. We have a certain analytic or geometric con- 
figuration to which an invariant Z belongs, the elements of the configuration 
being denoted by >?. One of these last being given, say >;, all others are deter- 
mined by ^1 = \r^ J where a, ^, y, h are known quantities. If we differen- 
tiate this equation three times with respect to Z, and eliminate a, /?, y, 5 from 
the resulting and original equations, we shall have a differential expression which, 
being independent of a, /?, y, 5, is independent of linear transformation. This 

expression is the equation -^ ~ f -y j = — , o" ( 77 ) > ^^ which either side 

is such a "differential invariant." This Schwarzian derivative, as Cayley calls it, 
is therefore independent of the separate elements of the configuration, and de- 
pends only on the configuration as a whole ; i. e. it is symmetrical in the roots of 
the corresponding equation, and is therefore a rational function of the invariant 
Z. The determination of the nature of this rational function is accomplished 
easily by aid of considerations from the theory of functions based on the 
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geometry itself. The diflfei-ential equation then assumes the form 

i. J-_J:_i 
L*'-!* 2;^ (2-1)'^ 2iJ^ ^ 2{z—l)z ' 

where [>?],= ^ ^ \t) > ^^^ ^i» ^«» ^'s are characteristic d umbers belonging 

to the special configurations already mentioned above, and denote in each case 
the number of points in the configuration which coincide in sets for the corre- 
sponding special values of Z. Thus, for the ikosaedron, vs=^6, corresponding to 
the five faces of the ikosaedron which meet at each vertex, and to the 5 points 
which consequently coincide when Z has the value belonging to the configuration 
of the vertices. 

With this introduction of the differential equation of the third order, this 
portion of the theory is by no means complete. There remains to be noticed an 
important connection between the theory of this dififerential equation of the third 
order and those linear difierential equations of the second order whose coefficients 
are rational functions of the independent variable. Thus if y" + pj/ + qy =zO 

be such an equation, and if we form the ratio of two particular solutions — , 
then, if the independent variable Z describe a closed path on its Riemann's sur- 
face, >7 = — will become B = T ^ • On account of this linear relation yj 
yt ryi + ^y% 

satisfies a differential equation of the third order, whose left-hand side is identi- 
cal with that of the equation already considered, while its right-hand side is a 
rational function of Z. It appears, furthermore, that not only can we always 
obtain from a linear differential equation of the second order another of the 
third order, but that we can also always accomplish the solution of the inverse 
problem. There is therefore a linear differential equation of the second order 
belonging to that of the third order which we have deduced from the theory of 
the linear groups. The importance of this equation of the second order depends 
on the fact that its solution is a special case of the Riemann function P, the 
connection of which with the hypergeometric series of Gauss is well known. 

Returning to the differential equation of the third order, we have already 
seen how our problem admits of extension by the introduction of infinite 
groups of linear transformations of a single variable. In the fifth chapter will 
be found an account of the connection of this theory with that of the functions 
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of Schwarz. Thus, using the notation already explained, 1 1 is 

h ^2 ^t 

always greater than 1 for all the problems which the present work treats. If 
now we give to Vj, Vji ^'3 ^.ny integral values, we get a series of new functions. 
The geometrical representation of these on the sphere is very interesting, and is 
given in some detail, but of especial importance is the system of functions 
obtained by putting vi = 2, r, = 3 , and giving rj successively all integral values 
from 2 on. This gives in succession for rg = 2, 3, 4, 5 the diedron, the tetrae- 
dron, oktaedron and ikosaedron, and then an infinite series of transcendental 
functions ending with the elliptic modular functions for rj = 00. Every one of 
these Schwarz functions, ri, r,, 7*8 » is ^ rational function of every other, rj, i^i, r,, 
if W» ^21 ''s are integral multiples of Vj, t,, r^. For the present case, where 
Vi = 2, V3 = 3, every function of this series will therefore evidently be a 
rational function of v^ = 2, v^ = 3, t^g = 00. It is exactly for this reason that 
the equation of the fifth degree, among others, can be solved by aid of the elliptic 
modular functions. By solution of such an equation, we mean simply the 
representation of its roots as rational functions of known quantities, in this 
case, of the known elliptic transcendents. 

The actual solution of the problem having been thus discussed, and its 
bearing on other mathematical branches having been fully treated, it remains to 
determine the nature of all equivalent problems, L c. of all problems whose solu- 
tion is implicitly involved in that of the present one. For this purpose the Galois 
theory of substitutions is the eflScient instrument, while it also secures us a com- 
pleter knowledge of the essential nature of the internal structure of the problem. 
A development of this theory in its more essential and pertinent features occupies 
the fourth chapter of the book.* Starting from any algebraic equation of degree 
n, we may construct rational functions of its n roots cci . . . . x„, and consider the 
effect which a permutation of these roots has on the form and value of these 
functions. A function may remain unchanged for all permutations of the roots, 
and is then symmetrical, or it may be changed by certain permutations and 
unchanged by others ; and the number of permutations which leave it unchanged 
may vary from n ! in the case of the symmetrical functions to for the utterly 
unsy mmetrical ones such as aiXj + ot^, + ...,+ a^x^ , where ai . . . . a^ are all 

* Here the reader wiU do weU to take a course of paraUel reading in the recent work of Netto men- 
tioned in the footnotes of the Ikosaeder : ^^ Suhstitutionentheorie und ihre Anwendungen auf die 
Algebra/' Teubner, Leipzig. 
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different constants. All those permutations which leave any function unchanged 
constitute a group, since evidently, if the permutations (T< and aj leave a function 
unchanged, then their {Successive application, denoted by cr^o), will also leave it 
unchanged. To every function then corresponds a group of substitutions, and, 
conversely, we can always find for every group a function which shall be 
unchanged by its operations. All functions belonging* to the same group consti- 
tute a family — ^Gattungf — which possesses the property that every function of 
the family is a rational function of every other one, with coefficients which are 
rational in the coefficient of the original equation. If we consider any function 
^, and determine the corresponding group of substitutions, 1, (Ti . . . . cXy^i, then, 
if we apply any other substitution (r< to <^, we shall get a new function, <^2- Thus, 
(T<4>i = ^s . ^s is called conjugate to ^j . Evidently there can be only a finite 
number of fpnctions conjugate to a given one. If h be the number of values 
which a function takes when subjected to all possible permutations of the roots, 
and if r be the order of the group belonging to the function, f. e. the number of 
operations included in it, then rk=in\ Both r and k must therefore be factors 
of n!, which greatly restricts the number of possible groups and values of func- 
tions. 

If ^1 .... 4>* be all the values of a given function, then 2<^<, ^^i^jy etc., will 
all be symmetrical functions of the roots, and therefore rational functions of the 
coefficients of the original equation. We may therefore obtain an equation of 
degree h of which the coefficients are " rationally known " quantities, and of which 
4) . . . . <^t are the roots. Such an equation is a resolvent of the original equation. 
If the group of <^i be 1 , cXi . . . . (y^_i, and if a^ converts ^i into <^,, then the group of 
<^2 will be 1 = (Til , aj^j 0'<(Ti(rrS .... <yi<yr-\^T^> Here two important cases must be 
distinguished. Either the groups of ^i .... ^^ are distinct, or they coincide. If 
they are distinct, not only are the <^'s rational functions of the a's by definition, 
but the x^s are also rational functions of the ^'s, since every permutation of the 
ac's permutes the 4)'8 also ; so that ai<^i + a^<^^ +..-•+ «*<?>* is a n ! valued function, 
and therefore every other rational function of the roots is a rational function of this. 
In this case, if we can solve the equation for the 4)'s, that of the x^ is likewise 
Solved, and mce versa^ if the x equatioii is solved, the ^ equation is Solved with it; 
i. e. the two involve only the same irrationalities. But if the groups of the 

* Any f unotion unchanged by the operations of the group is said to belong to the group. 
t See Kronecker^s Festschrift, Crelle 03, for a further development of this idea. Cf . also in this 
connection Baohmann : Ueber Galois' Theorie der algebraischeh Gleichungen, Math. Ann. XVIH. 
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4>i . . . . ^i are coincident, in which case the group is said to be self-conjugate, the 
x8 will not be rational functions of the ^'s, and consequently the solution of the 
^ equation will not involve that of the x equation, but we still have to solve a 
second equation to determine the x& from the ^'s. To compensate this, the ^ 
equation is itself easier to solve, because of the relations which exist between its 
roots, every root being a rational function of every other root. In the former 
case, the given x equation and its resolvent present exactly the same problem ; in 
the latter case, the introduction of the resolvent decomposes the problem into two 
simpler steps. The possibility of such a reduction depends, therefore, on the 
presence of a self conjugate group. Such a group occurs for the oktaedron, and is 
characteristic of the equation of the fourth degree. For the fifth degree and the 
ikosaedron, on the contrary, no such group exists. 

Through these considerations the question of the nature and of the determi- 
nation of those problems which are equivalent to the given one may be regarded 
as settled. Equivalent algebraic problems are those which are resolvents of each 
other. To this idea of resolvent equations must be added that of the Galois 
group of an equation, when the theory will be complete in this direction. The 
notion of the group of an equation is essentially identical with the conception of 
what, in the problem of its solution, is to be looked upon as known or given, 
i. e. the Rationalitdtsbereich of Kronecker. If the general equation of any degree 
be proposed for solution, evidently all that is known is the coefficients, and the 
solution of the equation consists in determining the roots in terms of these ; but 
for special equations we may know other rational relations between the roots 
besides the symmetric ones. For instance, for the cyclical equation x» = 1 , where 
n is a prime number, we know that every root is a power of every other one except 1. 
Again, for the ikosaedron equation, we know that every root is a rational function 
of every other one. If, now, we construct every rational relation which exists 
between the roots in the form of an equation whose right-hand side is , the 
Galois group of the given equation is that group of permutations of the roots 
which leaves all these relations unchanged in value.* 

The immediate application of this to the ikosaedron, oktaedron, etc., equa- 
tions is obvious. In each case the group of the equation is composed of those 

* I wish to append here a very concise definition of the Ghilois group of an equation given by Prof. 
Klein in one of his lectures : ^' The Galois group of an equation is the group of permutations of its 
roots which possesses the two properties— 1st, that all corresponding rational functions of the roots are 
rationally known, and 2d, that it is the smallest group for which this is true/' 
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permutations of the roots, or points of the configuration, which are produced by 
all the rotations of the corresponding polyedron. Thus the group of the ikosae- 
dron equation is composed of 60 permutations of its roots, out of a possible 60 ! 

The connection between this theory of the group of an equation and that of 
resolvents of the equation is complete when we notice that all resolvents of any 
equation have precisely the same group with the original equation, unless indeed 
the appearance of a self-conjugate sub-group should interfere with this. For, 
excluding this possibility, every permutation of the x s will produce a permuta- 
tion of the 4)'s, so that, corresponding to the group of the x equation, there will 
exist a group of permutations of the ^'s, which must then be the group of 
the ^ equation. For every function which is rational in the x^ is also rational 
in the ^j's, and vice versuy and every function which, regarded as a function of the 
x's, is unchanged by a group of x permutations, will be, regarded as a function of 
the 4)'s, unchanged by the corresponding ^ permutations. 

All problems, therefore, equivalent to the given ones are resolvents of these, 
whereby they all possess a common characteristic — they all have the same group. 
To finish this portion of the theory, it only remains to construct all such resolv- 
ents. And here the actual connection of the ikosaedron and the other polyedra 
with the equations of the first five degrees, etc., is made obvious. The general 
equations of degrees 2-5 and the cyclical equations are resolvents of the iJcosaedron, 
etc., equations. Thus the 60 rotations of the ikosaedron and the 60 even permu- 
tations of the roots of the general equations of the fifth degree are sj^mbolically 
identical, i. e. holoedrically isomorphic ; and similar relations hold for the simpler 
cases. 

In the fourth chapter of the book, the more important resolvents are actually 
obtained. Among them, that of the sixth degree and the Hauptgkichung of the 
fifth degree are particularly to be noticed. The former is the equation for the 
transformation of the fifth degree of the elliptic functions. The latter will play 
an important part in the second portion of the book. 

Within the brief space of a review, it is of course impossible even to touch 
upon many matters of great interest, for which reference must be made to the 
reviewed work itself. And having now developed the fundamental ideas of the 
first part of the "Ikosaeder" in considerable detail, I shall be obliged to forego 
giving any adequate account of the many important and elegant theories contained 
in the second part of the book. This, however, will by no means imply that this 
portion of the work is of less importance than the other ; on the contrary, it 
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contains some of the most valuable features of the entire book. But, on the one 
hand, the structural nature of the problems dealt with here is already implicitly 
treated in the first part, and, on the other hand, the further developments which 
this last half of the book contains would scarcely be comprehensible without the 
actual study of the book itself No account of the " Ikosaeder" would, however, 
be complete which did not call attention to the historical development of the 
theory of the equations of the fifth degree contained in the opening chapter of 
the second part, which may well be read before any other portion of the book. 
The abundant historical matter contained here, and the profusion of foot- 
notes throughout, are most valuable features, and constitute in themselves a 
complete encyclopaedia of information. The methods of Tschirnhaus, Bring and 
Jerrard, and later those of Jacobi, Hermite, Brioschi and Kronecker, are all 
given in short sketches, with full references to the original works, which will 
materially assist the student in following the historical and philosophical develop- 
ment of these important systems. The reader will continually find himself 
referring to this, and to the fifth chapter of the first part, for the general direc- 
tion and tendency of the broader phases of the theory. 

Of the later chapters of the book, the fourth may be especially noted. It 
contains the treatment of the Jacobi modular equation of the sixth degree, 
which connects the work of Klein with the earlier theory of Kronecker, 
Brioschi, Hermite and others. I can only mention here that this theory is 
closely connected with that of a ternary group of linear transformations, just 
as the ikosaedron problem is related to that of the binary linear group of 60 
transformations. 

Before concluding, it remains to mention one matter which is of consid- 
erable general importance, and is characteristic of Klein's entire method. It is 
the exact meaning of the phrase ''solution of an equation" in Klein's sense of 
the word. It will already be evident that this is something very different from 
the common conception of the words. Thus it is ordinarily said that the general 
equation of the fifth degree is solved by aid of the elliptic modular functions, 
whereas, from Klein's point of view, the introduction of these transcendental 
irrationalities is in no way essential to the theory, in fact, rather lies outside the 
region of the present work. According to Klein, an equation is to be regarded 
as solved when its complete structural nature is fully known. This includes the 
knowledge of the nature of all connection between the roots, all relations 
between different resolvent functions, all functional quantities which may be 
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regarded as known ; in short, the entire Galois theory as applied to the case in 
hand; further, the nature of all those properties of the problem which are 
unchanged by groups of operations of any character, particularly those invariants 
which belong to groups of linear transformations ; again, the complete knowl- 
edge 6f the nature of the actual solution as based on the method of the 
differential equations, which last then creates a new portion of the theory of 
functions ; and finally, an adequate geometrical or hypergeometrical represen- 
tation shall be found for all these characteristic properties. It is with the 
implicit nature of the equation that this theory deals, while the explicit form of 
the actual solution is a matter of comparative unimportance. The introduction 
of the elliptic transcendents in the solution of the equation of the fifth degree 
appears from this point of view, like the introduction of the trigonometric 
functions in the solution of the equation of the third degree, to belong rather to 
the theory of transcendental quantities than to the theory of equations. 

Starting out from this broad conception, Klein has proposed a general theory 
of equations which shall contain in itself these various treatments. Thus, if we 
have to solve an equation, we first of all determine its Galois group. This 
having been done, the next step will be in each case to determine a finite group 
of linear transformations, of as few elements as possible, which shall be 
holoedrically isomorphic with the Galois group of the equation. The interpre- 
tation of these linear transformations as collineations of the corresponding space, 
and the determination of a corresponding invariant configuration in this space, 
form the basis of the geometrical treatment. Finally, a system of differential 
equations is to be obtained which are satisfied by the actual solution of the 
problem. The hyperelliptio functions may then be introduced as accessory 
irrationalities, just as the elliptic and trigonometric functions appear in the 
present theory. 

Cambridoe, September, 1886. 



Wave Motion in Hydrodynamics. 

By a. G. Greekhill, Wooltcich, England. 



The mathematical subject of Hydrodynamics is still, in some respects, in an 
elementary stage, insomuch as every fresh problem solved constitutes a distinct 
advance of the subject. 

One of the most important applications of the theory of Hydrodynamics is 
to the question of the motion of Waves under gravity and other causes, and as 
the investigations on this subject are for the most part scattered about in various 
scientific periodicals, I propose in this article to collect together the chief results 
hitherto obtained, and to give also a general connected account of the mathe- 
matical theory, at the same time attempting to develop it in some directions. 

In the mathematical treatment of Wave Motion we are constrained at 
present to employ the approximation of supposing the velocities of the liquid 
particles due to the wave motion to be suflSciently small for the squares, etc., of 
the particle velocities to be neglected ; although it is singular that this approxi- 
mation is not required in the first problem of wave motion ever solved, discov- 
ered by Gerstner in 1802, and afterwards independently by Rankine in 1862 
(Stokes, Mathematical and Physical Papers, I, p. 219). 

A list of the principal papers on the subject of Wave. Motion and of their 
authors will be found in the Report on Recent Progress in Hydrodynamics, 
by W. M. Hicks, F. R. S., presented to the British Association. 

1. The most convenient order to employ in the mathematical treatment of 
a problem in the subject of Wave Motion is: (I) The determination of the 
velocity function ^ , or stream function >]/> satisfying the equation of continuity ; 
(II) The determination of the boundary conditions to be satisfied at the sides of 
the containing vessel ; (III) The most difficult part, the determination of the 
conditions to be satisfied in order that the free surface should be a surface of 
equal pressure, or, more generally, at the surface of separation of two liquids 
there should be no discontinuity of pressure. 
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To secure uniformity of notation in the treatment of waves under gravity, 
we shall suppose the co-ordinate axis Oz drawn vertically upwards, and the 
plane xOy taken generally in the undisturbed horizontal plane of the surface of 
separation of two liquids at which the wave motion is apparent, and then the 
axis Ox will be taken in the direction of propagation of the waves when straight- 
crested, and, therefore, perpendicular to the crests. 

Then, to determine the wave motion in still water (still except for the 
slight disturbance of the wave motion), we must determine a velocity function 
^ . (I) Satisfying the equation of continuity for liquids : 

(II) Satisfying the condition 

dv 

at a fixed boundary, dv denoting an element of the outward-drawn normal of 
the boundary, or, more generally, 

the normal component velocity of the boundary, when movable. (Ill) Satisfy- 
ing at the surface 2=0, supposed a surface of equal or of no discontinuity of 
pressure, the dynamical equation 

dip 

"T" .v* ~r 

P 

a constant, neglecting the squares of the velocities of the liquid particles. 

At a free surface p is constant, and, therefore, -^ = , so that, yj denoting 
the elevation of the free surface, 

where I denotes the length of the equivalent simple pendulum of the wave 
motion, so that 7 dd> 

at the free surface z= 0, or z= A, some constant. 



^+^+#=s. 



i 
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2. When surface tension T is taken into account, this equation must be 

f eplaced by / ^^ 4. Jl ^ — a 

dz '^ gp d^ ~^' 

an equation due to Kolacek [viAe Fortschritte der Mathematik, 1878). For, if 
dp denotes the excess of pressure in the liquid just below the capillary film over 
the external pressure above. 

But r and /, denoting the radii of curvature of any two vertical sections of the 
free surfaces by perpendicular planes, 

to one order of approximation, so that 

and differentiating with respect to <, and replacing -^ by -S- , remembering 
also that 3»4> 3*4) _ _ 3*^ 

dz ' gp dz^ 

3. Digression on the Hyperbolic Fiinetions. 

In the course of our investigations we shall require certain functions, called 
Hyperbolic Functions, from their connection with the hyperbola, which are 
analogous to the functions of the circle defined in ordinary trigonometry. As 
these functions are not defined and explained in all the ordinary text-books, we 
shall, for convenience, proceed to do so as follows : 

(I) "H" (c* + e"~') is called the hyperbolic canine of t?, and is denoted by cosh v. 
(TI) -^(«' — ^■^•) is called the hyperbolic sine of v, and is denoted by sinh v. 

(Ill) -— - — - = — r- is called the hyperbolic tangent of t?, and is denoted by 
tanh t?; and so on, by analogy, with the rest of the circular functions. 
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From the exponential values of the cosine and sine, viz., 

cos w = 4-(c*'*+e-**), sinw=4r(e*~ — e"-<~), 

when % denotes V — 1, we see, by putting w=it;, that cos it? = cosh v , 
sin iv = % sinh t;, tan iv = i tanh v, etc. ; also, 

cos (w + iv) = cos u cosh v — ^ sin t^ sinh v, 
sin {u + iv) = sin u cosh v + i cos u sinh v, etc., 

formulsd of great use hereafter. Therefore, also, 

cosh {u + iv) = cosh u cos v — i sinh w sin i? , 
sinh {u + i») = sinh u cos t? — i cosh w sin t; . 

Analogous to the ordinary formulsB of circular trigonometry, we have 

cosh (a + ^) = cosh a cosh /? + sinh a sinh ^ , 
sinh (a + /3) = sinh a cosh /? + cosh a sinh ]3, 
tanh a -f- tanh j9 



sinh y + sinh 5 = 2 sinh -o" (y + 5) cosh -^{y — 5), 
sinh y — sinh 5=2 cosh -o (/ + 5) ^^^ ~o" (^ — ^) » 
coshy + cosh5 = 2 cosh-^ (y + 5) cosh -o" (y ~ ^)» 
coshi y — cosh 8=2 sinh -s" (y + S) sinh -«" (y — ^) » 



and so on. 



4. Waves in Still Water of Uniform Depth. 



Supposing straight-crested waves of length ^ propagated in the direction 
of the axis of x with velocity U, we may begin by supposing the velocity 
function ^ =,/{%) cos {mx — nt) , 

where m = 27t/Jl, n=27t?7/A., and n^z=:g/l^ I denoting the length of the 
equivalent simple pendulum. 

Then, from the equation of continuity, 

^-rnf-0, 

the solution of which is 

f{z) — ae^' + he'"^*] 

VOL. IX. 
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or, using hyperbolic functions, 

f{z) = P cosh mz+ Q sinh mz ; 
or, subject to the condition that 

-^=0, when 25= — A, 

dz 

h denoting the depth of the water, 

/{z) = A cosh m(z + h)] 
so that ^=A cosh m{z + h) cos {mx — nt) . 

Then, at the free surface «= 0, 

or, ml sinh mh = cosh mh ; 

or, «wZ = coth mh . 

= — tanh ml = ^tanh — , 

the well-known expression for the wave velocity. 

When h/% is small, we can replace tanh {2nh/X) by 2nh/%, and then 

TP = gh, 
Kelland, Scott, Russell and Green's expressions for the wave velocity when the 
wave length is great compared with the depth of water. 

When h/X is large, we can replace tanh {iith/X) by unity, and then 

agreeing with G^rstner's and Rankine's expressions for the wave velocity in 
water of great depth. 

6. Next, suppose there is a surface tension T at the free surface ; then the 
condition 7 3<^ i Tl dP^ _ ^ 

when z = , leads to the relation 

Tl 
ml sinh mh '\ m* sinh mh = cosh mh ; 

99 
or, ?7» = -^ 

= a ( 1 J tanh mh 

/ gX , 2;rr\ ^ , 2nh 
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the general expression for the wave velocity under gravity and surface tension 
combined. 

When A» is large or T small, we may put 

as above ; but when % is small, the term gX/2n is insensible, and we can put 

„ 2;rT . , 27rA 
U^ = — r tanh -r- , 
pX X 

the velocity of propagation of ripples of wave length ^ due to surface tension T. 
Supposing the depth of water h sufficiently large for tanh {iyih/X) to be 
replaced by unity, then 

SO that the minimum value of U is 

>/(vf). 

and the ^ = 271^ {T/gp). 

Sir W. Thomson proposes to distinguish by the name of ripples those 
waves whose length is less than the above critical value of ^l ( Phil. Mag. (4) 
xlii). 

6. A slight extension of this problem may be made by supposing the 
capillary film of the surface to be replaced by a flexible cloth of uniform tension 
T and uniform superficial density a resting on the surface of the liquid. 

Then, assuming for the liquid motion a velocity function 

^ = J. cosh m{z + h) cos {mx — nt) , 

as before, supposing A a small constant factor, and denoting by rj the elevation 
of the surface, then, when 2=0, 

-^ = ^ = mA sinh mh cos {mx — nt) , 

and, therefore, »? = A sinh mh sin {mx — nt). 

Denoting by dp the excess of pressure just below the cloth over the atmos- 
pheric pressure above, then 

or, dp — gp -^ nA sinh mh sin {mx — nt) + nA cosh mh sin {mx — n<) =: . 
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But the equation of motion of the cloth is 

so that, dropping the common factor A sin {mx — nt) , 

omn sinh mh^rz T — sinh mh + gp — sinh mh — pn cosh mh ; 
jj^^r^^ gp/fn + Tn. 



m' p coth mh-j-iim^ 
giving U the velocity of propagation of the waves, and reducing, when <t = 0, 
to the preceding case of a capillary film. 

7. Waves in Ice of Uniform Thickness Besting on Water of Uniform Depth. 

If the water is covered with ice, then the equation of vibration of the 
surface must be replaced by 

where L denotes the flexural rigidity of the ice, the vibrations being now of the 
nature called lateral vibrations (Rayleigh, Theory of Sound, I, Chapter 8, 
§163), the inertia of each vertical section of the ice being supposed concentrated 
at the centre. 

Then if e denotes the thickness of the ice, and E Young's modulus of 

^' i = yo^ e^E, and <t = ep, 

supposing the ice of the same density as water, so that now 

sinh mh + < 

or, U^= ""' = 9P/^ + Lm^ 

w? p coth mh-^- am 

g%./2n+ ^i^&ElpT} 

~ ooth(2;rA/>i) + 2;r6/>l ' 

giving the velocity of propagation of waves of length ^l in ice of thickness c, 
resting on water of uniform depth h. 

It is remarkable that ice was the first substance for which an experimental 
determination of E was attempted, as described in Young's Lectures on Natural 
Philosophy. 



omn sinh mh = — L — sinh tw^ + ^p — sinh mh — pn cosh mh ; 
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8. Waves in Water of Uniform Depth Established and Maintained by Impinging 

Waves of Sound in Air. 

Suppose the preceding kind of wave motion in conjunction with plane 
waves of sound impinging at an angle /3, we have thus an illustration of a 
forced, or rather controlled, wave motion in the water due to free waves in the 
air. Let ^ = i? sin {m{x sin/3 — z cos/3) — n<-h a} 

represent the normal displacement in the incident wave of sound, and 

^1 = Bi sin {w (x sin /? + 25 cos /3) — w< + oi], 
in the reflected wave ; and let 

^ = 6 sin {mx sin /? — nt) 

represent the displacement of the surface of the water. Then, at this surface, 
we must have ^ = (^^ — ^) cos ^ , 

when 2=0, in order that there should be no separation of the air from the 
water, so that 

ft sec /? sin {mx sin ^— nt) = JBi sin {mx sin /? — nt + ai) — B sin {mx sin /? — n<+ a) 

for all values of x, leading to the equations 

/3i cos tti — B cos a = ft sec /3] 
^1 sin oil — B sin a = 

The velocity function of the motion in the water must be of the form 
4^ = J. cosh \m{z + h) sin^f cos {mx sin ^ — nt)] 



oi 




/y/^z/y/y///^^^^^ 



and then, since 

when 2; = 0, therefore, 



d7] _ 3^ 
dt ~'d^' 

— nft = mA sin /3 sinh {mh sin fi) • 



70 Grbskhill: Wave Motion in Sydo'cdynamica. 

From the dynamical equation 

we have, denoting by dp the periodic part of p just below the surface of the 
water, ^ +ar^^ -0- 

or, ai> = — ^p>7 — p^ 

= — {gpb + fuA cosh {mk sin ^) ] sin {mx sin ^ — nt). 

Suppose, now, at the surface of separation of the air and the water there is 
a film or cloth of tension T and superficial density a ; and we might also, if we 
like, suppose the film to possess flexural rigidity L like ice, without much addi- 
tional complication ; then, at the surface of separation, 

when « = , where 3// denotes the periodic part of the pressure in the air due 
to the wave motion. 

Now, ff denoting the density of air and a the velocity of the sound waves, 
we have n* , p' 

and the cubical elasticity 

SO that dp = yp' -y- = — yp^s = — a*p'« , 

8 denoting the cubical expansion ; so that 

= m JBj cos { wi (a sin /? + 2 cos /3) — n^ + ai } 
+ mB cos \m{x sin/? — z cos^) — nt + a^. 
Therefore, when 2=0, 

dp^ = — aym \B^ cos (ma; sin /3 — n< + aO + i? cos (ma; sin ^ — 7i< + a) f 
= ci^^^m {Bi sin ai+ B sin a) sin (mx sin /? — nt)j 
provided that Bi cos ai + B cos a = , 

which, combined with the previous equations, gives 

JBi sin a cos a 

B sin 01 cos ai * 
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or, tan a = — tan ai , a = — a^ , 

and A = — -B = "TT^ ft sec a sec ^ . 

Then, since J = — — J. sin ^ sinh (mh sin /3), 

the boundary condition becomes, when the common factor A sin {mx sin ^ — nt) 
is dropped, 

amn sin /? sinh {mh sin |3) = 2^ — sin^ /3 sinh (mA sin ^) 

— L — sin' /3 sinh {mh sin /?) + fi'p — sin /3 sinh (thA sin /?) 

— pn cosh {mh sin ^) — ay — tan a tan /3 sinh {mh sin /?) ; 

?w* 
or, p'n tan a tan /3 = — <T7wn sin /? + T — sin^ /? 

— L — sin'/3 + S^p — sin /3 — pn coth (tw A sin /3) , 

giving tan a, and therefore a, the change of phase of the sound wave in being 
reflected at the surface of the water. 

9. Reflection and Refraction of Plane Waves of Sound by a Plane Curtain. 

Suppose, now, that the cloth, instead of resting on the surface of a liquid, is 
the plane surface of separation of two elastic fluids of different densities p and p', 
but necessarily of the same pressure p when at rest, the cloth being now 
supposed vertical to abstract the curving effect of gravity; let us now inves- 
tigate the reflection and refraction of plane waves of sound, impinging and 
being reflected at an angle ^ in the first medium of density p, and being refracted 
at an angle /?' in the second medium of density p'. 

Denoting as before by 

^ = 5 sin I m (x sin /3 — z cos /J) — nt + a} 
the normal displacement of the incident waves, and by 

^1 = Bi sin {m {x 8m^ + z cos /3) — nt + ai\ 
of the reflected, and by 

^' =:B sin \m'{x sin /3' — 2 cos ^') — w< -f a'} 
of the refracted wave ; then 
(I) wi sin /3 = m' sin /?', the Law of Refraction. 



] 
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Also, denoting the displacement of the surface of separation, the cloth or 
curtain, by ri = h sin {n\x sin ^ — nt)-, 

then, as before, when z = 0, 

>7 = (^i-^)cos/? = -f cos^'. 




leading to Bi cos ai — B cos a = b sec ^ , 

i?isinai — -Bsina= 0, 

5^ cos a' = — b sec /3' , 

JS' sin a' = ; 

so that a' = , and B = — J sec /?'. 

For the motion of the curtain, 

where 3p = — a^ps , 9p' = — a'*pV, 

8 and 6^ denoting the cubical e:xpansion in the two media in the neighborhood of 

2 = 0; also, a and a' denoting the velocity of sound in the two media. Then 

B = mBi cos {mx sin /? — nt + ai) + mB cos {mx — n< + a) , 

e/ = Tw'^' cos {mx sin ^ — w^) ; 
so that 

_ cr ^ + 7^0 = (<Tn»— 2^» sin^^S) 6 sin {mx Bin^-nt) 

= 3p — 3p' = — a^pm {Bi cos (ma sin /? — n< + ai) +5 cos {mx — nt + a)} 
+ a^pWB cos (ma sin j3 — nt). 
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for all values of x and t, leading to the conditions 

{an? — Tw? sin* j8) 6 = a*p«i ( J5i sin ai + B sin a) 
and = — a\m {B^ cos Oj + 5 cos a) + a'^f'm'B. 

Therefore, since a* = n^/w*, a'* = r^jm^, 

D . D • ra'— 2Vi«8in'^ , ^*— IVii»8in«5^ 

^1 sm oi = JB sin a = s— i ^6 = ir\ *. 

2/w' 2a'/>m 

and jB, cos ai + J5 cos a = ^ B, 

orpm ' 

also, Bx cos tti — JB^cos a = i sec /? ; 

80 that .5, coso, = °'^ ^?-ff^^ «^P j,^ 

gmng cot. = - ^^>^VW ' 

^""^ mif-IM Bin'P ' 

whence the change of phase by reflection is determined ; ako, 

BiBi.B^ 
= (<Tn" — TW sin* i3)» + {a^pm sec /? + o^p'm' sec P% 
:(<r«» — 2in* sin*/3) + (a»pm eec/?— aym' sec/iJ')*, 
: 4aym* sec*/?', 

giving the ratios of the intensities of the incident, reflected and refracted waves. 

Put or = and T= and we obtain the results of the cases considered by 
Green in his paper on the Reflection and Refraction of Sound, published in the 
Transactions of the Cambridge Philosophical Society, 1838, and republished by 
Ferrers in the Mathematical Papers of the late (leorge Green, 1871. 

Then a= 0, ai=0, 

and apsec/9-a^^sec/y 

* 2ap 

J, o/>seoj9-|-(//o'8ec)9', 
Jj = o* 

2ap ' 

since am == a'm' = 7i . 

Vou IX. 
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We might, as in Green's paper, have supposed the incident, reflected and 
refracted plane waves given bj 

4>'=/{m(aj sin/3 — 2 cos/?) — n< + af , 
^1 = jP { wi (x sin /3 + « cos /?) — ri< + aj} , 
<^'=:/j{m'(xsin^'— 2C08|3') — n<+a'}, 
and the displacement of the curtain by 

n=zf^\mx sin/tf — »<}, 
when/, F,/i,/^ denote arbitrary functions, and determine the conditions to be 
satisfied as before. 

10. Theory of Long Waves in Canals. 

In this theory the vertical motion of the liquid particles is supposed insen- 
sible compared with the horizontal motion, and the depth of water small 
compared with the wave length ; so that 

as before in § 4, for water of uniform depth. 

This is proved independently by supposing the pressure at any depth the 

same as the hydrostatic pressure due to the depth below the free surface ; so that 

^ , denoting the horizontal displacement of a liquid particle, and 97 the elevation 

of the free surface, then 

^ _ _dp 

J dp dn 

., . d*C dn 

80 that ^5 = — g^. 

dp ^ dx 

But the equation of continuity leads to the condition 



M* + <i + £) = **; 



or, ^ + A — = 0, 

to one order of approximation, b denoting the breadth and h the depth of the 
canal of water. Then 

SO that U^^ ghy 

U denoting the velocity of wave propagation. 
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We may, however, generalize this kind of motion, aa was done by Kelland, 
by supposing the cross-section of the canal of any form, but uniform ; and then 
Kelland found tP = gA/b , 

where A is the area of the cross-section, and 6, as before, the breadth at the surface 
of the water. 

For, in the more general ease, where we consider the waves at the sur&oe 
of separation of two liquids of densities p and p' filling a closed uniform hori- 
zontal pipe or conduit, so that A and A' denote the cross-sections of the pipe 
occupied by the liquids, and h the breadth of the plane of separation, we shall 
find ,^ g p — ^ 



IP=4- 



f> I. ^1 

A "^ A 




reducing to gA/h^ where p' = 0. 

The simplest way to prove this is to suppose the motion made steady by 
applying the reversed velocity — CT, equivalent to considering the motion rela- 
tive to an origin moving with velocity U. 

Then 97, denoting the elevation of the surface, and Uy u' the small additional 
velocities in the liquid due to the wave motion, 

{A + hn){U + u) = AU, 

or, Au^ bUy!=iOj 

A!v! — hUyt — O. 

Then, dp and 3//, denoting the increments of pressure caused by the wave 
motion in the liquids just below and just above the surfiice of separation, 
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or, 3p + g-pj? + pCTw = 0, 

When there is no capillarity, etc., dp = dj^, so that 

y(p-f)')>7=(p'u'— ptt)?7" 



or, 

But, with 


a separating 




film of tension T, 




A' 






^^ + ^P- 


-ay= 


= 0; 


so, if we assume that 


ri=:a cos mx 


> 


we have 


da»~ 


: — Tm*yi 







= ay — 8p = y (p — p')»7 + (pM— pV) u 

or, 7Wi»=(A + ^)6iP_g,(p + p'). 

When the liquids are bounded below and above by horizontal planes, at 
distances h and V from the mean plane of separation, this equation becomes 

an equation which will be found useful as a preliminary to the consideration of 
the Instability of Jets and its application to the flapping of sails and flags, investi- 
gated by Lord Rayleigh (Proceedings of the London Mathematical Society, Vol. 
X, No- 141), 

If the upper liquid had been moving with mean velocity U' difierent to CT, 
the preceding equations would be replaced by 

Au + bUyi = 0, 
A!v!—hU*ri — Q, 

/ IP U'^\ 

andthea 2Vn»=(^p-j- +p'^J& — fl'Cp — p'). 
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11. Waves at the Surface of Separation of Two Liquids. 

The preceding case suggests the consideration of the general case of waves 
at the surface of separation of two liquids of different densities, and conse- 
quently a horizontal plane, when the liquids are either still except for the wave 
motion, or are flowing across each other with given mean uniform velocities, in 
which case the liquids must be bounded above and below by horizontal plane 
barriers if these velocities are not in the same direction. 
First, when the liquids are still, we must have 

4^ = -4 cosh 7W (z + A) cos {mx — nt) 
in the lower liquid, of depth h , as before, and 

^' = A! cosh m{z — h!) cos {mx — nt) 
in the upper liquid, of depth A', suppose ; and then, if 

>7 = a sin {mx — nt) 
represents the displacement of the surface of separation, we must have 

dtj d^ 94)' 

dt ~'^~ ~dz' 
when 2;= 0, in order that there should be no separation of the liquids; conse- 
quently, — na=. mA sinh mA = — mA^ sinh mK. 
Again, from the hydrodynamical equation 

we obtain, at the surface of separation, 

9p + S^p>7 + p ^ = 

in the lower liquid, just below the surface of separation, and 

in the upper liquid, just above. 

Neglecting capillarity, etc., dp = dp\ and, therefore, 

— ( — P^-^ ^^^^^ ^'* + p'n-i' cosh mh!) cos {mx — nt) 
= r p — coth mh + p' — coth mh' j yi ; 

80 that ?P = 4=^ ^~^ 



m* la p coth mh-^- pf coth mh' " 
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(Stokes, On the Theory of Oscillatory Waves, Cam. Phil. Trans., Vol. VIII, p. 
441 ; republished in Mathematical and Physical Papers, Vol. I, p. 212.) 
Putting p' = , we obtain 

Z7»=-^tanh»ift-f^taDh^, 

m 2;r / 

as before. 

When ;i is small compared with h and h\ then mh and mh' are large, and 
we may replace coth mh and coth mhl by unity, and then 

which, when the ratio p'/p '^ small, as is the case of air on water, can be replaced 

12. Suppose, now, the upper liquid is moving, like the wind, over the 
surface of the lower liquid with velocity F', and we wish to determine U, the 
velocity of propagation of waves of length X at the surface of separation. 

For generality, we shall suppose the lower liquid also moving with velocity 
y, and seek to determine the new relation connecting F, V and U. 

The simplest way is to take a moving origin or plane of yz, moving with 
velocity V in the direction of the axis of a:, the direction of wave propagation, 
and to consider the relative motion of the liquid, which will now be steady 
relatively to the moving co-ordinate axes. 

This is equivalent to supposing the motion made steady by impressing the 
reversed velocity — ?7on the system. Then we must put 

4)=(F — U)x'\' A cosh m{z + h) cos mx, 
<^' = ( 7' — U)x'^A' cosh m{z — It!) cos mx ; 

so that, now introducing the conjugate current functions if. and i^'* 
'4^ = ( F — U)z — A sinh m{z — h) sin mx, 
4^=17'— U)z—A'8mhm{z — K)smmx. 
For the liquids not to separate, we must have, when 2=0, 1//= "4^; so that 

A sinh mh = — A' sinh mh', 

the condition obtained otherwise by putting, when a = 0, 

92 dz 
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Now, supposing that the displacement of the surface of separation is given 
by *7 = a sin mx, 

we must have, when 25 = 0, 

n^zizi^V — TJ){ri — a sin mx) , 

4/= (F — U){yi — a sin mx)] 

80 that A sinh ?wA = ( F — ?7) a, 

A'sinhiwA'=— (F— C0<*- 
Also, from the hydrodjnamical equations, with the same notation ius before, 

or, dp + grp>7 — fmA{V — U) cosh mA sin ?na= 0, 

dpi + grp'>7 — p'm J.' (F — [7) cosh wiA' sin ma = ; 
or, 3j9 = — g^Yi + pm (F — CT)* coth'wiA ^7, 

•ay=— ^p'>7 — p'm(F— ?7)*cothmA'>7. 

If there is no capillarity, etc., at the surface of separation, dp = dpi ; so that 
gf (p — p') = pm (7— Vf coth mh + p'wi (F — f7)» coth mh\ 

whence ?7is determined, when F, F, p, p' and A, h! are given. 

We have supposed here that the current velocities F and F' are in the same 
direction as CT, the wave velocity ; but if F and F' make angles a and a' with CT, 
then, in the above expression, F and F' must be replaced by F cos a and 
F' cos a', the components F sin a and F sin a' of the currents perpen- 
dicular to the direction of propagation of the waves having no eflFect upon 
the determination of U (Encyclopaedia Britannica, 9th edition, article Hydro- 
mechanics). 

13. In the most general case, where the surface of separation is endowed 
with tension T, superficial density a and flexural rigidity i, the condition to be 
satisfied at this surface is 



Now, if 



"§=^^-^§+3/- 


-dp' 


97 = a sin mx, 




df ^ <&»- '**^' 









■ ^ 
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also, 

dp — dj/ = — g{p — p')y! + {pm{V— Uy coihmh + p'fn{W — CT)* coth mA' } >7 ; 

so that, omitting the common factor yj , 

(xn*— TVn*— Zm*— gf(p— p')+pm(7— Cr)»cothm/i + p'm(F— Cr)*cothmA' = 0. 

The application of this equation to the discussion of the Instability of Jets, 
including the flapping of flags and sails, has been considered by Rayleigh, as 
mentioned above. 

In the application to a flag we may put p = p', and replace coth mh and 
coth mh by unity ; also, Z = 0, and we may also suppose 7*= 0; then 

<Tn*+ 2pm(F— J7)'=0, 

indicating the instability of the motion, and showing that it cannot be repre- 
sented by a periodic term of small displacement ; we must therefore replace in 
the motion cos {mx — nt) by cosh (mx — nt) , sinh {mx — nt), or 

(P cosh mx + Q sinh mx) cos nt. 

In the above general equation put (y = 0, Z = 0, F=0, and replace 
coth mh and coth mh by unity ; then 

Tm^ + g{p — pO = pmlP + p'w (F — J7)», 

the equation considered by Thomson for the determination of the ripples pro- 
duced by wind F' over the surface of still water. 

If W is the velocity of ripples of the same wave length without wind, 
J^' + gip - p') = {p + p')mW'] 

TF« = ^^+-^., 

the minimum value of which, for different values of m , is 

and then »i» = gr (p — p')/ T. 

But p?7' + p'(7'-Cr)*=(p + p')W^*; 

giving the velocities of the ripples with and against the wind F. 

The least value of F^ is less than (p + p')*/pp' times the least value of TF*, 
and, therefore, the least value of F'* to produce ripples is 



m^^^^--- '■ 
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If the wind is blowing with velocity greater than this minimum value of 7', 
the plane surface of the water becomes unstable, and ripples are produced 
(Sir W. Thomson, Phil. Mag., 1871). 

14. Waves in Water Flowing with Variable Velocity fz. Some Function of the Depth z. 

In this manner we may attempt an investigation of the standing waves seen 
in a sloping current of water, where the velocity varies with the depth in conse- 
quence of viscosity and the fluid friction against the bottom; the method, 
however, will not be very rigorous, as we must begin by assuming fluid friction 
to account for the varying velocities at different depths, and afterwards neglect 
fluid friction when wo come to consider the superposed wave motion. 

Supposing, however, the motion is steady, we must put the current function 

'4/ = jRs — A sinh m{z + h) sin mx , 

so that the mean value of w or -:^ is Fz or /z, denoting fz by Fz. Then, at 

the bottom of the water, 

'4/ z= ^, a constant, 

and at the surface 

•4/ = iTO + yi/(^ — A sinh mh sin mx ; 

so that if, at the surface, 

>7 = a sin mx , 

then A sinh mh = afO . 

At the surface 



3i> + ^P>7 + ip(f)-ip(^r=0; 



or, dp + gpri + p {yifO — mA cosh mh sin mx)fO = ; 

or, dp + p>7 \g +yD/0 — m{fdy cothm^} = 0; 

so that, if 9p= 0, 

g + fOfO — m {/oy coth mh=0. 

Here /O denotes the velocity of the current at the surface, and fO the vertical 
rate of change of the velocity at the surface. 

For instance, if the current flows uniformly with velocity F, 

g — mV^ coth mh = 0; 
or, 7* = — tanhwA, 



m 



as before. 
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For a viscous liquid, flowing over a flat bottom, f"z = 0, f^z = — > i^ 
denoting the viscosity and i the slope of the stream, supposed small, 

supposing Fthe current velocity at the surface (Bncy. Brit., Hydraulics). There- 
fore, gr -f F(7— mV^ coth fnh = 0] 

G is generally determined from the condition that the liquid adheres to the 
bottom, and, therefore, /A = 0, giving 



2 (I 



r 



16. In the experimental verification of the above theory of the motion of 
waves at the surface of separation of two liquids, we can make the wave velocity 
U as small as we please by making p and p' nearly equal. 

Again, in order to study experimentally the waves in water of uniform 
depth, the best plan to obtain uniformity of depth is to pour water on the top of 
mercury (Stokes, Math, and Phys. Papers, I, p. 199). But in this case the mer- 
cury forming the bottom of the water will not be fixed, but will itself be set 
into wave motion, and the modification thus introduced is considered by Stokes 
on p. 217. This is a particular case of the general conditions to be satisfied 
when waves are propagated at the surfaces of separation of a number of superin- 
cumbent liquids forming horizontal strata, and limited above and below by fixed 
horizontal planes. If the upper surface is free, the density of the highest stratum 
of liquid must be supposed zero. 

This general theorem has been worked out by Mr. R. R. Webb, and we 
shall proceed to investigate his results, which were given in the Math. Tripos 
Examination at Cambridge in Jan., 1884, as follows : 

A rectangular pipe whose faces are horizontal and vertical planes is com- 
pletely filled with n+1 liquids ; show that the velocities v of propagation of 
waves of length ^ at the surfaces of separation of the strata are given by the 
equation 



= 0, 



A^, 


— B„ , 


0, 


, 













-B„ 


At, —Bf, 


0, 
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where Ar — 2nv^/^ (pr+i- coth 27thr^i/X + p^ coth 27thr/X) -*- g {pt^i — pr) t 

B^ = 2nt?*p,/a cosech 2n^/;i, 
and Ar is the equilibrium thickness of the r^^ stratum of density p^. 

In particular, if p, = rcr, hf=:raf then the 2n values of v are included in 
the formula . ^ // \ ^ ^ ^ ^\ 

where r is supposed to assume the values 1, 2, 3,.,..n, and A*, the wave length, 
is supposed very large compared with na. 

In order that the velocity function ^r i^ the t^ stratum should satisfy the 
equation of continuity and the conditions that 

^ = -^^ at the surface of separation of the r^^ and r — 1*^ liquids, 

"^ dz ~ 

then, taking the plane of xy in the upper surface of the pipe, we must have 
^, = I Gr^i cosh m{z + hi + h^ + . . . . + hr) 

— CrOOBhm{z + h, + h^ + ....+ K^,)] "^3^"^ » 
and then 

^ = Gr-^i cos {mx — w<), when 2 = — Ai — Ag — • ••• — ^-i> 

^= C7,. cos (ma: — n<), when 2 = — Ai — A| — • . . . — A^; 

and, therefore, if 97,. denotes the elevation of the surface of separation between 
the r** and r + 1*^ liquids, 

^= C,. cos (ma — n<), 

and >7,.= ^sin(ma5 — nt). 

To express the fieuit that there is no discontinuity at this sur&ce of separa- 
tion, we have the equations 

BO that, since dpr = dj>r+it 

^Pf»7r + Pr -g^ = Srpr+l*?' + pr+ 1 — g^ » 



itv-i^i^^z^^-iir 
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Now, when a = — h^ — h^ — . . . . — K^ 

^^ = — {Gf^i cosech mh^ — Gr coth mh^ sin {mx — nt) , 



dt m 

r-hl _ J^ 

dt m 



vT"*-^ = — ((7^ cothrwZty^i — (7,. ^^ cosech niA^4.i) sin {mx — nt)] 



so that, dropping the common factor — sin {mx — nt) , 



n» 



— 9 (pr + l— 9r) ^r+ — (C,fr+1 COth ^^,-4.1— (^r + lfr+l COBCCh fwA^ + i 

— (7r-ipr cosech mhr + G^r coth mhr) = ; 

or, - Gr^.B, + GrA- Gr+iBr + i = 0, 

since n^/m = ^ni?l'K, m = 27«/;i. 

Also, the top and bottom of the pipe being fixed horizontal planes, Co = 
and <7n+i= 0> so that the elimination of the C's leads to the determinant given 
above. 

When the pipe is open at the top, we can represent the motion by supposing 
Pj = 0, or -Bi = , and then the particular case for waves when there are two 
superincumbent liquids with a free surface has been given by Btokes (Math, 
and Phys. Papers, I, p. 217). 

It will be noticed that, although there is no discontinuity in the value of 

^at a surface of separation of two strata, there is discontinuity in ^ , denoting 

a slipping of one surface over the other, the slipping velocity at the t^^ surface, 
where z = — Ax — \ — .... — A,., being 

dx dx 

= { <7,. - 1 cosech mhr— Cr(coth wi A,. 4. j + coth mh^ +Gr^i cosech mhr + 1 } 8in(ma; — nt). 

This slipping proves a diflSculty in the attempt of proceeding from the above 
investigation of waves in strata of finite thickness to the case of waves in a 
liquid of variable density arranged in horizontal strata. 

When % is large and m is consequently small, we may replace p,. coth mhr 
and p,. cosech mhr hy ^r/f^K] and then, if p,. = rex, A^ = ra, 

n* 
Ar = 2(j ^— gaa = 2ot^ — gaa, 

Br=^ a—i =^ av^: 
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so that the above determinant becomes 



^> 


*l 


Vl 


"I 
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1, 


0, 
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0, 
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0, 


1, 


G, 


0, 





, 


0, 


0, 


1, 


c, 


1 . 


• 



n rows 



= 0, where 0=2 — 



ga 



the determinant considered by Rayleigh (Theory of Sound, I, p. 131). 
It is there proved that, putting (7 = 2 cos ^, so that 



then 
where 



m 



r= 1, 2, 3, . . 



n. 



16. Waves in Ganals with Sloping Sides, or against a Sloping Beach. 

So far, the wave motion considered has only involved two co-ordinates, x 
and z, and might be considered limited by any two fixed vertical planes per- 
pendicular to the axis of y. 

In the case of the canal of uniform arbitrary cross-section, Kelland obtained 
the equation, IP = gA/b, 

for U, the wave velocity of long waves moving along the canal. " 

Eelland, however, was successful in obtaining an exact expression for the 
motion of progressive waves in a straight canal the sides of which sloped down 
uniformly to an edge at an angle of 46^; he found that, taking the axis of x 
along this edge, we can put 

^ = J. cosh my cosh mz cos V2 (mx — nt) , 

satisfying the equation of continuity 



and also the boundary condition ^=z 0; 



or, 



Ip + m^ + n^ 



0, 
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Ij m^n denoting the direction cosines of the normal to the bounder j. In thie 
case the boundary conditions are 

which are immediately seen to be satisfied. 
At the surface of the water, where a = A, 

for all values of x and y*, or, 

ml sinh mh = cosh mA, or ml = coth mh, 

and i7* = ^ =/--=: iL tanh mh, 

the same as for waves in water of depth A, but now 2n/X = fn\/2. 

By transferring the axis of a; to the edge of the water on one bank, we 
obtain ^ == ji cosh m (y + A) cosh m{z — h) cos V 2 (mx — nt) , 

which, when h is made indefinitely great, can be replaced by 

^ — Be-"^^-'^ cos s/2{mx — nt), 
giving the motion for waves moving parallel to a shore sloping at 46®, the crests 
of the waves being perpendicular to the shore. 

This may easily be generalized, as Stokes has shown (Report on Recent 
Researches in Hydrodynamics, Math, and Phys. Papers, I, p. 167), for a shore 
sloping at any angle a, by putting 

^ = ^e~*^«^-"'«»»-> cos {mx — nt), 

z 




satisfying the equation of continuity and the boundary condition 

^ sin a + ^ cos a = , when y sin a + a cos a = ; 

dy c/» 



X- 
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also, at the free surface 2=0, 

Z ^ = ^; or, m? sin a = 1 ; 

SO that iP= -y:=^ ^^= ^-8ina=:^ema. 

wr Inr m 2;r 

a denoting here the slope of the shore to the horizon. 

Analogous to Eelland's previous solution, we might put 

^ = J. sinh my sinh mz sin ^/ 2 {mx — n<), 

satisfying the equation of continuity and the boundary conditions, and at the free 

surface 2 = A, Z ^ = ^ gives 

ml = tanh mh ; 

or, TP=. ^ coth mh. 

m 

The shape of the free surface will be different in the two cases ; in the first, 

Eelland's case, when z = h, 

-^ = ^ = mA sinh mh cosh my cos ^/ 2 {mx — nt) ; 

SO that >7 = j^ sinh mh cosh my sin a/ 2 {mx — nt) 

or the form >7 = a cosh my sin \/ 2 {mx — nt) , 
an even fimction of y ; and in the second case, 

-^ =11 ^=z mA cosh wA sinh my sin V 2 {mx — nt) ; 

so that the free surface is of the form 

^ = a sinh my cos V 2 (wia? — nt) , 
an odd function of y. 

Introducing capillarity on the free surface, but neglecting its effect at the 

contact of the surface with the bank, then the equation 

gives ml sinh mh H sinh mh = cosh mh ; 

9P 

or, ml H = coth mh ; 

9P 

and, for the second kind of motion, 

ml •{ = tanh mh. 

9P 
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17. Let us apply Eelland's expression to determine the progressive waves 
at the surface of separation of two liquids, each half filling a pipe, of which the 
cross-section is a square with a vertical diagonal, of length 2h. 

Taking diagonals of the square as axes of y and z, then we can put 
^ = j1 cosh my cosh m{z + h) cos \/'2 {mx — nt) , 
^' = — A cosh my cosh m{z — A) cos V2 (mo; — n<), 

satisfying the equation of continuity and the boundary conditions, except just 
where the surface of separation meets the boundary, the disturbing effect of 
which we shall neglect, although of course disturbing waves would be generated 
thereby. 

Then, as before, if ri denotes the elevation of the surface of separation 
where the mean value of 2 = 0, 

-—^ = -^ = mA cosh my sinh mh cos V 2 {mx — nt)] 

so that 

>7 = ^ cosh my sinh mh sin s/ 2 {mx — nt) ; 

also, 

^ = nAs/ 2 cosh my cosh mh sin \/2 (mx — ?rf) = — 2 — yj coth mA, 
at ^ ^ m 

and 

^=2 — y!C0thmh. 
at m 
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Also, as before, 

or, dp + grp>7 — 2p — y; coth mk = 0, 

dp + gp^Yi + 2p' — >7 coth mA = 0; 



so that if dp = 3/?', 



i/(p — P')= 2^(p + p')cothmA; 

?7^=4 = i^^^tanhmA. 
m' 2 m /> + i^ 

Similarly^ by putting 

^ = J. sinh my sinh m{z + h) sin V 2 (mx — nt) , 

^' = J. sinh my sinh m (2 — A) sin a/ 2 (mx — nt) , 

we should obtain 

J7«=4-A^cothmA. 

18. Standing Waves across a Rectangviar Channel. 

We shall find that, by replacing the hyperbolic functions of y and z partly 
by circular functions in the above solutions for progressive waves along the 
channel, we shall be able to solve the motion of standing waves in which the 
crests are parallel to the axis of the canal or channeL For, if we put 

^ = J. (cos my cosh mz + cosh my cos mz) cos rrf, 
or 4> = J. (sin my sinh mz + sinh my sin mz) sin w<, 

expressions which are equivalent to those obtained by Kirchoff (Ueber stehende 
Schwingungen einer schweren Flussigkeit, Gesammelte Abhandlungen, II, p, 
440), we shall satisfy the equation of continuity and the boundary conditions 

ay i = ^' ^^^^ y — « = 0, 

^ + ^ = 0,wheny + 2 = 0; 

oy <jz 

and at the free surface 2 =: A the condition 



'^ = <?>» 
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for all values of y, leads to the equations 

mZ (cos my sinh mh — cosh my sin mh) = cos my cosh mh + cosh my cos mh^ 

giving ml sinh mh = cosh mh and — ml sin mh = cos wjA, 
or ml = coth mA = — cot mh, 

for the even vibrations, and 

ml (sin my cosh twA + sinh my cos wA) = sin my sinh tw A + sinh my sin wA , 

giving ml cosh mA = sinh^nA and ml cos mA = sin mh, 

or wZ = tanh mh = tan mA , 

for the odd vibrations. 

In these equations mh is the same as Kirchoff's^, and, with the notation 
of the hyperbolic functions, Kirchoff 's period equations 

and cosh » = —r. — ^pr 

^ s/{<im 2p) 

correspond to our period equations 

coth 2?= — cot^ 
and tanh p = tan p ; 

both being included in the single equation 

cos 2p cosh 2/) = 1 , 

the period equation for the lateral vibrations of a free-free or clamped-clamped 
bar (Rayleigh, Sound, I, p. 219). 

In fact, the vibrations of the surface are of exactly the same character as 
those of a free-free bar of length 2A, the first value of ^ giving the even and 
the second the odd vibrations. 

Suppose the surface were covered with ice of thickness e and flexural rigidity 

X = Y2^ ^Ej then, at the surface z = A, 

and 9i> + fl'pn + p -^ = 0. 

But .J=-n*yi, £ = fn*n', 

80 that n*pc>7 = m*Lv! + flfp? + p ^ ■ 
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or (PCs' — »'«) +»n*Z/})7= — p^; 

andsiace §-=^'^ = -»V. 



or since g = 7n*, 

and, therefore, as before, 



m (Z — e) A — =— = coth mh = — cot mA, 
^ ^ nrp 

or = tanh mli = tan mh , 

showing that the length of the equivalent simple pendulum is altered by 
m\L/n^p — e by the presence of the ice. 

Dropping for the present the factors A cos nt and A sin nt, then 
^ = cos my cosh mz + cosh my cos mz, 
or ^ = sin my sinh ?W25 + sinh my sin mz, 

and, therefore, the conjugate current functions are 

'4' = sin my sinh mz — sinh my sin mz, 
or -4/ = — cos my cosh wiz + cosh my cos m« ; 

so that ^ + i'4' = cos tn (z + ty) + cosh m{z + iy) , 

or = i cos m (z + fy) — i cosh m (z + iy) . 

Denoting ^ + ii^ by w?, and z + iy by w, then 

w = cos mw + cos imu, 
or ti? = i cos mu — i cos imt^, 

gives the required motion in a rectangular channel. 

By transferring the axis of a to the edge of the water on one bank, we 
obtain ^ = cos m (y — h) cosh m (z + A) + cosh m{y — h) cos m{z + K), 
or ^ = sin m{y — h) sinh m{z + h) + sinh m{y — h) sin m (z + A) ; 

and these are the co-ordinates employed by KirchofF. 

When h is made indefinitely great, these expressions may be replaced by 

(omitting constant factors, and remembering that the axis of z is drawn vertically 

upwards) , 

^ = e*' (cos my — sin my) + 6""**«^ (cos mz — sin mz) , 

and then, when z = 0, / 9^ _ ^ 

if TwZ = 1 , 
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giving KirchoflF^s solution of standing waves parallel to a shore sloping at 46° 
(Abhandlungen, II, p. 434). 

Returning to the original' axes, the second value of ^ gives, when m is small, 
80 that m*, . . . . may be neglected, 

^= 2myz] 

or, restoring the periodic factor, we may put 

<^= 2myz sin 71^, 
and then Z = A; 

also, ^ _ 94> _ 



so that 



dt 32 



2my sinn<; 



m 



)7 = — 2— y C0S71/, 




80 that the free surface of the liquid remains plane during this kind of wave 
motion. Also, -^^ = m (y* — js*) sin rrf , 

80 that the liquid particles oscillate in rectangular hyperbolas (Kirchoff, Abhand- 
lungen, II, p. 436). 



19. Standing Waves aerosa a Channel of 120^ 

Let us now attempt the solution of the corresponding waves in a canal the 
sides of which slope at angles of 30° to the horizon, and are therefore inclined 
to each other at an angle of 1 20°. 



Gbebnhill : Wave Motion in Hydrodynamics. 



93 



First, we notice that we can begin with an algebraical solution by putting, 

aa the simplest case, 

^= .^<I> cosn^, 
where <E> =t: 2* — Z^z + A', 

and the corresponding stream function 

= y(2\/3 — y)(zV3 + y), 

which vanishes when ^ = =ks;\/3, showing that the boundary conditions are 
satisfied, and also, 

Then, at the free surface 2 = A, 



so that 



^=3A*-32^, ^=2h'-Shy'i 



and, therefore, Z = A. 

The free surface is now a parabolic cylinder, for 

^ — SA{h^—y^)coBnt, 



dt 



SA 



>7 = — (A* — y*) sin n<. 




For waves of a higher order, let us attempt the solution by putting 
fjD = cos mu + cos m^u + cos m^u, 
where u=iz + iy, 

and /?» = — 1, /?=4--4-*V3, ^ = -^--l~{V5. 
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Then, at the boundary y = 2\/3, 
w = cos (1 + i^/S) mz + cos -^ (1 — tV3) (1 + iV3) mz + cos -g" (^ + iV3)*mz 
= cos (1 + iV3) wi2 + COS 2m2 + cos ( — 1 + i\/3) z, 

a real quantity, so that ?^ = . 

Again, at the boundary y = — z^/3,wia real and ij/ = 0. These conditions 
will also be satisfied by putting 

w = sin mu — sin m^u + sin m^u, 

so that generally we can put 

tu = sin m (t* — a) — sin m (/?w + a) + sin m (/8*w — a) ; 
so that, since 

^u + a= Y(yV3 + 2+2a) + -yi(y-2V3), 

/3«t^ — a= ^ {ys/S — z— 2a) — -^i{y + z^/3), 

<l> = sin m (« — a) cosh my — sin y m (y V3 + 2 + 2a) cosh -g" ^ (y — 2^3) 

+ sin -g" ^ (yv'S — 2; — 2a) cosh "g" ^ (y + ^v'^) , 
V = cos m (2 — a) sinh my — cos -^ m (y V3 + 2 + 2a) sinh -^ m{y — z\^3) 

— cos o- m (y V3 — 2 — 2a) sinh -^^ tn (y + 2\/3) . 

Putting y = zV3, 

qi = cos m (2 — a) sinh mz^/3 — cos m{z — a) sinh mzs/Z = 0, 
and putting y=- — 2^3 , 

V = — cos fw (2 — a) sinh mz\/3 — cos m ( — « + a) sinh ( — mz^/S) = 0, 

so that the boundary conditions are satisfied. 

Expanded in ascending powers of (2 + tx) , we shall find 

to = — 3 sin a o" ^' (^ ^" *^)' cos a + .... , 

so that when m is small, and m^ . . • . can be neglected, we obtain the previous 
algebraical solution. 

At the free surface 2 = A we must have 
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for all values of y; and, therefore, since we may write 
<I> = sin m (j5 — a) cosh my 

— 2 sin -^m{z+ 2a) cosh -^ mz\/3 cosh — my cos -^ my^/S 

+ 2 cos -y tn (2 + 2a) sinh -^ mz^Z sinh -^ my sin -^ mys/Z, 

l:;r- =: ml cos m{z — a) cosh my 
CZ 

— mZ I cos "2 w (2 + 2a) cosh -y mzs/Z + \/3 sin -o" ^ (2 + 2a) 

sinh -x- ma\/3 [ cosh -y wy cos -^ my^S 

+ ml \ — sin To^ m (z + 2a) sinh -^ mz\/S + s/Z cos -g- m (2 + 2a) 

cosh -^ W2;\/ 3 [ sinh -^ ^y sin -^ mzs/Z ; 

therefore, at the free surface a = 7t, 

ml cos m{h — a) = sin m{h — a) , (I) 

ml ] cos -H" wi (A + 2a) cosh -^ mh^Z + s/Z sin -^ wi (A + 2a) sinh ^ ^W3 [ 
= 2 sin Y ^ (^ + 2a) cosh -^ mh^ 3 , ' (II) 

mil — sin -y m (A + 2a) sinh -x- mh^/Z +^/Z cos -5" m (A+ 2a) cosh-^ mh^Z \ 
= 2 cos -y m (A + 2a) sinh -^ mh^/Z, (III) 

three equations for determining mh, a and I. 
From (II) and (III), eliminating ml, 

cos* -^ m{h+ 2a) sinh mhs/Z + s/Z sin w (A + 2a) sinh* -^ mhs/Z 

= — sin* "o- 7n (A + 2a) sinh mh^Z + V3 sin m (A + 2a) cosh* -y wA\/3 ; 

or, sinh mh^/Z = V3 sin m (A + 2a). (IV) 

Also, from (II) and (III), 

J ml cosh -^ mhjs/Z 

tan Y m (A + 2a) = j 

2 cosh -^ mhs/Z — mWZ sinh ~^ mh\^Z 

mWZ cosh "o" mhs/Z — 2 sinh -y mh^/Z 

= 1 ; 

wZ sinh -^ mh\/Z 



^ 
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80 that 

-g- mV sinh mhf^Z = 2mWZ (qohYj?-^ wiA V 3 + sintf-o- mh^zS 

Q 

^ m^P sinh mJus/S — 2 sinh mh^s/S ; 

or, ^' "*" ^ "'^ ^ ^*^ ^^'^ ^ • (^) 

From (I), ml = tan m (A — a) , 

so that 

ml + ^izj = 2 cosec 2m (A — a) ; 

2 
or, sin 2m {h — a) = -yK tanh mh \/3. (VI) 

From (IV) and (VI), 

sin mh cos 2ma + cos mh sin 2wia = -7-: sinh mh V 3 , 

2 
sin 2mh cos 2ma — cos 2mh sin 2ma = -y^ tanh mA V3 ; 

and, therefore, 

V3 sin 3mA cos 2ma = sinhmA \/3 Tcos 2mA H J , 

V3 sin 3mA sin 2ma = sinh mA \/3 f sin 2mA hm/k /^ J ' 

Squaring and adding, to eliminate a, 

38in«37nA ^ , 4co8 3wiA , 4 



8inh*mAV3 "" coshmAVS co8h«mAV3 ' 

or, denoting cos 3mA by a, and cosh mA \/3 by /3, 

reducing to 

^4 + 4a^» + 3a*/? — 4a/3 — 4 = 0, 

or (/?*+2ai3)» = (ai3+2)*, 

^+2a/3 = ±(ai3 + 2); 

so that i8» + a^=2, 

or i3» + 3a/3= — 2; 

a=-^+2//3, 

or 3a=— /3— 2/^; 

cos 3mA = — cosh mA VS + 2 sech mA VS , 

or 3 cos 3mA = — cosh mA \/3 — 2 sech mA V3 , 

the period equations. 
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Having found a value of mh from these equations, then a and ml are 
determined. 

On examination, however, the second of these period equations will be 
found to have no real roots, while the only real roots of the first equation will be 
found to be given by mh = , repeated six times, giving the previous algebra- 
ical solution ; this is seen by investigating the intersections of the curves 
y=rcota?V3 and » = — cosha; + 2 secha::,or y = 3cosa:V3 and2= — cosh x — 2 
sech X , where x ^ mh^/ 3 . 

If, however, we put 

w = sinh m(u — a) — sinh m {(3u + a) + sinh m {^u — a) , 
then 

4> = sinh m{z — a) cos my — sinh -^ m (y\/3 + 2 + 2a) cos -^ m{y — zs/Z) 

+ sinh -g- m {yV^ —z — 2a) cos -^ m{y + z\^S) ; 
V = — cosh m{z — a) sin my + cosh -^ m (y\/3 + g + 2a) sin -2" ^ (y — ^V^S) 

+ cosh -^ m (yv^S — z — 2a) sin -^ m{y + z^/S) ; 

so that V = 0, when y = ifc z^/S, and the boundary conditions are satisfied. 
Then, exactly as before, from the free surface condition 

dz ^' 

when « = A, for all values of y , we shall find 

ml = tanh m (h — a) , 
sin mh\^S = \/3 sinh m{h+ 2a) , 

ml •, = — \/3 cot mh \/3 , 



sinh 2m {h — a) = -ys tan mhs/Z, 

V3 sinh Zmh cosh 2ma = sinh mh^Z (cosh 2mA A r — ^rr ), 

\ co8mA/v/3/ 



(I) 

(IV) 
(V) 

(VI) 



COS mh /^3/ 

V3sinh 3mAsinh 2ma = sinhinA\/3 ( sinh 27n7i r — r^r), 

\ cos mA iv/3/ 

whence, eliminating a by squaring and subtracting, we obtain the period 

equation 

38iny3mA / , ^ , . 2oo8hwiAV /• 

V - (^" 



sinh' mh v'3 



= (cosh 2mh + , ^. 

\ oosm^vS, 

1 _i 4 ^"^h Zmh 4 



sinh 2mA — 



2 sinh mh \* 



cos 



mhy/z) 



cos mh /^3 cos^ mh \/3 
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equivalent to 

cosh Zmh = — cos mh \/3 + 2 sec mh V3 , 

or 3 cosh SwiA = — cos mh V3 — 2 sec mh \/3 , 

the new period equations, which by inspection have an infinite number of real 
roots. 

Transfer the axis of x to the edge of the water on one bank, and expand w 
in descending powers oi ^^^ retaining only the leading terms, supposing A is 
made infinite; we shall thus obtain Kirchoff's expression for the motion of 
standing waves on a shore sloping at 30° to the horizon (Gksammelte Abhand- 
lungen, II, p. 434). 

To do this we must begin by writing y — AV3 for y, and 2 + A for z; and 

then * = sinh m{z + h — a) cos 7n (y — A \/3) 

— sinh -^ m (y\/3 + 2 — 2A + 2a) cos -^ ?n (y — 2V3 — 2A ^3) 

+ sinh - m (y V3 — 2 — 4A — 2a) cos -g- ?n (y + 2\/3). 

Now, when h is indefinitely great, the period equation gives sec wiA\/3 = 00 , 
cos ?wA \/3 = ; so that 

* = sinh m (2 + A — a) sin my 
— sinh — m (y V3 + 2 — 2A + 2a) sin -i- w (y — 2 V3) 

+ sinh -^m(y \^S — 2 — 4A — 2a) cos -^ w (y + 2 V3) . 
Also, when' A = 00 , mZ = l , and therefore tanh m (A — a) = 1 , so that 
cosh m (A — a) = sinh m(h — a) = -o- ^^p m{h — a) = C7, suppose ; 

and, therefore, retaining the leading terms, 
* = 5c"** sin my 

— £c-*"»(yv«+*) sin A_ ?n (y — 2 V3) 

+ 2£c-~<*+»*>c-*"*^''»-'>cos -^ m{y + ZA/3). 

But from equation (IV) 

sin mh s/Z = 1 = \/3 sinh tn (A + 2a) = s/Z exp w (A + 2a), 
so that we may replace 
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and then the value of * agrees with that given by KirchofF, changing the sign of 
2, as our axis of 2 is drawn vertically upwards. 

Then q* = — B^ cos my + Be-^'^^y »'»+'^ cob \- m{y — zs/Z) 

+ B VSe-*""""^-*' sin -L m (y + z V3); 
so that 

4>+»* = £expr7na — ^*'*j + -Bv'3exp(fn,3M — »7i)+5exprmj3*w 2~*'*)' 

To verify that in this case, where 2 := , 

• • • • 1 o^ 30 1 

it 18 convenient to notice that ^^ = =— ; so that 

oz ay 

where a = 0; and we mayput« = before differentiating with respect to y, 
which simplifies the work. 



20. Progressive Waves in a Channel of 120®. 

Just as from Kelland's solution for progressive waves in a channel of 90® 
we obtained the solution for standing waves across the channel by replacing th6 
hyperbolic functions partially by circular functions, so, conversely, from the 
above solution for standing waves across a channel of 120®, we shall obtain the 
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solution for progressive waves by replacing the circular functions by the corre- 
sponding hyperbolic functions. Then, for progressive waves, we can put 

4> = A^ cos\/ 2 {mx — nt) , 
where 

$= sinh7n(2; — a)cosh7ny — sinh^m{y^3 + z + 2a) cosh-n- m{y — z\/S) 

+ sinh -g- m {y^Z — z — 2a) cosh -g- ^w (y + z^Z) , 
and then ^ +-gn,- = 2«>; 

-"-' + 3^ + = "^ 

SO that the equation of continuity is satisfied. 
We shall also find that when 

(I) , = .V3,f=V3^, 
when 

(II) ,= -W3,| = -V3fl 

SO that the boundary conditions are satisfied. 

To satisfy the free surface conditions, it is convenient to express <I> in the 
equivalent form 

<I> = sinhm(s — a) coshwy — sinh -^^ m{(\/3 + l)y + 2a} cosh-^ wi(\/3 — l)y 

+ Bm\i-^m{{s/Z— l)z— 2a} cosh "2-^(^3+ l)y; 
and then the free surface conditions that 

where z-=^h, for all values of ^, is satisfied if 
ml = tanh m{h — a) 

= (V3 + l)tanh Ym|(-v/3— 1)7»— 2a} 

= (V3 — 1) tanh^wj {(V3 + 1)A + 2af ; 
or, putting m{h — a) = y , 

OT?= tan Ay = (-v/3 4- 1) tanh {y — -|- (3 — V3) wiaI 

= (V3— 1) tanh|-|-(3 + ^S)mh — y\. 
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From these conditions we find that 

2 coth y = coth y (3 — V3) mA + coth -g (8 + \/3) mh, 
or tanh y is an harmonic me^n between 

tanh -g- (3 — \/3)w7i and tanh -g" (3 +V3) »i7«, 
and by elimination of y we obtain the period equation 
jcoth -L (3— V3)w*+coth 1- (3+^/3)wA^ 

+ V3{coth*-i-(3— ^/3)inA — coth«i-(3+V3)mA| = 4, 

equivalent to 

(2— V3)co8h(3+^/3)w7i + (2+V3)cosh(3— ^3)771^ — cosh(2m7t^/3) — 3 = 0. 

But on investigation it will be found that the only real root of this equation 
in iwA is TwA = , repeated four times, so that progressive waves of this type in a 
channel of 120^ are unstable. 

To represent such an unstable state of wave motion, let us change all the 
hyperbolic functions in $ into the corresponding circular functions, and put 

^ = <|> cosh V 2 {mx — nt) , 
in order that the equation of continuity may be satisfied. 

Then we have 

<I> = sin7w(2 — a)cos?ny — sin^ m{y^/3 + 2+ 2a) cos -2" ^(y — 2^/3) 

+ sin -^ m{y\/3— z — 2a) cos -^ m{y + z\/S)} 

Then we shall find 

(I) where y= 2^/3, ^ = ^3 ^ ; 

(II) where y = _ ^VS, ^ = - V3 ^ ; 

so that the boundary conditions are satisfied. 

Also, the conditions at the free surface z=^h are satisfied if 
ml = tan m(h — a) 

= (V3 + 1) tan ^ w ^V3 — 1) A — 2a} 
= (-v/3-l)tan \ m{{^3-\-l)h + a]; 
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or, ml = tan y 

= (V3 + l)tan|y— ^(3-V3)inAj 

= (V3-l)tan|-^ (3 + ^3)*iA-y|, 
if we write in the form 

* = sin ?w (z — a) cos my 

+ sin -^ m \ (^3 — l)z— 2a} cos ^ wj (^/3 + 1)?/ 

— sin -^ m I (\/3 + l)z+ 2a} cos ^ w(^/3 — l)y. 

As before, we shall find that tan y is an harmonic mean between 
tan ~ (3 — ^/3) wA and tan -|- (3 + V3) wA , 

and that the period equation is 

V3 jcot* 4" (^ — '^^) ^* ~ ^^*' 4" (^ "•" '^^^ ^*1 

— jcot 4-(3 — \/3)mA+cot i- (3 + V3)7nA| =4, 

or 

(2 — V3)cos(3 + V3)inA + (2+^/3)cos(3 — V3)mA — cos(27wAV3) — 3 = 0, 

an equation with an infinite number of real roots. 

This last value of <I> will be useful in attempting to investigate the hore or 
tidal wave in a river. 

21. General Wave Motion acroes a Channel with Plane Side^ Sloping at Any Angle. 

Putting, as before, 

w = 25 + iy = ^ (^^s S' + i sin 3) , and t*? = 4> + ti^f 
and supposing the sides to slope equally at an angle a = 7t/2/i to the horizon, 
let us attempt the general solution by putting 
«? = Po cos (i^ + ao) + Pi cos (^« + oi) 

+ P, cos(^l + a,) + . . . . + P,n-iCO8(i3i~-^+a^.0» 
where /?»'*= — 1, so that ^ = e**, ^'^ = t. 

Then we must determine the P's and a's, so as to satisfy the boundary con- 
ditions that 4' = or t^ is real at the sides 3=±(n— l)a. The form will be 
different according as n is odd or even. 
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A. When n is odd, we must have the P's all real, and 

Pq =Pi= Pi =.... = j1, suppose ; 
Pi =^8= A =.... = Bj suppose ; 
also, 00= — a, = a4 = — 0^= . . . . = y, a real quantity ; 

ai = — ag = 05 = — a, ^ . . . . = i5 , an imaginary. 
Hence 

ti? = J. { cos (w + y) + cos {^u — y) + cos {^ht + y) + . . • . } 
+ 5{cos l^u + i5) + cos (^»tt — i6) + cos {^^u+ iS) + f ; 

or, as it may be written, 

t£? = ji {cos(w + y) + cos {^u — y) + cos (/?*u + y) + . . . .} 
+ 5{cosh(t^ + 3) + cosh(/?»w — 5) + cosh(/?*w + 5) + }, 

involving, however, only three disposable constants, A/B^ y and 5. 

When n = 3 , this agrees with the expressions previously obtained, and the 
three equations of condition at the free surface gave the period equation for 
wiA, the equation for Z, and the equation for y or 5, with A or B alternately 
zero. 

But if we attempt to satisfy the conditions at the free surface with 
n= 6, 7, . . . . , we shall have more equations to satisfy than the disposable 
constants mh, ml, A/B, y and i, so that the free surface conditions cannot be 
satisfied. 

Separating w into its real and imaginary parts, we find 

^ = J. cos (z + y) cosh y + B cosh (z + S) cos y 
+ j4 cot (2 cos 2a — y sin 2a — y) cosh {z sin 2a + y cos 2a) 
+ B cosh {z cos 2a — y sin 2a — 6) cos (« sin 2a + y cos 2a) ; 

'J' = — J. sin (2 + y) sinh y + B sinh (z + 5) sin y 

— ^ A sin (a cos 2a — y sin 2a — y) sinh {z sin 2a + y cos 2a) 
+ B sinh {z cos 2a — y sin 2a — b) sin (2 sin 2a + y cos 2a). 

B. When n is even, the boundary conditions lead to 

P, = P,= P, = . ... = A + iB, 
P^ = P, = P^^= = A — iB, 

Pi = P5 = Pg =....= (7, 

P3=P, = Pn=.... = Z>, 
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and all the a's must vanish. Then 

t£? = (J. + iB){eoB u + cos ^^u + cos ^^u -f . . • .) 

+ {A — i5)(cos ^u + cos ^^u + cos /?% + ) 

+ C{cos^u + cos (i^u + cos |3*t^ +....) 
+ Z>(cos ^^u + cos |3't^ + cos /3"w +....), 

involving three arbitrary constants, the ratios of A, B, (7, D, so that we have 
not enough disposable constants to satisfy the free surface conditions for an even 
number greater than 2. 

We may suppose the sides of the channel to slope to the horizon at any 
angles which are the same or different multiples of an n*^ part of a right angle, 
and determine the P's and a's from the above general expression for w] thus, 
for a channel the sides of which slope at 60** to the horizon we shall find 

w = A ]cos {u + ty) + cos (/3*w — iy) + cos {^u + iy)\ 
+ B { cosh (w + i3) + cosh {^u — i5) + cosh (/?*w + iS) } , 

where /?• = — 1 ; but in this, as in the other cases, the free surface conditions 
cannot be satisfied. 

Again, if one side slopes at 30° and the other at 60**, we shall find 

«? = (J. + iB) cos 1^ + JF cos ^u-\-{A — iB) cos /8*w 
+ ((7+ iD) coB^u + FcoB^hi + (G — iD) cos ^^u. 

For, if 3 = 2a, where a = ^ 7t, then u = r/3*, and 

w={A + iB) COBT^ + EcoB r^ +{A — iB) cos r/?* 
+ {G+ iD) cos r/3» + i^'cos r^ + {G — iD) cos r(3\ 

which is real, since ^^ and — ^\ ^^ and ^ are conjugate imaginaries. 
Again, if ^= — a, u=zr(3~\ and 

w={A + iB)coBr^-^ + EcoBr+{A--iB)coBr(3 
+ Ig+ iD) cos r^ + EcoB r^^ + {G— iD) cos r^^, 

which also is real, and therefore 4^=0. 

22. Waves against a Uniformly Sloping Shore. 

Let us attempt in a similar manner to determine Kirchoff^'s general expres- 
sions for wave motion against a beach sloping uniformly at an angle a to the 
horizon (Gtesammelte Abhandlungen, p. 431). 
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Suppose, now, that the axis of z is drawn vertically downwards, and let 
w = y + ta = r (cos ^ + i sin ^) , 

so that S = a at the surface of the shore. 
If we put 

w=^-\-v^= y^Py exp i(i3^^ + oi'p), 

where a = 7t/2», then we must have '^' = 0, and therefore w real, when ^ = a, 
and consequently u=rP, where /8** = — 1 , ^^ = i. Then 

w = XPpex^i{r^+^ + aj,) 
= 2Ppexp(r^+^+^ + iay), 

and for this to be real, we roust have P»»_i = 0, and 

Po and P%n^% conjugate imaginaries, as also ia^ and iql^^^, 

Pn-1 is real, and also ia^^i. 

We may then write Pq exp ioo and Pjn-t exp iojb^.j in the fwrn -4o ®xp *yo 
and -4o ^^P ( — ^o) without loss of generality, and similar expressions for 
Pi exp itti, • . . . , and replace P„-i exp ia^^i by -1^-1 » so that now 

t(?= 7 ^jjy [exp {— rsin(6 + pa) -{- ir wa{^ -{- pa) + v/p] 

+ exp{ — rsin(S + 2n— ^— 2.a) + i>cos(S + 2n— ^— 2.a) — ty^l] 
+ ^,^_iexp { — rsin(^-|-^ — !•«) + ircos(S + ^ — !•«)}) 

Vol. IX. 
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giving ^ and 'J/, satisfying the equation of continuity, and satisfying the boundary 
condition that 'J/ = and w therefore real when ^ = a = 7t/2n . 
At the free surface 3 = we must have 

for all values of r. 

But ^ — _ ^ 

r35~ dz' 

80 that we must have ,8^ 

for all values of r at the free surface ^ = ; and we may put 3 = in ^ and i^ 
before differentiation, which simplifies the calculations considerably. 
Now, putting 3 = 0, 

^ = / Aj, { exp ( — r sin^a) cos {r coBjpa + y^) 

+ exp( — r sin^+ 2. a) cos (r C08p+ 2.a + yp)} 
+ -4n-i exp ( — r sin n — 1 .a) cos (r cos n — 1 . a) , 
'4' = XAp \ exp ( — r sin^) sin (r cos^ + y^) 

— exp ( — r sin^ + 2. a) sin (r cos^ + 2.a + y^)} 
+ j4^_iexp( — r sinn — l.a) 8in(r cosn — l.a), 

-g- = 2-ip { exp (— r sin jf>a) cos (r cosjpa + i>a + yp) 

— exp( — r Binp + 2. a) cos(r cos^+ 2.a+p+ 2.a + yp)} 
+ -4,j_iexp(— r sinn — l.a) cos (r cosn — l.a + n — J. a). 

Equating coefficients in ^ and ^ of exp(— r sin^), we have 

Ao cos (r + yo) 
= -4oCOs(r + yo), 

-iiCOs(r cos a + yi) 
= Ai cos (r cos a + a + yi) i 

-ii cos (r cos 2a + y,) + jIq cos (r cos 2a + yo) 
= -i, cos (r cos 2a + 2a + y,) — A^ cos (r cos 2a + 2a + y©), 

Ai cos (r cos 3a + yg) + -4i cos (r cos 3a + yj) 
= A^ cos (r cos 3a + 3a + ya) — ^i <508 (^ cos 3a + 3a + yi), 

ill cos (r cos 4a + y^) + A^ cos (r cos 4a + y,) 
= ill cos (r cos 4a + 4a + yj — -i, cos (r cos 4a + 4a + y,). 
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-i«_iC08(r cosn — l.a) -^-A^^^cos (r cosn — l.a + yn-s) 
= J.^«iC08(r cosn — 1 .a + w — l.a) — J^_gCOs(r cosn — l.a+n — l.a + yn-3)» 

= — ^*-» cos (wa + y^^j) 

The first equation is satisfied identically, and the second is satisfied by 
jIjI^O, which makes all the odd J.'s vanish, and then the even J.'s are deter- 
mined by 

A^ sin(r cos 2a + a + y,) sin a = ^o sin Tr cos 2a + a + yo — ~2^^) ^^^ ^» 
jl4 8in (r cos 4a + 2a -^y^ sin 2a=^A^ sin Tr cos 4a + 2a + y^ — "o" ^ ) ^® ^' 

giving J.9 sin a = ^o cos a , 

A^ sin 2a = ^1 cos 2a , 



and y»=yo 2~^' 

1 
y4 = y, — -^ 7t = yo — 7t. 



The form of the result is different according as n is odd or even. 
A. If n is odd = 2in + 1 , then the final equations are 
A^ cos (r cos 2ma) + ^jft-i cos (r cos 2ma + yjm-s ) 
= A^ cos (r cos 2ma + 2fwa) — A^^^^ cos (r cos 2ma + 2ma + y«»-2) ; 
or, 

Af^ sin (r cos 2ma+wa) sin ma = ^tu^-t sin^r cos 2ma+^a+y2i» - » — y^^ Jcos ma, 

giving j1j„» sin ma = ^sm-« cos ma, 

and _ 1 ^. 

also, ^n-»= ^»m-l = 0- 

Then y2m-i=^, 

_ 3 

y2m-6— "2'^» 
y«m-.3= 27t, 



B. If n is even, = 2?w, then -4^_, does not vanish; so that tany„_2= 1, 
y^_, = — 71, whence the other values of y are determined. 
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Suppose, for instance, n = 4 ; then a = -g- n, and 

1 3 

y« = -4 ^» 70 = Y^' 

also, A^ = Aq cot a = -4.0 ('v^ 2 + 1), 

agreeing with KirchofF's results. 

Again, suppose n = 6 , a = yh ^ 5 



10 



1 



then y, = — 71, yo = ^J 

also, ^ = jIo cot a , 

J.4 = ^jj cot 2a = -4o cot a cot 2a . 

For n= 2, yo= ^^» 

and for n = 3 , y© = ^ ^» -^» = -^o c^* oi = -^oV3 , 

agreeing with the results given by Kirchoff (Gtesammelte Abhandlungen, p, 434). 

23. Algebraical Solution of Waves against a Sloping Beach. 

We can satisfy the equation of continuity and the boundary condition that 
'4/ = when S = a = n/2n by putting 

•J/ + i^ = r* (cos »^ + i sin n3) 

+ ^xa^-*]cos(«— 1.^ + a) + * sin (n — 1 .^ + a)}, 
+ AaV-*{cos(»— 2.:^ + 2a) + i sin(n— 2.^ + 2a)}, 

+ 

+ A^a"" (cos na + 1 sin no) , 
equivalent to 

i/. + i(^ = w"+ ^ia/3'a~-^ + A^a^^vT-^* + , 

an algebraical function of 

w = y + i2 = r (cos S + i sin ^); 
and then i^ = when S = a, since wa = -q-^. 

Put '4/=r'' cos n^ — jliar*""^ cos(n — l.S + a) 

+ -d^V-* cos (w — 2.3 + 2a) — ^gaV-» cos (w — 3 . 3 + 3a) 

and then at the free surface 3 = we shall have 



i 
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for all values of r, if 

J-isina =n, 

A^ sin 2a = (n — 1) -4i cos a, 

jlg sin 3a = (n — 2) -4, cos 2a , 
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A^ sin na ^^ -4^_i cos (« — 1) a ; 
n equations for determining A^^ A^, A^, . . .. A^. 

Here the motion increases indefinitely with y and z, so we must seek to 
determine possible boundaries to limit the motion, and to contain the liquid in 
a finite cylinder. 

Suppose, for instance, n = 3 ; then for a = -^ti, 

^1=6, A^= 12, ^8 = 6; 

so that ^4/ + i<fe = f r** — -^ll') + const, 

\ sm a/ 

and with a new origin 

1^ + i^ = z^^ + const., 

the algebraical motion previously investigated in a channel of 1 20°. 

Again, suppose n = 4, a = -^ w; then 

Ai sin a= 4, A^ sin 2a = 3-4i cos a, A^ sin 3a = 2-4, cos 2a, A^ = A^ cos 3a, 
giving 

iii=4coseca, ^=6cosec'a, ^8=24coseca, A^= 24; 
so that 

•1^ =:r* cos 43 + 4ai^ — >: ■ ^ ■ = 6aV — ^ . , ■ — ^ + 24aV — ^^-^ , 

BID a em' a sm a 

one factor of which must be r cos (3 + 3a) , and the other factor equated to zero 

will give the equation of a curve which can be used to limit the motion, which 

therefore takes place across a cylinder, the section of -which is as in the figure. 
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24. Wave Motion in a Gone. 
If we put 4> = 2t" sin n^, 

employing the cylindrical co-ordinates r, ^, z, then the equation of continuity 

is satisfied; also, at the free surface 2; = A, 

so that the length of the equivalent simple pendulum of the wave motion is A. 

We must now seek to determine the shape of a vessel which will contain 
liquid having the above given motion. 

Supposing the vessel is of revolution, then along a meridian section, the 
axis being vertical, 

dz _ dr 

dz dr 

dz dr 

or z^ ■ • 

r* sinn(? m^^^ sin w> ' 

or, nzdz = rd^r ; 

so that ns?^=^ii^ -^ const. 

is the equation of a meridian section, which is therefore in general a hyperbola, 

except when the constant is zero, when it degenerates into two straight lines. 

The vessel is therefore a hyperboloid of revolution, including a cone of 
vertical angle 2 tan"" Vn as a particular case. 

If w= 1, ^ = yz, 

the same as for the algebraical motion across a channel of 90*^.' 

The stream lines are rectangular .hyperbolas, so that the boundary may be 
supposed a horizontal cylinder on a vertical cone of which the vertical sections 
are rectangular hyperbolas. 

If n= 2, ^=^xyz, 

and the vertical angle of the cone is 2 tan^^V^. 

The differential equations of the stream lines are now 

xdx == ydy = zdz , 
so that we may suppose the containing vessel, in its most general form, a hyper- 
boloid whose equation is 

aas* + Jy* H- eg* = constant, 

subject to the condition a + 6 -f c= 0. 
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Generally, for any value of n, we may suppose vertical meridian plane 

diaphragms, given in position by 

cos n^ = 0, 
to be introduced without disturbing the motion. 

Also, since !^ = , this kind of wave motion will be unaffected by any 

capillarity of the free surface. 

26. Wave Motion in a Gylinder. 

In seeking the particular solutions of the above equation of continuity in 
cylindrical co-ordinates, if we assume that ^ has a factor sin n^, so that the 
wave motion may be limited by vertical meridian diaphragms, given by 
cos n^ = , then 

and if we further assume that ^ has a factor cosh (A^s; + j9) , the other factor 
being a function of r only, then 

Bessel's differential equation; so that we may put 

^ = cosh {kz -|- ^) J^ (Jcr) sin n^ , 
as a type of the particular solutions of the equation of continuity. 

A single term of this nature is appropriate for determining wave motion 
inside a vertical circular cylinder. 

Since ^ = at the base, 2=0, therefore ^ = 0; also, at the free surface, 

or W = coth kh ; 

and k is determined from the condition that at the cylindrical boundary r:sz Uj 

-^=0,or JL{Jca) = 0. 

This kind of wave motion in a cylinder has been completely investigated 
by Lord Epayleigh. 

When n = i + -5- , where i denotes an integer, then the corresponding Bes- 
sel's Amotion is an algebraical and trigonometrical function of r, so that we can 
obtain a corresponding solution for wave motion in the space bounded by the 
cylinder and two diametral planes inclined at an angle 27t/(2i + 1); e, g. 
A A 

2 TT, g 7t, . . . . 
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LECTURE XVII. 



The fundamental reciprocants for extent 3, given in the last lecture, agree 
with the irreducible invariants of a binary cubic both in number and type, with 
the single exception that the degree of the cubic discriminant is lower by unity 
than that of the reciprocant corresponding to it. When the extent is raised to 
4, both the discriminant and its analogue cease to rank among the irreducible 
forms, the former being expressible as a rational integral function of invariants 
of lower degree, and the latter as a similar function of reciprocants. But the 
increase of extent introduces three additional reciprocants whose leading terms 
are a^e , a^ce and aV, whereas the additional invariants are only two in number 
and begin with ae and ace respectively. 

The irreducible reciprocants of extent 4 are as follows : 
deg. wt. 
1,0 a, 

2.2 4Jf =4ac — 5b\ 

3.3 A =a^d — Sale + 25^ 

3.4 P4 = 50a^e—175abd + 28ac*+ 1056V,* 

4.6 {a^ce) = SOOa^ce — lOOOab^e — 875a^(? + 2460abcd — 1344ac^— 356V, 
5.8 (aV) = 625aV— 4375a*5cfe — 49700aVe + 128625a6*ce — 787506*e 

+ 55125a*c(?— 61250a5*(i'— 156800a6c*d+ 1837506»cd 

+ 84868ac*— 1021656V. 

*P4 is the protomorph of minimum degree; the other protomorph, B, which will be used when we 
treat of Principiants, is, when expressed in terms of the irredudible forms, 

B=:l(aP,-1283f«). 
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The similar list of invariants for the quartic is 

deg, wt 

1.0 a, 

2.2 ac —V, 

3.3 a*<i— 3aic+26«, 

2.4 ae —Md-^ 3c», 

3 .6 ace — 6*6 — ac? + 26cd — (?. 

To obtain the fundamental forms of extent 4 we have to combine Jf, J. and 
the QuaHi-Discriminant 

(rA?) = 125a«t? — 750a»6eri + SOOai^ + 256aV + 165a6*c*— 3006*c 

with the additional Protomorph 

P4 = 50a»e — 176a&d + 28ac» + 1056»c 

in Hudi a manner that the combination contains a factor a. The removal of this 
factor gives rise to a form of lower degree, and the process is repeated as often 
as poHsible. 

Calling that portion of any form which does not contain a its residue, the 
residue of 4ilf is — 66', that of (a'c?) being — 3006^c, and that of P4 being 
1 056«r; . Thus 1 6 i/P^ — 7 (a*'c?) 

contains the factor a, and leads to (aVe) of the type 6; 4, 4, which is the 

analogue to the Oatalecticant 

a h c! 

h c d 

c d e 

The form {a\P) now ceases to be a groundform (= irreducible form) and is 
replaced by the Quasi-Catnlecticant {a^ce), for 

(a'c?) = y MP, - y a (a'ce) . 

Hnnilarly, the Cubic Discriminant, a groundform qua the letters a, 6, c, d, 
becomes reducible when a new letter, e, is introduced, and is then replaced by the 
Catalccticant. 

Wo now come to an extra form which has no analogue in invariants. The 
residue of the Quasi-Catalecticant (a^ce) is — 366V, and consequently 

P;— 252iV(a»ce) 

divides by a numerical multiple of a (as it happens by 4a) and yields the form 
(ci'f'), whoso type is 8 ; 6, 4. 
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Here the deduction of new fundamental forms comes to an end on account 
of the appearance of e in the residue of (aV), It would have ended sooner 
but for the apparently accidental non-appearance of the term h^d (of the same 
type 6; 4, 4 as 6V) in the residue of {d^ce). Had this term appeared, no combi- 
nation could have been made leading to a new groundform after {a^ce) . We are 
able to show from h priori considerations that it cannot exist. 

For the arguments in the annihilator F, up to 9^ inclusive, are 

a^di,^ abd^f, acd^y h^dd^ odd^, and bcd^. 

If, now, the term (ib^d were to form part of a Pure Reciprocant, b^da oper- 
ating upon it would give (ib^; but every other portion of the operator would 
necessarily give terms containing one or other of the letters a, c. Since such 
terms cannot destroy (ib\ we must have (ib^=^0. Hence the term in question 
is necessaril}^ non-existent. 

The method of combining the protomorphs which we have followed shows 
that the fundamental reciprocants of extent 4 are connected inter se by the two 
relations or syzygies 

7(256JP+ 125^*) — 16aJfP4 + a*(a«ce) = 0, 
P\ — 252if (a»ce) — 4a (aV) = . 

The invariants of the binary quartic are connected by only one syzygy, 
similar to the first of these ; the second has no analogue in the theory of Inva- 
riants. It has been shown that the irreducible reciprocants of extent 3 are 
connected by the syzygy 

256 Jf« -f 1 25^* — a (a?d?) = . 

Substituting in this for the Quasi-Discriminant (a^cP) its value expressed in terms 
of the fundamental forms of extent 4, by means of the equation 

leJfP^ — 7 (a«cP) = a {a^ce), 

we obtain the first of the above syzygies. By a precisely similar substitution, 
the Bjzjgy connecting the invariants of the quartic is derived from the one 
which connects the invariants of the cubic. 

Every reciprocant of extent 4 is a rational integral function of the six 
fundamental forms given in the table ; and, by means of the syzygies, powers, 
but not products, of A and P^ can be removed from this function. For the first 
syzygy gives A^ and the second gives PJ as a rational integral function of the 
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four remaining forms a, Jf, {a^ce), and (aV). Hence every reciprocant of extent 
4 is of one or other of the forms 

where 4> does not contain either J. or P4, but is a rational integral function of 
the other four fundamental forms. 

Let the four forms which appear in 4> occur raised to the powers x, X, f£, r, 
respectively, in one of its terms. Since the degree-weights of these four forms 
are 1.0, 2.2, 4.6 and 5.8, 

any such term may be represented by 

Thus the totality of the terms in 4> will be represented by 

Now, A J P4 and AP4 have the degree-weights 

3.3, 3.4 and 6.7, 
and consequently the totality of terms in 

*, ^*, P4* and AP^<t^ 
{i. e. the totality of the pure reciprocants of extent 4) will be represented by 
(1 + a^x» + aV + aV) 2a- (aV)XaV)'*(aV)*' 

— (1 _ a)(l — aV)(l — aV)(l — a^aF) ' 

Hence the number of Pure Reciprocants of the type w; i, 4 is the coeffi- 
cient of a^x"^ in the expansion of a fraction whose numerator is 

1 + aV + aV + aV, 
with the denominator 

(1 _ a)(i _ aV)(l — aV)(l — aV). 

This fraction is called the Representative Form of the Generating Function, in 
contradistinction to the Crude Form, which is a fraction with the numerator 

1 — a^^x, 
having for its denominator 

(1 — a)(l — ax){l — aa?)(l — ax^){l — ax*). 

The crude form expresses the fact that the number of pure reciprocants of the 
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type w) i,j 

IB {w] ij) — {w—\] i + i,y). 

Its numerator is 1 — oT^x for all extents; for the general case in which the 
extent is/, its denominator consists of they + 1 factors 

(1 — a)(l— aa:)(l — aa:*) (i—ajc^). 

The removal of the negative terms [corresponding to cases in which 
{w\ iy J)<i{w — 1; i+ l,y)] from the crude form would give either the repre- 
sentative form or one equivalent to it, according as the representative form is or 
is not in its lowest terms. In the parallel theory of Invariants the terms to be 
rejected are those for which ij — 2ti?<0; but we do not at present know of any 
similar criterion for reciprocants, and are thus unable to pass directly from the 
crude to the representative form of their generating function. 

Knowing both the crude and the representative form for reciprocants of 
extent 4, we may verify that the diflFerence between these two forms of the 
generating function is omninegative. It will be found that 



(1 — a){l — ax){l — ax^)(l — aa?){l — oar*) 
_ l+cfj^ + a^af + a^x'^ 
— (1 _ a)(l — aVXl — aV)(l — aV) 
1 /a-^aj-f-aV a:* + aV\ 

{l~-^^^ll^li^y{l^c^^)\ l—a'x^ "•" 1 — avy 

(i — ax*)(l — aV)(l — aV) V 1 - aa:» "•" 1 — a^ J' 
Thus the crude form is seen to consist of an omnipositive part, equal to the 
representative form, and an omninegative part. 

There is no difficulty in obtaining the representative form of the generating 
function for pure reciprocants of extents 2 and 3 . In the one case every recip- 
rocant is a rational integral function of two forms of degree-weight, 1 . and 2 . 2 
respectively. The generating function is therefore 

1 



(l_a)(l — aV)' 
In the other case (i. e. for extent 3) every pure reciprocant can be expressed as 
a rational integral function of four forms, of which the degree-weights are 
1.0, 2.2, 3.3 and 5.6, no higher power than the first of the form 3.3 occurring 
in the function. Thus the representative form is 

1-f-aV 

(l_a)(l — aV)(l— aV)' 
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LECTURE XVIIL 

The number of Pure Reciprocante of a given degree is finite ; the number 
of Invariants of the same degree is infinite. Thus, for example, we have the 
well-known series of invariants 

ac — b^j ae — 4bd + 3c^, . • . . , 

all of degree 2, but of weights and extents proceeding to infinity. This may 
be proved from the theory of partitions (see American Journal of Matliematics^ 
Vol. V, No. 1, On Subinvariants, Excursus on Rational Fractions and Partitions). 
It will be seen in that article that if N{w : i) is the number of ways in which to 
can be divided into i parts, and if P is the least common multiple of 
2, 3, 4, . » . . i, then N{w : i) can be expressed under the form 

where ^^ is the residue of w in respect of P. 

Writing ^^.l(L±i) = ^, 

F{to, i) is of the form 23.3^ (t — 1)^$ + ••••' 

all the succeeding indices of the powers of v in F{wy i) decreasing by 2, and 
their coefficients being transcendental functions of i which involve Bernoulli's 
Numbers. 

In F^(w, ifp) the highest index of v is one unit less than the number of 

i 2 { 3 

times that i is divisible by 2 , i. e. is — 5— or — ^^ , according as t is even or odd. 

Thus, for the partitions of w into 3 parts, we have the formula 
*(" = «) = {T^-^}+{i(-l)'*'+|(^- + P!)}' 

1+2+3 , ^ 

where v = t(? H ^—2-' — = «? + 3 . 



And, for the partitions of w into 4 parts, 



, , 1+2+3+4 , ^ 

where v = w] ' k — ' — = to + 6 , 
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and pi, p, are the roots of p* + p + 1 = , 

ii, I, " '* " " i»+l =0; 

in other words, pi and p, are primitive cube roots, and ii, i, primitive fourth 
roots of unity. 

The principal term of N{w\ 3), regarded as a function of ti?, is 

And in general the principal term of N{y)\i) is 

2\3«.4» {i—\)\V 

Hence it follows, from a general algebraical principle, that for all values of w 
above a certain limit, which depends on the value of i and may be determined 
by the aid of partition tables, (ti?; i, oo) — {w — 1 ; t + 1 1 «>) must become 
negative. 

Ultimately, v!£lZ — ; ^+ > ^) _ ^ — ^ which must eventually be greater 

than unity. This shows that beyond a certain value of w there can be no pure 
reciprocant, and consequently that the number of pure reciprocants of a given 
degree % is finite. 

Mr. Hammond remarks that the formulae for N{w : 3) and N{w : 4) may, 
by the substitution of trigonometrical expressions for the roots of unity, accom- 
panied by some easy reductions, be transformed into 

and i^^(t^:4)=,-^--^+isin»??+l.sin?J_ 2 

^ ^ 144 12 ^ 16 2^8 2 9a/3 3 ' 

where, in the first formula, r = ti; + 3, and in the second v = w + 6. He also 
obtains the principal term of N{w : i) from first principles as follows : 

The partitions of w into i parts may be separated into two sets, the first 
containing at least one zero part in each of its partitions, the second consisting 
of partitions in which no zero part occurs. 

Suppressing one zero part in each partition of the first set, we see that the 
number of partitions in which occurs is N{w:i — 1). Diminishing each part 
by unity in those partitions which contain no zeros, their number is seen to be 
N{tD — ill). The sum of these two numbers is N{w:i), which is the total 
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number of partitions, and consequently N{w : i) = N(w -A — 1) + N{w — %:%). 
Let the principal term of N{w:i — 1) be aw?*""*, where a is independent of w, 
and write w^=ix^ N{w:i)='U^, N{w — i:i) = u^_i. 



Then 



u^ — u^^i^=aw* *+.... = ai^ 



*-v-» 



+ 



Hence, by a simple summation, we find 

u^ = ai'-^x'-' + {x-iy'' + (a: — 2y-»+ . ...} + .... 
But, since only the principal term of u„ is required, this summation may be 
replaced by an integration. Thus the principal term of u^ is 



Restoring 



ai* w X* 'efec = — -. — - 

J % — 1 

w^=ix and N{w : i) = u^ , 



we see that the principal term of N{w : i) is 



avy 



,*-i 



r-. S-. . Thus the principal term 

(i— 1)1 

of N{w : i) is found from that of N{w :i — 1) by multiplying it by -p -^. . 

When i = 3 , the principal term is -^-r ; it is therefore ^ ^ when t = 4 ; 

2 • 3 2 • o .4 



,<-i 



and for the general case it is ^ ^ ^ ^ -^3-. . 



The value of N{w:i) is given in line i and column w of the following 



table : 



2 8 



8 9 10 11 13 18 14 
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2 


8 


8 


4 


4 


6 


5 


6 


6 


7 


7 


8 




2 


3 


4 


5 


7 


8 


10 


12 


14 


16 


19 


21 


24 




2 


8 ' 6 


6 


9 


11 


15 


18 


28 


27 


84 


89 


47 




2 


8 


5 


7 


10 


18 


18 


28 


80 


87 


47 


57 


70 




2 


8 


5 


7 


11 


14 


20 


26 


85 


44 


58 


71 


90 



2 
8 

4 
(5 
6 

From an inspection of the tabulated values of N{w:i) we see that 
N{w : 2) — N{w — 1 : 3) is negative or zero when t^ > 2, 

N{w:4:) — N{w—1:5)'' " " " *' ti?>8, 
nIw:5) — N{w— 1:6) '' " '* '* " «?>12. 

Hence for pure reciprocants of indefinite extent, whose degrees are 

2, 3, 4, 5, 

the highest possible weights are 2, 6, 8 and 12, respectively. 
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In like manner, from Euler's table, in his memoir De Fartitione Numero- 
rum (published in 1750), it will be found that 



for degrees 

the highest weights are 



5 j 6 I 7 
12il6:21 



8 
26 



9 jlO 
30 i 36 



11 
42 



12113 

49 ! 55 



Further than this the table, which goes up to w = 69, will not enable us to 
proceed. 

The actual number of pure reciprocants of degree i, weight w, and of 
indefinite extent, is seen in the following table, which gives the value of 
N{w:i) — N{w — l'.i+ 1) when positive, blank spaces being left in the table 
when this difference is zero or negative. 
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4 


5 


Wbioht w z 
6 7 8 
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10 


11 


12 


18 


14 
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1 














i 
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1 


1 


^1 


1 


















1 


1 


2 


1 


2 


1 


2 














5 


1 


1 


2 


8 


8 


2 


4 


8 


4 


2 


8 







Thus, for degree 2, there is only one pure reciprocant, viz. 

^ac) = Aug — 56*. 

For degree 3 the table shows that, in addition to the compound form 

a (ac) = a (4ac — 56*) , 

there are three others whose weights are 3 , 4 and 6 respectively. 
These are the three protomorphs, 
{a^d) = a^d—3abc+ 26^ 
(a»e) = bOa^e— 17 5abd + 28ac* + 1056V, 
(aV)=14aV — 63a6/— 1350ace+ 17826'e+ 1470acP— 41586cc? + 2310cl 

With the above forms and a we are able to form the following compounds 
of degree 4 : a* (ac) , a (a^d) , {acy, a {a^e) , a {a^g) , 

whose weights are 2 , 3 , 4 , 4 , 6 . 

The forms of degree 4 and weights 5,7,8, and one of the forms of weight 
6, cannot be similarly made up of forms of inferior degree, and are therefore 
groundforms. Three of them are the protomorphs (a'V), (aV/) and (a^i) of 
weights 5, 7 and 8, whose values were given in Lecture XVI. The ground- 
form of weight 6 is the Quasi-Catalecticant given in the last lecture. All the 
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forms of degree 4 have thus been accounted for except one of the two forms of 
weight 8 , which will be seen to be of extent 6 , and to have a^cg for its leading 
term. 

We know from Euler's table that iV^(8 : 4) — -^(7 : 5) = 2 ; i. e. 
(8;4,8)-(7;5, 8)=2. 
Now, (8 ; 4 , 7) = -^(8 : 4) — 1 , the omitted partition being 8.0.0.0, 

(8 ; 4 , 6) = iV^(8 : 4) — 2 , the partition 7.1.0.0 being also left out, 

/o A K\ \T/o A\ A f for 6.2.0.0 and 6.1.1.0 are excluded from 

(8 ; 4 , 5) = iV(8 : 4) — 4 , -^ 

1(8 ; 4, 5), but make their appearance in (8 ; 4, 6). 
Similarly, (7 ; 5 , 7) = N{7 : 5) , 

(7;5,6)=iVr(7:5)-l, 
(7; 5, 5) = A"(7:5)— 2. 
We have, therefore, (8 ; 4, 8) — (7 ; 5, 8) = 2, 

(8;4, 7)-(7;5, 7)=1, 
(8;4, 6)-(7;5, 6) = 1 , 
(8;4,5)-(7;5,5)=0. 
Hence we may draw the following inferences : 
(l). No pure reciprocant exists whose type is 8; 4, 5. 
(2). The one whose type is 8; 4, 6 must contain the letter g. 
(3). No fresh form is found by making the extent 7 instead of 6, so that 
there is no pure reciprocant of weight 8 and degree 4 whose actual extent is 7. 

(4). There is a pure reciprocant (the Protomorph whose leading term is a^i) 
whose actual extent is 8 . 

(5). This, with the one whose actual extent is 6, makes up the two given by 
(8;4, 8)-(7;5,8)=2. __ ^ 

LECTURE XIX. 

The following is a complete list of the irreducible reciprocants of indefinite 
extent for the degrees 2 , 3 and 4 : 

Deg. wt. 

2.2 (ac) , 

3.3 (a*d), 

3.4 (a*e) , 
3.6 (aV), 

4.5 (ay), 

4.6 (a*ce), 

4.7 (aVi), 

4.8 (a^i) , {a^c(i). 
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The values of all of them except {ahg) have been given in previous lectures, 
and the method of obtaining them suflSciently indicated. Thus {ac)^ (a^d), (a*fe), 
(ay), (aV)> (a'A) and (aH) are the Protomorphs of minimum degree P^ Ps, Pi, P^, 
Pei A and Pg, respectively; and (a^ce) is the Quasi-Catalecticant whose value 
has been set forth in the table of irreducible forms of extent 4. It will be 
remembered that (a^ce) was found by combining the Quasi-Discriminant (a'c?) 
with P8P4 linearly in such a manner that the combination, which is of the 5th 
degree, divides by a and gives (a^ce) of the 4th degree. If we try to find (a^cg) 
by a similar process, it will be necessary to rise as high as the 7th degree, and 
then to drop down by successive divisions by a to the fourth. 
In fact, since to a numerical factor pres the residues of 

Pii Psy Pa Ph 

are 6f , b^ , 6*c, 6^c, 

that of PsP^ will be 5«c, 

and that of PIP4 will be b^c. 

Thus a linear combination of PsP^ and PIP4 will be divisible by a , and, taking 
account of the numerical coeflScients, we shall find 

26ilP4 + 875P8P5 = (mod. a). 
As a result of calculation, it will be seen that the above combination of the 
protomorphs divided by a, 

-^(26/lP4+875P3P5), 

has (to a numerical factor pr^s) the same residue as P|. 

Making a second combination and division by a, we find 

7 ^ 26P|fi + 876P^ ,^ _ 25PJ = (mod. a) = aS, suppose. 

Then, by actual calculation, the residue of Sis found to be 

. — 262500J*e + 612600b^cd — 339080iV. 

Two reductions have already been made in obtaining this form S of the 5th 
degree. A final combination of S with P^P^ and the form (aV), whose value 
was given in a former lecture, enables us to divide out once more by a and thus 
get the form {cl^cg) of the 4th degree. 

It is the fact that P%P^ and (aV) have residues which are not the same to a 
numerical factor pr&s which necessitates the long calculation above described. 
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No linear combination of P^P^ and (aV) with one another is divisible by a, and 
it is necessary to find a third form S a linear combination of which with both 
P^P^ and (aV) will divide by a. 

There is, however, another way of arriving at the form (a^cg) by using the 
eductive generator 

G=4{ac — V)d^ + 5{ad — bc)d,+ 6{ae—bd)da+ 

Starting with the Quasi-Oatalecticant 

{a^ce) = SOOa^ee — 1000a5*e — S75a^cP + 2450a5c(i— 1344ac« — 35iV, 

and operating on it with (r, we have 

G (a^ce) = 4 (ac — 6*)(— 2000a6e + 2i50acd — lObc^) 

+ 5 {ad — bc){S00a^€ + 2A50abd— 4032ac*— 706'c) 
+ 6{ae — bd)l— ITdOa^d + 2450a6c) 
+ 7 (a/— be){S00a^c— lOOOah^). 

The terms of this expression contain the common numerical factor 10, which 

may be rejected ; thus we have 

G{a^ce)= 10(aV)» 
where 

(aV) = 560aV— 700a«jy— 660a^de— 290a*bce + ISOOaft'c 

+ 2275a'6d*— 1036aVd— 3710ai*cd + IdSSabc^ + 636V. 

This form (a^cf) is the first educt of (aVe), and is irreducible (but, being of the 
fifth degree, does not appear in our list, which contains no forms of higher 
degree than the fourth). Operating on it with G, we obtain the educt of (a'c/), 
which is the second educt of (a*ce). This second educt will be of the 6th degree 
(its leading term will be d^cg), but is reducible to the 6th when combined with 

(4ac— 65*)(a^<»), 

as we know from the general theorem concerning the reduction of second educts. 
We shall thus obtain a form {a^cg), the reduced second educt of (aVe), of the 5th 
degree, and a final combination of {a^cg) with one or both of the forms P%P^ 
and (aV) will enable ud to divide once more by a and thus arrive at {a^cg) of the 
4th degree. 

By either of these methods we obtain 

{a^cg) = ll76a^cg — 8085aV/+ 7040aV — lilOaVg + 18963a6c/ 
— 16940abde— 27160cu^e + 26460aa? — 95554'/ 
+ 2809S6»o« + 12740A»d* — 62S%^ibc^d + 21560^^; 
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but the second way, besides being more direct, gives us at the same time the 
value of the irreducible form (a^cf). 

Every Pure Reciprocant is an Invariant of a Binary Quantic whose coeffi- 
cients A, B, G, Dy . . . . are functions of the original elements a, b, c, d, . . . . 
such that F4=0, 

VB=A, 

VG=2B, 

rD=SG, 



and conversely, every Invariant of this Binary Quantic, or of a system of such 
Binary Quantics, is a Pure Reciprocant. 

This is a particular case of the more general theorem, due to Mr. Hammond, 
that if is the operator, 

where ^n ^g, ^s, . . • • are arbitrary rational integral functions, and if 
Aj jd, G, Uj • • • • , jo, f Ifj G y x/, • • • • , A J -^ ) G ,*•••• 

be any rational integral functions of the original letters a, 5, c, . . . . which 
satisfy the conditions 

0Jl=O, 0-4'= 0, 0A" = O, 

eB=zA, eB= A!, 0J8" = A\ 

QG= 2fi, 0C"= 2B, 00"= 25", 

0D = 3(7, eD = 3(7', 0Z>" = 3(7", 



then every invariant in respect to the elements 

A,B, G,D, , A\ B,G\D,...., A", ff\ G\ i)", . . . . 

is a rational integral solution of the equation 

0=0. 

Obviously, every rational integral solution of = is an invariant in the 
above elements, so that the converse of the proposition is true. For the only 
conditions imposed upon J., Jl', A', . . . . are that they shall be rational integral 
functions of a, 6, c, d, . . . . annihilated by 0. Let 

<D(^, 5, (7, i), .... , A!, B, G\D,...., A!\ B\ G\ D\ . . . .) 
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be any invariant in the large letters. We have to show that 
0<I) = O. 

+ 

Hence, writing for 0A, ©-B, 0(7, .... , their values given above, we have 

0cD = (43^ + 2.83^ + 303^ + )* 

+ (^'32,.+ 25'a^,+ 3(7'a^,+ )<D 

+ 

= (since <t> is an invariant) ; 
which proves the proposition. 

Confining our attention to a single set of letters, the Binary Quantic 
{A,B, (7, ..../, ir,Z][x,y)~, 

whose coefficients are formed from one another by the successive operation of 

as above, may be called a Quasi-Oovariant ; and it will follow immediately 

from the Theory of Binary Forms that every Oovariant of a Quasi-Covariant is 

itself a Quasi-Oovariant, and that every Invariant of any Quasi-Covariant (or 

system of Quasi-Covariants) is an Invariant in respect to the letters Ay B^ (7, .... , 

and therefore, by what precedes, a rational integral solution of = . 

Writing the terms of 

{A,B, G,....J,K,Llx,yY 

in reverse order, we have 

where @L = nK, eK={n—l)J, 0^ = 0. 

Thus the Quasi-Covariant may be written 

Ly- + eLxy^-' + j^a^y^''+.... + Y-^-^-^^ 

where 0'»+^Z = O. 

This is the general symbolic expression for a Quasi-Covariant. An example 
of a Quasi-Covariant has already been given in Lecture II (Vol. VIII, p. 205), 
where it was stated, and afterwards proved (p. 256), that the reciprocal of the w*^ 
modified derivative could be put under the form 
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The numerator of this reciprocal expression, which may be called the reciprocal 
function, is r{e-^)a^, 

m 

which is identical with the general expression 

if a = — 1 , y = <, Z = flfn and © = F. 

Hence every Invariant of the reciprocal function is a Pure Reciprocant. 

This property of the reciprocal function was discovered independently by 
Mr. 0. Leudesdorf, who published his results in the Proceedings of the London 
Mathematical Society (Vol. XVII, p. 208). Mr. Hammond's results were given 
in two letters to me dated January 15th and January 20th, 1886, and were 
briefly alluded to by him at a meeting of the London Mathematical Society. 
They are here published for the first time. 

Recalling the form of the operator 

= ^i(a) dt + p%{a , 6) 9c + ^s(a» hjc)da+ , 

where 4>ii 4>2, 4>3, . . . . are rational integral functions, we can form a Quasi- 
Covariant of extent j by a finite number of successive operations on a single 
letter of that extent. 

To fix the ideas,. take the letter d of extent 3, and operate on it with 0; 
then ©d = 4)3(a, 6, c). 

Since 4>i, ^2« 4>3) • • • • ^^^ by definition rational integral functions, we can, by 

operating a finite number of times with 0, remove first c and then b from 

4)3 (a, 6, c), and thus obtain 

0"d = funct. a, 

where n denotes a finite number of operations. Since 0a = 0, we have 

0«+id=O. 

In this manner we form the Quasi-Covariant of the n*** order 

y'^ie'^Jd. 

If 4>s) 4>8) ^49- • • • do not contain higher powers than the first of the last 
letter in each, the order of the above Quasi-Oovariant will be the same as its 
extent. This is the case with the reciprocal function, which is a co-reciprocant 
(i. e. a Quasi-Covariant relative to 7). 

Ex. 2/* \<5 " / c = cy* + Vcxy + j-^o ^ = ^y* + 6abxy + 5aV. 
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The discriminant of this is the pure reciprocant 

As an additional example, consider the pair of linear co-reciprocants 
4a (4ac — 56*) x + (5ad — ^hc)'y, 
60a \a^d — 3a6c + 2i«) x + {2babd — 32ac* + 56*c)y . 

The resultant of this pair is 

2a (125a'cP — 750a*&cd + 60006^^^+ 256aV + 165a6V — 3006*c), 

t. e. is the Quasi-Discriminant multiplied by 2a. 



LECTURE XX. 

'' Qaintessenced into a finer substance. ''^iVummond of Hawthomden, 

Before proceeding with the proper subject of this day's lecture, I should 
like to mention a geometrical theorem which has fallen in my way, and which, 
inter alia, gives an immediate proof of the existence of 27 straight lines on a 
general cubic surface. It is proved by means of a Lemma (itself of quasi- 
geometrical origin) which finds its principal application in an extension of 
firing's or Tschirnhausen's method, and shows how any number of specified 
terms, reckoning from either end, can be taken away from any equation of a 
suflBciently high degree.* 

Subjectively speaking, I was led to the Lemma by considering the question, 
closely connected with Differential Invariants, of the method of depriving a 
linear differential equation of several terms. 

Let 4> be a cubic and u a linear function in x, y, s, <, say 

^ = aa^ + . . . . +/xV + ••••, 

u=^lx -\- my + W25 + pt' 
Then, if •J' is a scroll which contains all the straight lines on 4) + ^w', when the 
parameter X has any arbitrary numerical value from + 00 to — 00 , I prove that 

* I recover all Hamilton's results contained in his Report to the British Association, 1886, '^ On Jer- 
rard 's Method, '^ in a much more clear and concise manner, and make important additions to his theory. 



Sylvester : Lectures on the Theory of Reciprocants. 129 

where 4^ is of the degree 15 in the variables x, y, z, t, 

6 in the coefficients (Z, m, w, p) of w, 

11 . . (a, ) of 4), 

Or, more briefly, in x I a 

•^^ is of degree 15 6 11, and consequently 

G 9 11. 

• 

The intersections of 4> with 4' are its intersections with u^ and with G, of 
which the intersections with the arbitrary plane u^ are clearly foreign to the 
question, but the cubic <^ and the 9*(7 intersect in 27 straight lines, which are the 
27 ridges on ^. 

G is identical with the covariant found by Clebsch and given in Salmon's 
Geometry of Three Dimensions at the end of the chapter on Cubic Surfaces. It 
may with propriety be called the Clebschian. 

By giving the parameter X (which occurs in 4) -f Xu^) an infinitesimal varia- 
tion, it is easily proved that 

B = — 2EC, A = E^G, E^C=Q, 

where E is the operator Z^3„ +.... + Zl}mdf +...., which may be simply 
and completely defined by its property of changing the general cubic ^ into 
{Jx + w?y + W2 +jpO^- 

The equation E^G=0 expresses a new property of the Clebschian: it 
shows that if a,/ are the coefficients of a? and any other term in ^ con- 
taining a:*, neither a^ nor a\f can occur in any one of the terms of G. Defining 
a principal term in ^ as one which contains the cube of one of the variables, 
and a term adjacent to it as one which contains the square of the same variable, 
this is equivalent to saying that neither the cube of the coefficient of a prin- 
cipal term nor its square multiplied by the coefficient of any adjacent term can 
appear in any of the terms of G. 

An interesting special case of the general theorem is when the arbitrary 
plane u is taken to be one of the planes of reference, say w = x. Then 

Z=l, ?ii = 0, n = 0, ^ = 0, 
and the operator E becomes simply -r- . Thus we learn that 
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is a Scroll of the fifteenth order which contains all the Ridges on 

for any arbitrary value of the parameter X. 

It also contains 6 times over the curve of intersection of 4) = with a; = 0. 

I now propose to give the substance, with a brief commentary, of some very 
interesting letters^ I have recently received from Capt. MacMahon. I abstain 
from giving a proof of his results, as I am informed that he intends to do this 
himself at an early meeting of the London Mathematical Society. 

Using F to signify the Reciprocant Annihilator and D, the Annihilator of 
Invariants, we have studied the properties of 







. V 


d 

dx 


■£- 


and those of 


"^- 


■>• 


These may be written in 


tlie form 








< 




< 






yL 




"1 



and may be called alternants to V, -^ and to li, -r— respectively. 



It has been shown in Lecture VII (see Vol. VIII, p. 238 of this Journal) 



that 



d 



The corresponding formula is 



a 



dx 



ax 



as may be seen by writing ;c = 0, ^ = 3, /t^ = 4, i^=5, 
formula given in Lecture V (p. 224). 



Observe that operating with the alternant to H, 



dx 



. . . • in a more general 
is equivalent to multi- 



plication by a number, and that operating with the alternant to F, ^ merely 

introduces a numerical multiple of a as a factor. No such property exists for 
the Alternant Ffl — fl F, 

but one much more extraordinary. 
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MacMahon has found that this alternant, which he calls J, is a generator to 
a Reciprocant and a generator to an Invariant ; i. e. it converts a Reciprocant 
into another Reciprocant, and an Invariant into another Invariant. As regards 
a DiflFerential Invariant, which is at once an Invariant and a Reciprocant, it is 
an Annihilator. He shows, in fact, that 

ru— jn = o 

and FJ— e7F=0. 

If, then, £iR = 0, it follows immediately that £i {JR) = ; i. e. if R is an 
invariant, JR is so too. And in like manner, if 

VR=0, V{JR) = 0, 

L e. if JS is a reciprocant, so is JR. 

Of course, if if is a DiflFerential Invariant, 

JM=V{aA[) — a{VM) = 0. 

Let me here give a caution which may be necessary : The fact that a form is 
annihilated by J is not sufficient to sKow that it is a DiflFerential Invariant, 
though all DiflFerential Invariants are necessarily annihilated by J. Forms exist 
which are subject to annihilation by 

J=: a*3, + Zabdd + ...., 
but are, notwithstanding, neither invariants nor reciprocants. 

Such a form is the monomial 6, which is obviously annihilated by J. 
Another is ad — 36c . For, since 

a^d—3abc+ 26' 

is a DiflFerential Invariant, we have 

J{a*d — 3a6c + 26*) = 0. 
But JV=0 and e7a = 0; 

therefore, also, aJ{ad — 36c) = . 

The general theorem is as follows, and is a most remarkable one : If we 
write 

mP(m, II, r, n) = (ia"'dan+ {l^+ v)mar^^bda,^. 



■'O.i+t 



+ (^ + Zv^mar-H + tw (m — l)a'"*"^6c 
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where the coeflScients of the terms inside the brackets are the same as those of 
the corresponding terms in the expansion of (a + 6 + c + • . • .)~, and where a^ 
stands for the 7i^ letter of the series a^ b, c, d, . . . . , then Capt. MacMahon 
establishes that the alternant of any two P^s is another P. 

A question here suggests itself naturally : What would be the alternant of 
three or more P's ? For instance, would the alternant 

Pi P, Ps 

Pi P, P, = P,P,P, - P,P,P, + P.P^P^ - P,PiP, + PtPiP, - PtP,Pi 

Pi P, Ps 

be another P ?* 

Moreover, he obtains expressions for the parameters m, (i, v, n of the result- 
ing P in terms of the parameters of its two components. He proves that if 
Pj, P2 are the two components whose alternant is P, supposing 

^i> i^i> ^ii ^ to be the parameters of Pi, 

^»> f^i ^2» ^2 Pj, 

then the parameters m, (i, v, n of their resultant P are given by the equations 

711 =: TTli + Wlj — 1 , 

(i = {m,+ m,— 1)|^ {(i^ + n,v,) - -^ {ti2+ n,v,)^ , 

v = {n^ — ni)viv^ ^^1^1^^+ ^^ (h^i, 

n = Wi + Wg. 

It will be seen that £1 and V are special forms of P. Thus, 

I1 = P(1, 1, 1, 1), 
F=P(2, 4, 1, 1). 

Now, if the second and third parameters are zero, every term of P vanishes, and 
MacMahon finds that in the following two cases the second and third parameters 
of the resultant above given vanish. 

* In my Multiple Algebra mvestigations, which I hope some day to resume, I have made important 
use of similar Alternants, which, it may be noticed, do not Tanish when their elements are non-c<Nnmu- 
tative. In this connection it is well worthy of obsenration that the P's (as indeed would be true of any 
operators linear in the differential inverses) obey the associative law. 

It would be interesting to ascertain under what arithmetical conditions, if any, other than Mac- 
Mahon 's, any two linear operators of the same general form as his P^s become commutative. 

Perhaps it would also be worthy of inquiry whether the P theory might not admit of extension in 
some form to operators non-linear in the differential inverses, and whether to every such operator of 
degrees i and j in the letters and their differential inverses there is not correlated another in which 
t and j are interchanged. 
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(1). Supposing -^ to be an integer, this takes place when the two compo- 
nent system of parameters are 

(2). When they are 

Now, P(i, 1, 1, i) = n, 

P(2, 4,1,1) = F, 
and by the law of composition 

j=av—va=p{2, 2, 1, 2). 

Also, 2,2,1,21 ^yj ^^ f^^^^ j^ ^^^^ ^^j^j, ^j^^ g^^ ^^^^ 

1, 1, 1, li 
^^ 2,2,1,21 thesecond. 

2,4, 1, iJ 
Hence, aj—J£l=0 and 7t7— e7F=0. 

The above theorem is one of extraordinary beauty, and must play an important 
part in the future of Algebra. 

In another letter Capt. MacMahon calls my attention to the fact that the 
operator called by me Oayley's generator P, in Lecture IV of this course 
{American Journal of Mathematics, Vol. VIII, p. 221), is a particular case of one 
of a much more general character given by him in the Quarterly Mathematical 
Journal (Vol. XX, p. 362). 

He also states that every pure reciprocant, when multiplied by the needful 
power of a, is an invariant of the binary quantic 

] 2. (2n + 1) ! } a*+ ^— n { 1 1 (2n + 1) 1 1 a^'-^bt 

+ '^^^{2l{2n)\}[a-^^^ 

+ '. " • .' 

which I have written in the non-homogeneous form. 
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But this expression is (to a numerical factor pr^s) identical with the numer- 
ator of , ^^^ when <, a, 6, . . . • are taken to be the modified difiFerential deriva- 
tives -^ , — - j-^ , — — -^ , See my note on Burman's law for the Inversion 

of the Independent Variable (Supplement to the Philosophical Magazine for 
December, 1854). 

The property that its invariants are pure reciprocants has already been 
proved in the lectures. 



LECTURE XXL 

I take blame to myself for not earlier communicating to the class the 
substance of a note of Mr. Hammond's under date of January 20th, 1886, in 
which he makes an interesting application of the theorem that any invariant 
of the form 

y^{e^^^F{a, h,c, ), 

in which the function F is subject to the condition 

prn + lJTzzO, 

or of any combination of such forms, is a pm'e reciprocant. 

Forms such as the above, whose invariants are pure reciprocants, he calls 
co-reciprocants. It follows that any co variant of one or more co-reciprocants is 
itself a co-reciprocant, for any invariant of a covariant is an invariant. 

Taking ^ to be a single letter 5, c, d, he forms the functions 



(1) 


hy + 2a*x, 


(2) 


c^ + babxy + 6a'x*, 


(3) 


dif-\- 3 (2ac + J») xj^ + 2Wha*y + 1 4aV, 


in which 


2a»=F6, 
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On writing y = <, sc = — 1 , it will be observed that these three forms are 
the numerators of 

ST^' ITdy*' ~b\d^* 

The Jacobian of (1) and (2) is 

(4ac — 56*) ay ; 
the coefficient of ay is the familiar pure reciprocant 4ac — bV. 

The Jacobian of (1) and (3) is the determinant 
h 2a* 

dif + (4ac — 56*) xy ( 2ac + V)j^ 
which is divisible by y, giving the quotient 

(4) (2a*d — 2a6c — 6') y + 2a* (4ac — 56*) x. 

"^^'^ ^® y (e-^'^)(2a*d- 2a6c - 6*), 

the terms involving — , -^, . . . . vanishing identically. 

Looking at 2a*d — 2a6c — 6^ as the anti-source to a Oo-reciprocant,* we 
might at first sight expect that it would give rise to a co-reciprocant of the third 
order in a:, y, whereas we see it is the anti-source of a linear co-reciprocant. 

We have 7(2a*d — 2a6c — 6') = 2a* (4ac — 56*) . 

Combining this with 

V{a^d — 3a6c + 26') = (the well-known Mongian), 

and dividing by a, he obtains 

V{5ad— 76c) = 4a (4ac - 56*) . 
Hence 

(5) {5ad — 7bc) y + 4a (4ac — 56*) x 
is a co-reciprocant. It is in fact (4) reduced in degree. 

The Jacobian of (5) and of ct^+ bahxy -f SaV, t. e. 
bad — 76c 4a (4ac — 56*) 
2cy + 5a6ic 5a6y + 1 0«'«» 

* What differentiates Reciprocants from Invariants is that we have no reverser toFasOistoOin 
the theory of Invariants, t. e. no reverser which does not introduce an additional letter. 

The coefficients of a covariant are obtained either from the source by continually operating with , 
or from the anti-source by continually operating with O . But in the case of a co-reciprocant, we are 
only able to proceed in one direction (viz. from the anti-source, or coefficient of the highest power of y , 
to the source), as we have only one operator, F, at our disposal. 



136 Sylvester: Lectures on the Tlieory of Beciprocants. 

will divide by a, and gives the new linear co-reciprocant 

(6) {25abd — 32ac* + 6Vc) y + 50a (a*d — Zahc + 26') x. 

The coefficient of y is of weight 4, but instead of giving rise to a co-recip- 
rocant of the 4th order, we see that this again is the anti-source of a linear 
co-reciprocant. 

The resultant of the two linear co-reciprocants (4) and (6) divided by a 
numerical multiple of a gives the well-known Quasi-Discriminant 125a'c?4- . . . ., 
as was stated at the end of Lecture XIX. 

The noticeable fact is that (including hy + 2a*ic) there exist 3 linear inde- 
pendent co-reciprocants of extent 3. Probably there are no more, but this 
requires proof. 

The promised land of Differential Invariants or Projective Reciprocants is 
now in sight, and the remainder of the course will be devoted to its elucidation. 
Twenty lectures have been given on the underlying matter, and probably ten 
more, at least, will have to be expended on this higher portion of the theory. 

One is surprised to reflect on the change which has come over the face of 
Algebra in the last quarter of a century. It is now possible to enlarge to an 
almost unlimited extent on any branch of it. These thirty lectures, embracing 
only a fragment of the theory of reciprocants, might be compared to an unfin- 
ished epic in thirty cantos. Does it not seem as if Algebra had attained to the 
character of a fine art, in which the workman has a free hand to develop his 
conceptions as in a musical theme or a subject for painting? Formerly it 
consisted almost exclusively of detached theorems, but now-a-days it has reached 
a point in which every properly developed algebraical composition, like a skilful 
landscape, is expected to suggest the notion of an infinite distance lying beyond 
the limits of the canvas. 

It is quite conceivable that the results we have been investigating may be 
descended upon from a higher and more general point of view. Many circum- 
stances point to such a consummation being probable. But man must creep 
before ho can walk or run, and a house cannot be built downwards from the 
roof. I think the mere fact that our work enables us to simplify and extend the 
results obtained by so splendid a genius as M. Halphen, is sufficient to convey to 
us the assurance that we have not been beating the wind or chasing a phantom, 
but doing solid work. Let me instance one single point: M. Halphen has 
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succeeded, by a prodigious effort of ingenuity, in obtaining the differential equa- 
tion to a cubic curve with a given absolute invariant. His method involves the 
integration of a complicated differential equation. In the method which I 
employ the same result is obtained by a simple act of substitution in an exceed- 
ingly simple special form of Aronhold's S and T, capable of being executed in 
the course of a few minutes on half a sheet of paper, without performing any 
integration whatever. This will be seen to be a simple inference from the 
theorem invoked under three names, to which allusion has been made in a pre- 
ceding lecture and the demonstration of which will shortly occupy our attention. 
Before entering upon the theory of Differential Invariants, I think it 
desirable to bring forward the exceedingly valuable and interesting communi- 
cation with which I have been favored by M. Halphen establishing h priori the 
existence of invariants in general. 

SuR l'Existence des Invariants. 

{Extracted from a Letter of M. Halphen to Professor Sylvester,) 

Dans des theories diverses on a rencontre des Invariants sans qu'on ait 
pen6tr6 la cause g6nerale de leur existence. C'est cette lacune qu'il s'agit ici de 
faire disparaitrc. 

1. Soient A, B, . . . . L des quantit6s auxquelles on puisse attribuer des 
valeurs ad libitum. 

Une suhstitution consiste k remplacer ces quantites {A, B, . . . . L) par 
d'autres (a, 6, .... Z). 

Les substitutions, que Ton doit considerer ici, sont definies par des relations 
algebriques, de forme suppos6e donnee, mais contenant des paramUres arbitraires 

^, gr, . . . . 

{a—f{A, B, .... L] p,q, ... .), 
b=fi{A, B,. . . . L, p, g, ), 

Soit maintenant une seconde substitution, de meme espece, mais avec d'autres 
paramfetres tc, ;^, • . . . , et donnant lieu a (a, /3, . . . . Jl), en sorte qu'on ait 

{a=f{A, B, . . . . L] n, Xi ' ")^ 
/? = /i(A,5,....Z;7C,;K----), 
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2. D]^FiNiTioN. Lea substitutions dont il s'agit forment un groupe, si, quels 
que soient les paramfetres p, 5, . . . . , 7t, ;^, . . . . , ainsi que ji, 5, . • . . Z, il 
exists des quantites P, ©, . . . • v6rifiant les egalites semblables 

{a=/(a, 6, l\ P, Q, ), 
/3 = /i(a, 6, ....?; P, (?, . . . .), 

Les invariants sont V apanage exchisif des substitutions formant groupe. On va 
le montrer. Mais auparavant, pour 6viter toute confusion, on doit faire une 
remarque sur la definition. 

3. Dans les diverse theories ou Ton a rencontre des Invariants, les substitu- 
tions forment groupe, en effet, suivant cette definition ; mais il s'y rencontre 
encore une circonstance particulifere de plus, c'est que les paramfetres P, Q, . . . . 
de la substitution compos6e (1 ter) dependent uniquement des param^tres 
jp, 5,.,..,7t, ;k»'--- ^^® substitutions composantes, (1) et (1 bis). Cette 
propri6t6 n^est pas n&cessaire k Pexistence des Invariants, et nous ne la suppo- 
serons pas ici. II sera done entendu que P, Q, . . , . peuvent dependre, non 
seulement de^, g^, . . . . , tc, ;|^, . . . . , mais aussi de A, B, . . . . L. 



h = Apq + Bp, c=:Aq^ + 2Bq+G 

l3 = Anx+B7t, y=zAx'+2Bx + G 

^ = aPQ+bP, y = aQ'+2BQ+ G 

P P 
P et Que dependent pas de A, B^ G. 

II. a = AY, b = A^pq + ABp, c = A^-^- 2Bq + G] 

a = JLV, (i=zA'nx + ABn, r = Ax'+ 2Bx + G-, 

a = a'^P*, ^=a^PQ+abP, yz=ag*+ 2bQ + c) 

^ AY' ^ Ap ' 
P et Q dependent de A. 

Dans ces deux exemples, il y a un invariant absolu, ^ — . 



4. Dans la substitution (1) nous supposerons que le nombre des param^tres 
soit infferieur au nombre des quantites J., J5, . . . . Z, 



Exemples : 




I. 


a=iAja>, 




a = A7i\ 




a = al», 
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Soient ainsi m le nombre des paramfetres^, g^, . . . • , 
n le nombre des quantit^s A, B, . . . . L, 
on suppose ?n<n. 

Cela 6tant, on peut 61iminer les paramfetres entre les Equations (1), et il reste 
(n — m) Equations 

iF {a,b, I; A, B, X) = 0, 
Fi{a, 6, I'j A, B, X)= 0, 

THEORfeMB : Si les stibstitutions considerees fonnent groupe, les (n — m) ^nations 

(2) peuvent etre mises sous la forme 

f 4> (a, 6, . . . . Z) = 4) {A, B, . . . . L), 

(3) J4>i(a,6, Z) = <Di(-i,5, L), 

en d'autres termes, il y a {n — m) invariants absolus. 

R&ciproquement^ sHl y a{n — m) invariants ahsolus (distincts), Us suhstittUions 
formeni groupe. 

5. DEMONSTRATION. Prouvons d'abord la seconde parde, ou r6ciproque. 
Volci rhypothfese : des Equations (1), par Elimination de jp, 5', . . . , resultent les 
Equations (3). 

Par consequent, jl,J5,....Zeta,6,....Z 6tant quelconques, mais satis- 
faisant aux Equations (3), on peut dEterminer ^, 5, au moyen des Equations (1). 

Soient ji, J5, . . . . X, jp, 5^, . . . . , 7t, ;^, . . . . pris arbitrairement, et 
a, 6, ..*•?, a,^,....X dEterminEs par (1) et (1 bis), Suivant Thypothfese, 
on a 

<I)(a, J, 1) = <S>{A, B, Z)et <D(a, /?, ^) = ^{A, B, i); 

done <I>(a, 6, . . . . Z) = <I>(a, /3, . . . . X), etc. 

Done on peut dEterminer P, Q, . . . . par les Equations (1 ter), ce qu'il fallait 
dEmontrer. 

DEmontrons maintenant la premiere partie, ou thEor^me direct. Par 
hypothfese, A, B, . . . . L ^ p, q, • • • > t ^j ;k > • • • • ^tant pris k volontE et 
a^bj . . . .1, a, /3, .... X dEterminEs au moyen de (1) et (1 bis), il en rEsulte 
les relations (1 ter). 
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Des equations (1) resulte le systfeme (2) ; de meme, de (1 bis) et de (1 ter) 
resultant 

(F {a, ^, X, A, B, i) = 0, 

(2 bis) ji?\(a,/3,.-..a.; A, B, . . . . L) = 0, 

{F {a, (3, ;i; a, 6, I) =0, 
i^i(a,i3, ....;t; a, 6, =0, 

Je dis que le systfeme (2 ter) r6sulte de (2) et de (2 bis). 

En effet, a,6,....Zeta,/3,....^ n'etant definis que par (1) et (1 bis), 
lesystfeme (2 ter) r6sulte de (1) et de (1 bis) par Pelimination de p, q, . . . . , 

7t, ;t, et J., ^, i. Mais Felimination dte p, q, . . . . remplace le syst^me 

(1) par le systeme (2), celle de 7t, ;^, . . . . remplace le syst^me (1 bis) par (2 bis) ; 
done (2 ter) resulte de Telimination de A, B, , . . . L entre (2) et (2 bis). 

Le systfeme (2), (2 bis) est forme par 2{n — m) Equations, et cependant 
Telimination de n lettres J., JB, . . . . i, au lieu de donner {n — 2m) equations, 
en donne (n — m), les equations (2 ter). Si done on elimine seulement (n — m) 
lettres A^ B, .... Gj les m autres H, . . . . L disparaitront d'elles-memes. Tirons 
A, By .... G des Equations (2), et nous aurons 

J.z=:qj(a,6, ?; H,....L), 

5 = *i(a, 6, I] H, Z), 



Tirons de meme A, B, . . . . G des Equations (2 bis), et nous aurons 

^ = qj(ot, ^, ;t; jff, i), 

B ^ ^i(tt , p , . . . . X ; -ff , . • • . L) , 



Le r6sultat de Felimination est done represent^ par (n — m) Equations' telles que 

r* (a, 6, I] H, L) = 9 {a, (3 X; H, i), 

(4) j*i(a, i, li S:, Z) = *i(a, ^3, ;i; ZT, Z), 

et Ton sait que H, . . . . L dispai-aissent, d'eux-memes, de ces Equations. 

En assignant done k ff, . . . . L des valeurs numEriques k volontE, on voit 
done bien que les Equations resultants, Equivalentes k {2 ter), ont la forme 

* (a, 5, Z) = <l> (a, /3, X), 

4>i(a, 6, ?) = 4>i(a, ^, X), 



C'est ce qu'il fallait dEmontrer. 
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6. Remarques. Si les 6quations (4) sont rationnelles, la disparition de 
JET, .... i exige que V ait la forme suivante 

ip = 4>(a, 6 l)e{S, L) + e{H, Z), 

et de meme pour ^i, etc. Sous cette forme, on voit que Q et 6 disparaissent dans 
les equations (4), et Tin variant resultant est 4>. 

Mais, si les Equations (4) sont irrationnelles, la disparition de JET, .... X 
peut n'etre pas immediate. En assignant k ff, . . . . L des valeurs num6riques 
k volonte, comme on I'a dit dans la demonstration, c'est-£i.-dire en consid6rant 
H, . . . . L comme des constantes arhitraires, on voit les invariants se presenter 
avec des constantes arbitraires. Ceci ne doit pas 6tonner, puisqu'il s'agit ici 
d'invariants absolve, que I'on peut efFectivement modifier en leur ajoutant des 
constantes arbitraires on en les multipliant par des constantes arbitraires, sans 
troubler la propri6te d'invariance. 

L'aualyse employee dans la demonstration fournit un moyen r6gulier de 
former les invariants ; ce moyen consiste k 61iminer les paramfetres dans les 
Equations (l), puis k r6soudre par rapport k (n — m) quantites A, B^. ...O. Mais, 
les substitutions forment groupe, on peut aussi r6soudre par rapport a a, 6, .... ^, 
en 61iminant les param&tres. 

ExEMPLE : a = Ap^, b = Apq + Bp, c = Ag^ + 2Bq + G. 

En resolvant par rapport k c, c'est-a-dire en tirant p, q des deux premieres, on 
obtient 

B* 

Voici Tin variant G j- . 

A 

En r6solvant par rapport S. 6, on trouve &= \^a\/ — - — +c, ce qui 
donne Tinvariant -: — -"^ + c, ou c est une constante arbitraire. 
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LECTURE XXII. 

£ pur si muoire. 

The theory still moves on. We have now emerged from the narrows and 

are entering on the mid-ocean of Differential Invariants, or of Principiants, as 

I have called them. These, it will now be seen, are perfectly defined by their 

property of being at one and the same time invariants and pure reciprocants. 

In other words, if P be a Principiant, it has both £1 and Ffor its annihilators. 

Thus, ex. gr.j the Mongian 

A = a^d — Zabc + 26^ 

is necessarily a Principiant. For 

a A = (aa, + 263, + 3caj(a*d — Sabc + 26») = 0, 
and at the same time 

VA = { 2a% + 5abdc + (6ac + 36*) d^ \ {a^d — Sabc + 26^) = . 
Among Pure Reciprocants, those only are entitled to rank as Principiants 
whose form is persistent (merely taking up an extraneous factor, but otherwise 
unchanged) under the most general homographic substitution (see Lecture XIII, 
American Jawmalof Matfiematics, Vol. IX, p. 17). We have therefore to show 
that such reciprocants and no others are subject to annihilation by CI . 

With this end in view, let us consider the effect of substituting ^ , , for x 

1 4""^ 

and _j , for y in any rational integral function of y and its derivatives with 
respect to x. Suppose that, in consequence of this substitution, the function 

F{yjyi,y%,ys, yj 

becomes changed into 

then the transformed function will be 

F{Yj Fi, Fg, Fji • • • • Y^)i 

where X= ^ . , , Y= , . , , and Fi, F,, F,, • . . . F^ are the successive de- 
1~X- fix l'^- fix 

rivatives of F with respect to X, 

If, for the moment, we agree to consider A as an infinitesimal (we shall 
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afterwards give it a finite value), neglecting squares and higher powers of A, we 
may write X—x — hs?, 

Y—y — hxy. 

Hence, by n successive differentiations of Y with respect to X, neglecting squares 
of h whenever they occur, we deduce 

yi = yi + Aayi^/ty, 
1^» = y» + 3Aary„ 
i^s = ys + SAa^j + 37ty„ 
y* = 2/4 + 7Aa;^4 + 8%8. 

y6=y5 + 9^y» + i5Ay4, 



y,_i = y,_i + (2» — 3) Axy,_i + (n — l)(n — 3) Ay„_„ 
y, = y« + (2» — 1) /wry, 4- n (n — 2) Ay„_i. 

The last of these, for instance, is obtained as follows : 



We have F_ = 






But d 1 '^— /l.L.oJiN*' 

dlY - nr2Ai • ^ - ^^ ■*" ^^ d^ ' 

and %i = ^{y„_x+(2»-3)Aa:2^,_,+ («-l)(n-3)%„..f 

= y, + (2« — 3) Axy, + n (n — 2) %_i . 

Consequently, F„ = (1 + 2Ax) ^^' 

= (1 + 2Aa:) {y, + (2» — 3) hxy^ + « (w - 2) hySx } 
= y« + (2n — 1) hxy^ + w (n — 2) Ay,_i. 

On substituting the above values of F, Fi, Y^, . . . . F, in the transformed 
function, we find immediately 

F{Y, Fi, F„....F.) = (H-Axv + A0)2?'(y,y„y, y„), 

where v and are the partial differential operators 

v=—ydy-\- yidy, + 3^,3^, + 5^38^, + ^y^^y^ + 

= — ydy^ + Zy^dy, + 8ysa„, + 1 ^y^dy, + + ^ (» — 2) y^.ja^, . 

Changing to our usual notation, we write 

yi = i,y%= 2a, ^8=2.36, 2/4= 2.3.4c, , 
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and then if Fi is what F (a rational integral function of a, 6, c, . . . .) becomes 
when we substitute , _f . for a, y (regarding A as infinitesimal)^ we have 

where r = — y9y + <3^+ SaS^ + ^hd^ + 7c3^ + 9dd^ + , 

and & = — ydt + adj,+ 263, + Sca^ + 4c?a, + 

In general v is merely the partial differential operator written above; but 
when its subject, F, is homogeneous, of degree *, and isobaric, of weight w, in 
the letters y, t, a, 6, c, rf, . . . . supposed to be 
of degrees 1, 1, 1, 1, 1, I,,.,, 
and of weights — 2, — 1, 0, 1, 2, 3, , 

its operation is equivalent to multiplication by the number 3i+2t«?. For in 
this case we have 

ydy + tdi + ada +hdi, + cdc+ dd^ + = i, 

and — 2ydy — tdt +6a, + 2ca,+3da^+ ....—w) 

so that we may regard i' as a number, simply writing 

V = 3i + 2w 
when we have occasion to do so. 

We are now able to show that if ^ is a persistent form, we must necessarily 

have QF=0. 

For ^ = i + ,7ix+'^; 

and consequently, if Fi is divisible by F (this is what is meant by saying that F 

(^F 

is a persistent form), unless QF vanishes, -=- must be a rational integral function 

If 

of y, <, a, 6, c, . . . . But since the operation of diminishes the weight by 

@F 

unity without altering the degree, -=- must be of degree and weight — 1 . 

The impossibility of the existence of such a function leads to the necessary con- 
clusion that eF=o. 

Let us apply this result to the case of a pure reciprocant. We have 
e=—ydt + ad,+ 263,+ 3c3^ + . . . . = -y3,+ H. 
Thus when ^ is a pure reciprocant, or indeed any function in which t does not 
appear, ydtF= and © reduces to fl. We have therefore shown, in what pre- 
cedes, that the condition £lF=i 
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is necessary to ensure the persistence of the form of F under a particular homo- 
graphic substitution; h fortiori, this condition is also necessarily satisfied when 
the form of F is persistent under the most general homographic substitution 

( m which X, 2^ are changed into «, , / \ » , y/ T / V // )- 

The satisfaction of ni^=0 is of itself inadequate to ensure persistence 
under the general homographic substitution ; the necessary and sufficient condi- 
tion of pure reciprocants 

VF—0 

must also be satisfied. This follows from the fact that the general linear substi- 
tution, for which all pure reciprocants are persistent, is merely a particular case 
of the most general homographic substitution. 

It only remains to be proved that the two conditions FF=0, nF=0, 
taken conjointly, are sufficient as well as necessary.. 

In what follows I use a method which may be termed that of composition 
of variations. Its nature and value will be better understood if I first apply it 
to the rigorous demonstration of the theorem that the substitution of a + Ay for 
X in the Quantic 

(a, 6, c, Ix, yY 

changes any function whatever of its coefficients, say 

F{a, by c, ), into e^^F{a, 6, c, . . . .). 

This is not proved, but only verified up to terms of the second order of difleren- 
tiation, in Salmon's Modern Higher Algebra (3d ed. 1876, p. 59). Remembering 
that, whatever the order n of the Quantic may be, the changed values of the 
coefficients a, 6, c, c?, . . . . are 

a! =a, 

(/ = c + 26/i + ah^, 

d! —d + Zch -^ Zhh^ + ah\ 



what we have to prove is that, for all values of A, 

F{d, h\ d, d\ ) = c*«i?^(a, 6, c, d, . . . .). 

In other words, if for brevity we write 

F(af bf c, . . . .).=:i^, 
and F(a\ h\ d, \ — F^, 

VOL. IX. 
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it is required to show that 

F, = F+ mF+~a'F+ ^Q?F+ . . . . , 

where D, = adi, + 2bdc + 3c9rf + 

When h is infinitesimal, it is obvious that 

F^=F + haF. 

Hence, when h has a general value, we may assume 

Let h be increased by the infinitesimal quantity f ; then, considering this 
increase as resulting from a second substitution similar to the first, we see that 
jF\ becomes F^ + eilFi. 

But it also becomes 



Equating this to Fi+ eCiFi, we obtain 

£lF,=^£lF+hP+^Q+^B+.,.. 

But aF,=a(^F+haF+ ^p + j^ q+... .). 

The comparison of these two expressions gives 

p=a?F, 
Qz=zap=a'F, 

R=:£1Q=£1*F. 



Substituting these values in the assumed expansion for Fi, there results 
Fi=F+haF- 
which is the expanded form of 



F,= F+ mF+ ^^'F+ ^ a»F+ 



A similar method of procedure will enable us to establish the corresponding 
but more elaborate formula ^^ 
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in which F is any homogeneous and isobaric function* of degree i and weight 
win y and its modified derivatives (<, a, 6, c, . . . .) with respect to x] the oper- 
ator = — ydt+ adb + 269^ + Scdd +••..; the function F^ is what F becomes 

OS «i 

in consequence of the substitution of , , ^, for x, y] h is any finite 

quantity, and i; = 3i + 2w?. 

Before giving the proof of this theorem, I will show that, upon the assump- 
tion of its truth, two inverse finite substitutions will, as they ought, nullify each 
other, leaving the function operated upon unaltered in form. 

To avoid needless periphrasis, we call the substitution of ' , -— ^t- for 

sc, y the substitution h. 

Either of the two substitutions, A, — 7i, reverses the effect of the other; 
for the substitution — h turns 

X . X . - , hx 

into :; J- -^ 1 + .-— ,~ = X, 



l-f-Aa? 1 — hx 1 — hx 

The two substitutions A, — h, performed successively on jF, ought therefore to 
leave its value unaltered. But by hypothesis the substitution h converts F into 
Fi'j consequently the substitution — h performed on Fi ought to change it back 
again into F. 

It must be carefully observed that (since the operation of decreases the 
weight by unity, leaving the degree unchanged) the weight of Q^F is x units 
lower than that of F^ whilst the degree is the same for both. 

Thus for F we have 3i +2w= v 

and for &F Si+ 2{w — x) = v — 2k. 

Hence the substitution — A, which changes 

i^'into {l — hxYe ^-^F, 
also changes @F '' {l—hxy-h ^-^^QF, 

e^F '* {l—Jixy-^e ^~f^&F, 



and in general Q'F into (1 — hxy-^'e ^-f^Q'F. 

^Fneed not be integral or even rational; whenever it is homogeneous or isobaric, v will be a number. 
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hx 
1—hx 



Moreover, 1 + Ax becomes 1 + - — r- = (1 — ^)"^ so that 



_ fte 

(l+/ix)»'-''0"-F becomes {l—7ix)''^'-'\l—7ixy-^^e ^-^^e^F 



hB 



= {l — kx:)-"'e i-^&F 

= (5 1 - ^(1 — hxY^&F (since does not act on x). 

Consequently, {\+hxYF becomes e ^-^F, 

_ fte 
(1 + hxy-^QF '' e i~*^(l —hxY^QF, 

{l+hxy'^&F '* e ^-^{l — hxy^&F, 



And since, by the formula to be verified, 

i^i = (1 + hxyF+ h{i + hxy-'eF + -^ (i + hxy-'&F+ ...., 

jPi becomes e"i"^=^| 1+A(1 — Aa;)~^0+ — (1— Ax)-*0^+ \F 

_ h% Ae 



LECTURE XXIII. 

We now proceed to show how the composition of variations can be made 
to furnish a strict proof of the formula 

he 

i^i = (1 + hxye^'^F, 
which was set forth in the preceding lecture. 

OS 1/ 

As before, calling the change oi x, y into . , _r . , the substitution 

h, it is easy to see that the product of two substitutions, A, e, is the substitution 
h + s. For 

X . ^ X X 



l-\-kx ^ \-\-hx l4-(A + e)x' 

l-\-kx ^ 1+Aa; l + (A + e)a!' 
This shows that if 

^1 is what i^ becomes on making the substitution A, 

and i?;" " 2?\ " " " " . " e, 

then J?; " " F " " " " " A+f. 
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Thus we can find two expressions for JPj, the comparison of which will enable 
us to assign the coefiBcients of all the powers of h in the expanded values of J^i. 
The first two terms of this expansion were obtained, in the preceding lec- 
ture, by treating h as an infinitesimal. We may therefore write 

F,=: F+h{yx^Q)F+^N,^ ^^N,+ . . . . 
Changing h into /i + f , we deduce 

j;= 2?-+ (A + 6)(vx + 0)^+ ^^V,+ ^4if ^»+ • • • • 
For greater simplicity, let e be an infinitesimal, and write 

e 

Then AFi—{yx->re)F-\-hNt-\-~Ni-\- 

Now look at each term in the expansion of F^ and find its increment {%. e. its A) 
when X, y undergo the substitution e. We thus obtain 

Ai?; = AF+7^A(l.a5 + 0)i^+J^A^i+J-^A^i + 

Comparing these two values of AFi , we find 

N^ = A{vx + Q)F, 



and generally Nr = AN^ _ i . 

These equations are suflScient to determine all the coefl&cients of JFi ; it only 
remains to show how the operations A may be performed. 
We have in fact 

F, = F+hAF+^^A'F+^A'F+...., 
where AF= {vx + 0) F. 

But we must not from this rashly infer that 

A«i^= {vx + eyF. 

To do so would be tantamount to regarding v as a constant number, whereas its 
value depends on the degree and weight of the subject of operation. 
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This will be clearly seen in the calculation which follows.* We first 
generalize the formula AF=: {vz + 0) ^ 

by making Q'F the operand instead of F. 

Then, since i is the degree and w — x the weight of Q'F, instead of 

3i+2«7 = r, 
we have 3t + 2 {w — x) =: r — 2x. 

Thus, A&F^i {{v — 2x)x + e} &F. 

Again, since Ax = ( a;j-f-e = — jc*, 

we find 

Aa:*0'J?'= T^-^&F. Ax + x*A0'i?'= — %3^+^&F + »*{ (v — 2x) x + } Q'F. 
Hence we obtain the general formula 

Ax*0'i?'= x^K* — 2x — ^) X + 0} QfF, 
by means of which we calculate in succession the values of ^F, A'F, .... 

Thus, A*F= A (rx + e)F 

=zrAxF+AQF 

= vx\{v— l)x + 0}i?'+ {(v — 2)x + 0}0i^ 

= \v{v — l)a?+ 2(r — l)x0 + 0»}i?'. 
Hence 

A'F— V (r — 1) A3?F+ 2 (v — 1) Ax01?'+ A0»i^ 

= v(v— l)x»{(r— 2)x+ 0ji^+ 2(v— l)x{(v — 3)x + 0}0^ 

+ {{v — 4)x-\-e\&F 

= {v{v—l){v — 2)a?+ 3(r — iXv— 2)x»0 + 3(v— 2)x0»+0»}i?'. 

If [r]* is used to denote v{;v — l)(v — 2) . ... to n factors ([v]' will of 
course mean v) , we have shown that 

AF={lvyx-\-e)F, 
A* F= ([v] V +2[v — l]'x0 + &)F, 
A'F = ([v]»x» + 3 [v — l]'x»0 + 3 [r — l]'x0* + 0«) F, 

*If our sole object were to show that GFrzO is a. sufficient as well as necessary condition of the 
persistence of F^ we might dispense with all further calculation. Thus it is obvious that, since 
AjP= (»w +-6) jP, A" i?' must be of the form («, Q)"-P; for the dependence of v on the degree- weight of 
the operand will not affect the form of A" , but only its numerical coefficients. Hence we conclude that 
Fi is of the form ^ (a; , 0) f ; and remembering that 0«F= , G'i^zr , . . . . whenever e^zi: , it is at 
once seen that not only (as was shown in the last lecture) must OF vanish when F is persistent under 
the substitution h , but, conversely, that when OJ^zi 0, the altered value of ^contains the original value 
as a factor (the other factor being in this case a function of x only] ; t. e. F is persistent. 
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and by induction it may be proved that in general 
A''i^= I [r]»x~ + n [v — I]'*- V-^0 + ^^^^^ 

That the last term of this expression is @*F is sufficiently obvious ; what we 
wish to prove is that, when m is any positive integer less than n, the term in 
A*F which involves 0"* will be 

7i(n — 1) . . . . (n — m4-l)- n* « » m^mr^ 

To find the term involving ©"• in A'*+^-F, we need only consider the operation 
of A on two consecutive terms of A"/"; none of the remaining terms will affect 
the result. Suppose, then, that 

A'*^= +^a«-~0"*i^+ jx*-"*+^e"— ii^+ 

Operating with A, we find 

^«+i2^_ +^Ax~— *0~^ + jAx"-"*+*0"— *i^+ 

= +px''-'^{{v — n — m)x + e\e'^F 

+ ^x'*-^+*j(r — n — m + l)x + 0f0«-ii^ + 

= + J2>(i; — n — 7w) + j}x*+^-'"0"*i^+ 

Now, assuming the general term of A^F to be as written above, we have 
n(n— 1) (n — m + 1) _ n«_« 

n{n — 1) . . . . (n — m + 2)f. , ^-^ ^.. 

80 that j m(v-n> + l) | 

-* ^ I n — m + 1 j 

Thus the general term of A^+^-F has for its numerical coefficient 

/ \ I fm(j^— m + l)+(j^ — n — m)(n — m + 1)) 
p(y-7i-m) + q=p}^-^ ^ \;_^^1 -^'} 

-P\ n— m + 1 j 1.2.3.m L^ ^-1 

which shows that the numerical coefficients in A*"*"^^ obey the same law as those 
in A*^; and as this law is true forn= 1, 2, 3, it is also true universally. 
We have thus shown that the general term in 

a»t:t« w(^ — 1) . . . . (n — m + 1) p -^ ^ ^ «.^«. -r^ 

A*F IS -^^ /^ ^ ^ -^— ^ [r — 7w]*-~x*-"»0*i^, 
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and, consequently, the corresponding general term in 

1.2.3 .... n 1.2.3 .... (n—w) '1.2.3 m * 

Now, as we have already seen, 

F, = (l + *A+^^A.+ j^3A'+....)f,. 

which, by merely expressing the symbolic factor as a series of powers of 0, 
may be transformed into 

^1 = (i + M'^ + -J'^/»v+ i-^^»x»+. . . )f, 

+ (l + [v- l]'Ax + &^' AV+ t^=^;i»x»+ . . . .)A0F 

+ (, + [_ ,j^ + tri^v + fc=§' *v +....) *:^^ 
+ 

where, remembering that \vY stands for v{v — l){v — 2) .... to n factors, it is 

A' 
evident that the functions of x which multiply F^ hQF, q-^ 0*^, .... are all 

1 • ^ 

of them binomial expansions. Hence we immediately obtain 

jF\ = (1 + hxyF+ (1 + hxy-^heF +{i+ /ixy-* ^&f+..., 

= (1 + Aa:)'| 1 + (1+ Aa;)-7j0 + (1 + ;«;)-» ^^^ +... .| ^, 



A» 



and finally, F^ = {1 + hxYe^-^^'F. 

Mr. Hammond has remarked that, with a slight modification, the foregoing 
demonstration will serve to establish the analogous theorem, that 

Fi={l+ hty^e'^^tp, 

where, as before, F means any homogeneous and isobaric function of degree i 
and weight w in the letters y,<,a,6,c,....; and F^ is what F becomes when, 
leaving y unaltered, we change x into x + Ay , where h is any finite quantity. 
Instead of the operator 

0= — ya,+aa,+ 2&a,+ 3ca^+ . . . . = — ya,+n 

we have — V^ = ytdy + ^d,— 2a^d^ — 6abd,— = ytdy+ fd^— F;* 

* This theorem was stated without proof in Lecture VIII, where, through inadvertence, the term 
ytdg in the expression for Vi was omitted. 
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and instead of i; = 3i + 2m7, a diflferent number, /z = 3i + «^ (which I have called 
the characteristic), taken negatively. 
If we suppose that 

F^iQ what -P' becomes on changing x into a + %, 
and F^ *' " F '' '' " x '' x + sy, 

then i^j" '* F " " " a " a + (A + f)y. 

Hence, if 7^^= i^+ AP+ O <2 + j^i? + ...., 

wemusthave i?; = ir+ (A + e)P + ^]!±^ Q+^!^^ R^ . . . . 

Thus, if e be regarded as infinitesimal, and we write 

it follows that AF^ = P+Ag+-^i2+ 

But, by the direct operation of A, we find 

Ai?\ = Ai?'+ AAP+ j^Ag+ 

and, comparing these two values of A^i , 

P = A2?', 

B=AQ=A''F, 



Hence it follows that 

Fi = F + hAF+^^A*F+J^A'F+.... 

It remains to find the value of A"jF'. This can be effected by means of formulae 

given in Lecture VIII (American Journal of Mathematica, Vol. VIII, p. 245), 

where it is shown that 

Ax = y, 

Ay=0, 

Ai = — e, 

Aa = — Sat, 

Ab = — 4bt—2a', 

Ac = — 5ct — 5ab , 

Ad = —edt— 6ac — 36», 

Ae = — let — 7ad — 7bc , 

Vol. IX. 
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We now. show that 

AF=-{(it+V,)F, 

where * Vi—V—fdt — ytdy , 

just as in the cognate theojrem we had 

Since i^is a function ofy,^,a,6,c,.... without x, it is evident that 
^ ^ clF ^ , dF ^^ ^ 

^^=^^y+rfr^' + ---- 

= —t{tdt+Sada+^hdt-\-5cd,+ )F 

— { 2a*di + 5a68,+ (6ac + 36*) 3^+ }F, 

where the part of A^ which is independent of < is — VF. 

Now, ydy + tdt-{-ada -\-bdi, + c3, + = i 

and — 2ydy — <9, + 69j + 2c3<, + ••••=«'; 

so that tdt + Sada + 4i3t + 5cdf +.... = 3i + w — ydy — td, . 

Hence, writing Si + w = (i, 

AF= —t{(i — yd,— tdt)F— VF 
= -{(it + V,)F, 
where V^ = F— <*3( — ytdy . 

Observing that Fi^is of degree i -\- x and weight w — x; since 
3(i + x) + {w — x) = fi+ 2x, 
we see that AF]ri^= — {{(1+ 2x)t-\-Vi\ V{F. 

Again, A<* Fj" F= a<*-^ Fi"^. M+i^A V^F 

- — y^f + ^y^F— i^{{fi+2x)t + Vi}ViF. 
We :thuB obtain the formula 

^ r{F= — t'{{ti + ?.-\-2x)t + Vi\ ¥tF, (1) 

analogous to the one previously employed, 

Aa^^F=a^{{v—2x — X)x + e}&F. (2) 

The remainder of the work will be step for step the same for this as for the 
previous theorem. In fact, by using (1) just as we used (2), we shall deduce 

i^i = (1 4- ht)-''e~^'^F, (3) 

just as we deduced the analogous formula 

i?; z= ( 1 -I- hxYe^ + '"F. (4) 
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The reafion of this is obvious : by interchanging x and t, (i and — v, Q and — Fj, 
we interchange the formulae (1) and (2), (3) and (4). 

It may be well to observe that if we use S,^ to denote a substitution of such 
a nature that S,Sk = S^^ , , 

and if (regarding e as an infinitesimal) we write 

S.-l 



e 



= A, 



then in general SuF^e^T, 

The proof of this proposition is virtually contained in what precedes. 



LECTURE XXIV. 

Whenever a rational integral function of a, y , i5, a, 6, c, . . . . is persistent 
in form under the general linear substitution, it cannot contain explicitly either 
a, y or tj but must be a function of the remaining letters a, 6, c, . . . . (the 
successive modified derivatives, beginning with the second, of y with respect to 
x) alone. 

For if, keeping y unaltered, we change x into x + a, where a is any arbi- 
trary constant which may be regarded as an infinitesimal, the derivatives 
<,a,6,c,.... are not affected by this change, and consequently the function 

dF 
F=: F{x, y , ^, a, 6, c, . . . .) becomes i^+ a -r- ? 

dF 
which cannot be divisible by F unless -z— = . 

dW 

The alternative hypothesis of -r- being divisible by F is inadmissible, be- 
cause i^iff a rational integral function, j 

Hence jP' cannot contain x explicitly; and if we write y + ^ for y, keeping 
X unchanged, we see, in like manner, that i^ cannot contain y explicitly. 
Again, if in the function 

F=F{ty a,bj c, ) 

we change a:, y into a + a, y + ^^x + /?, the effect of this substitution will be 
to increase t by the arbitrary constant /?y , without altering any of the remaining 
derivatives a, 6, c, . . . . 



c 
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Hence, in order that the form of F may still be persistent, we must have 

—-- = ; the reasoning being just the same as that by which -=— was seen to vanish. 

Thus, F does not contain t explicitly. • Moreover, the function 

F:=:F{aj 6, c, . . . .) 
must be both homogeneous and isobaric. 

For the substitution of a^x + a, fi^^y + 0^x + /i^ for x, y, respectively, will 

multiply the letters 

a, b 1 c 1 c2,.«.. 
by /?,/x7», /?,/x7^ ^,/x7S /3,/x7^ .... 

Bach term of F will therefore be multiplied by a positive power of (3^, and a 
negative power of a, . 

Let one of the terms of i^be a^^V'c^^d!'* .... It will be multiplied by 

In order that- F may retain its form, this multiplier must be the same for 
every term of F, no matter what arbitrary values are assigned to a^ and /?/,. 
This can only happen when, for all terms of the function F, we have 

'^+>m" ^+ X3 4"«««« = const, 
and Xi + 2^2 + 3;i3 4- . . . . = const., 

i. e. when i^is homogeneous and isobaric. 

We have thus proved that among all the rational integral functions of 
a:,y,<,a,6,c, .... the only ones persistent under the substitution of a + a^x^ 
+ /?^x + 0„y for a;, y, respectively, are such as simultaneously satisfy the con- 
ditions of not explicitly containing x,y or t, and of being homogeneous and 
isobaric in the remaining letters a, 6, c, .... 

If F, any function satisfying these conditions, merely acquires an extra- 
neous factor when, leaving y unaltered, we change x into x + hy, the form of F 
will be persistent under the general linear substitution. For both a+af{x +hy) . 
and + 0^{x + hy) + 0,^y are general linear functions o{ x, y, 1 . 

Now, the change of x into x + hy converts (as was shown in the preceding 
lecture) F into F,= {1 + ht)-'^e-^F, 

where Vi=y—fdt— ytdy . 

But, since neither y nor t occurs in F, we must have 

dyF=0 and a,i^=0. 
Consequently, V^F^ VF, V}F= V*F, 



Sylvester : Lectures on the Theory of Reciprocants. 157 

and so on. Hence 

Jj; = (1 + ht)-''e~i+^'F 

= (1 +ht)-''F—{l + ht)->^-^hVF+ (1 + M)-''-*^F— .... 

Unless VFy V^F, V^F, .... all of them vanish, F^ cannot contain i^ as a factor. 

If it could, VF, V^F, would all have to be divisible by F. But this is 

impossible; for VF, a rational integral function of a, 6, c, ... . whose weight 

18 w — 1 , cannot be divisible by F, a rational integral function of weight w . 

We must therefore have 

VF= (which implies V^F=: 0, etc.) 

as the necessary and sufficient condition of the persistence of the form of F 
under the general linear substitution. In other words, F must be a pure recip- 
rocant. 

In order that F may also be persistent in form under the general homo- 
graphic substitution, it must (besides being a pure reciprocant) be subject to 
annihilation by the operator 

D. = ad,+ 2bdc+ 3cda+ 

For it was seen, in the preceding lecture, that the special homographic substitu- 
tion in which , , J^ are written instead of x, y, respectively, has the 
effect of changing any homogeneous and isobaric function F into Fi , where 

F^={1 +hxye^^+^F, 
e — £l — ydt. 

When the letter t does not occur in Fj we may write dtF=z o\ so that becomes 
simply n, and the above formula becomes 

Fi= {1+ hxYe^+^F. 

Hence it follows immediately that, when i^ is a rational integral function of the 
letters a, 6, c, .... , the condition Q,F= is sufficient as well as necessary to 
ensure the persistence of the form of F under the special homographic substi- 
tution we have employed. 

But when jPis a pure reciprocant it also satisfies the condition FF= 0, and 
it is the simultaneous satisfaction of £1F=. and VF= that ensures the 
persistence of the form of F under the most general homographic substitution. 
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This may be shown by combining the substitution , _f , (for which. F 

is persistent when, and only when, D,F= 0) with the general linear substitution 
(for which VF=z^O is the necessary and sufficient condition of the persistence of 
the form of F), so as to obtain the most general homographic substitution. 
Thus the linear substitution 

x=lx, + my^ + n 1 

y = l!x,+ mfy, + v!) ' 



when combined with 
gives the substitution 






1 + he ft 

in which both, the numerators are general linear functions. 

By combining the substitution just obtained with the linear substitution 

»// = ^ni + t^Vui + ^ » 2/// = Viu J 

the denominator of each fraction is changed into a general linear function, and 
thus, by combining the special homographic substitution , , y^IT ^^^^ *^^ 

linear substitutions, we arrive at the most general homographic substitution. 

This proves that the necessary and suflScient condition of F being a homo- 
graphically persistent form is the coexistence of the two conditions 

VF:=iOySlF:=0. 

Thus a Projective Reciprocant, or Principiant, or DiflFerential. Invariant, combines 
the natures of a Pure Reciprocant and Invariant in respect of the elements. 

Notice that every Pure Reciprocant is an Invariant of the Reciprocal Func- 
tion Ci. e- the. numerator of the expression for — in. terms of -^ , -7^, . . . . , or 

what is the same in terms of the modified derivatives ^, a, 6, ... .V but the 

elements of such invariants are not the original simple elements, but more or 
less complicated functions of them. 

What has just been stated is obvious from the fact that all invariants of the 
** reciprocal function" have been shown to be pure reciprocants {vide Lect. XIX). 
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The ordinary protomorph invariants of this function will have for their leading 
term a power of a multiplied by a single letter. Consequently, by reasoning 
previously employed in these lectures, every pure reciprocant will be a rational 
function of invariants of the Reciprocal Function divided by some power of a. 
Thus, for example, the Reciprocal Function 

14a*— 21a^bt + 3(2ac + b^)fi— cft» = (a, ^3, y , «][l , — <)' 
if a = 14a*, /3 = 7a*6, y = 2ac + 6*, S = d. 

The two protomorph invariants of this reciprocal function are 

ay—^— 7ay{4ac — 56*) 
and aJ'S — Safiy + 2/3» = lQ6a' (cfid — 3a6c + 2i«) . 

All other pure reciprocants of extent 3 may be rationally expressed in terms of 
a and the two protomorphs 4ac — 5Z>*, a^d — 3a6c + 26^ ; i. e. all pure recipro- 
cants of extent 3 are invariants of the reciprocal function of extent 3 . 

The reasoning employed can be applied with equal facility to the general 
case of extent w. 

Instead of , ^ J,l^ » 1®* "s consider the special homographic substitu- 

1 V 
tion — , -^ employed by M. Halphen. 

Writing X=— and F= -^ , 

X V 

let Fi, Ti, Fs, . . . . denote the succeBsive derivativee of Fwith respect to X, 
and t/i, yt, y,, . . . . those of y with respect to x. Then 
F = x-'y, 

Y^ = -x(y,-^y), 

^■4= a' (2/4 + — ^8+ ^ y»). 

^ ./ . 15 , 60 , 60 \ 

F5 = — 3^(^2/5+ — 2/4+ -^ ys+ -^ y»), 



Hence, if a, b, c, d are the successive modified derivatives (beginning with 
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the second) of y with respect to a;, and a', 6', d^ dlj . . . . the corresponding modi- 
fied derivatives of Y with respect to X, it follows immediately that 

Attributing the weights 0, 1, 2, 3, .... to the letters a, 6, c, d!, . . . . , it is 
very easily seen that if F is any homogeneous and isobaric function of degree i 
and weight w , 

F{a!, h\ (/,....) = (-)V'+*-i^(a, J + 1 a, c + -^6 + -la, . . . .). 

But we proved (in Lecture XXII) that for all values of h 

F{a, b + ah,c+2bh + ah\ ) = e***i^(a, 6, c, ). 

Hence, making h= — , we obtain 

F{a\ y, d, d\ ) = (— )"ic»'+»''6^i^(a, 6, c, ), 

which proves that the satisfaction of 

£lF{a, 6, c, ....)= 

is the necessary and suflBcient condition for the persistence of the form of F 

1 y 
under the Halphenian substitution — , -^ . 

•2/ OS 

Similarly we might prove that F{y, <, a, 6, c, . . . .), which contains y and 

1 V 
tj but not X, is changed by the substitution — , -^ into 

f—yr^e'Fiy, t, a, 6, c, ), 

where Q=—ydt'\- adt + 263c + = ^ — ydt'7 

or we may deduce this result from the formula, demonstrated in the preceding 

lecture of this course, j^e 

F^=z{l+kxye^+^F, 

in which Fi is what F becomes in consequence of the substitution , J^, 

impressed on the variables. 
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Let i be the degree and o the weight measured by the sum of the orders 
of differentiation in each term of 

F{y, t, a,b, c, ). 

If we measure the weight by the sum of the orders of diflferentiation of 
every term of F diminished by 2 units for each letter in the term, then 
to = G) — 2% and 2a) — i = 3t -f 2w = v, 

Let F{y, t, a, b, c, . . . .) become jP(y, ^ a, 6, c, . . . .), 

when we change 

X into qx+p and y into ry, 

then F'{y, t, a,b,c, ) = r'q'^F{y, t, a,b,c, )• 

A further substitution ^ , . , ^ , . , impressed on the variables in F\ will 

1 'f-nx 1 + /w? 

convert the original variables into 

1 +Aa? 1 +Aa? 

The function jP is at the same time changed into 

rV(l + hxy^^F{y, t, a,b,c,... .). 

If now, in the above, we write ^ = /i, g'= — A*, r=^h, we shall have 

changed the original variables x, y into ^ , . , ^ ,^, , and the original func- 

1 'f- hx 1 -|- /W? 

tion F into 

Let A become infinite: then ^ . , , ^ /, and (— )**'{ --^t_ ) erRSi?^become 
' 1+Aa? 1+Aa? ^ ^ \ A / 

It/- 1 V 

— , —and {—)''x*'e*F, showing that the substitution — , -^changes 2^ into 

XX XX 

{—)''x''e^F. 

(To be continued.) 
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A Memoir in the Theory of Numbers. 

By Arthur S- Hathaway. 



Part I. — Introduction. 

1. It has seemed desirable to begin this memoir with a brief account of the 
labors of others in the same direction, in order that the object of the memoir 
and its relations to previous results may be more clearly understood. 

The labors of Gauss, Kummer, Dirichlet, Kronecker, Dedekind, and others, 
have extended the scope of the theory of numbers far beyond its original limit of 
the science of the natural numbers 0, itl,±2,di3,.... Gauss began the 
extension by showing that the theory of quantities of the form a + b^/ — 1, 
where a and b are natural numbers, is quite similar to the theory of natural 
numbers. Quantities of this form may be called biquadratic numbers or inte- 
.gers; and one biquadratic integer is divisible by another when the quotient is a 
biquadratic integer. The numbers it 1, dzV — 1> like ifc 1 in the theory of 
natural numbers, divide all biquadratic integers, and are therefore set apart as 
** units" or ** improper divisors." Every biquadratic integer may be factored into 
a product of powers of non-factorable or ** prime" biquadratic integers; and, 
disregarding possible changes of these primes by unit factors, the factoring can 
be accomplished in only one way. Biquadratic primes divide themselves into 
three classes : 

(1). Natural prime numbers, as 3, 7, .... of the form 4?^ + 3. 

(2). The conjugate biquadratic factors of natural primes of the form 4n+ 1. 

(3). The number 1 +V— 1 . 

Following the development of the theory of biquadratic numbers came a 
similar development of the theory of cubic numbers or quantities of the form 
a + bty where a, J are natural numbers and < is a primitive cube root of unity, 
viz. ^ + < + 1 = 0. The cubic primes are also divided into three classes : 

(1). Natural primes, as 2, 5, .... of the form 3n+ 2. 

(2). The conjugate cubic factors of natural primes of the form 3n + 1 . 

(3). The numbers 1 — ^ l — t\ 
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It is worthy of remark, as illustrating the manner in which mathematical 
theories of importance often originate, that neither of the preceding theories 
was developed systematically and for its own sake, but that each was the result 
of an effort to solve the problems of biquadratic and cubic reciprocity in the 
theory of numbers. 

Another system of quantities whose theory is well known to be similar to 
the theory of natural numbers is the system of rational entire functions of an 
indeterminate x. 

2. An important feature of all these theories is the fact that Euclid's process 
of finding the greatest common divisor of two numbers may, in each system, be 
brought to an end by arriving at the remainder, zero ; namely, in the system of 
natural numbers each remainder may be made less than the preceding one ; in 
the biquadratic and cubic systems the norm!^ of each remainder may be made 
less than that of the preceding remainder, and in the algebraic system the 
degree of each remainder may be made less than that of the preceding remainder. 

The importance of the ending of Euclid's process lies in the fact that it 
determines a common divisor d of any two integers a, 6, which is of the form 
d:=^ax+ by where x and y are integers. In particular, if a and b have no com- 
mon divisors except units, then one may solve the indeterminate equation 
ax + by=^l in integers ar, y, whence one arrives at a demonstration of the 
fundamental principle of division, viz. 

If two integers, a, b, have no common divisors except units, then every integer 
that is divisible by each is divisible by tJieir product. For, since aa + % = 1 
may be solved in integers x, y, any number c may be written c = c{ax + by) ; 
whence, if c = ma = nJ , we obtain c = w6 . ckc + w« .by=^ab {nx + my) . 

The fundamental problem in the arithmetical theory of any system of num- 
bers is necessarily the establishment of this law of division. The more common 
form of the law is : " If a product be divisible by an integer a , and one factor of the 
product have with a no common divisors except units, then the other factor of the 
product is divisible by a." This form exhibits the analogy between the fundamental 
principle of arithmetic and that of algebra, which is : ** If a product be equal to 
zero, and one factor of the product be finite, then the other factor of the product 
is equal to zero." These two principles lend themselves quite similarly in their 
respective subjects to the theory of the resolution of the quantities to which 
they apply into products of powers of irreducible factors. 

* Norm of a+ hy/— l = a^ + 5% norm of a-h W = a» — a6+ b*. 
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3. After the development of the biquadratic and cubic theories, it became 
quite natural to expect similar results in the case of n*® numbers or quantities 
of the form a+bt + cf + . . . . , where a, b^ c are natural numbers and < is a 
primitive n^^ root of unity ; but this expectation was not realized. An appar- 
ently insuperable obstacle was found in the failure of the fundamental principle 
of division. In 1847 Lame gave a demonstration of the celebrated last theorem 
of Fermat,* based upon the properties of n*® numbers. Liouville, however, 
pointed out that Lame's demonstration is defective in that it assumes without 
proof that an v}^ number can be resolved, and in only one way, into a product 
of powers of irreducible n** numbers. Cauchy's attention was attracted to the 
subject by the discussion, and, failing to demonstrate, he assumed that the normf 
of the remainder in the division of one 7i*® number by another could be rendered 
less than the norm of the divisor. But the final result of this assumption was 
a reductio ad absurdum. 

Meanwhile Kummer, Jacobi and others were at work on the generalization 
of the theorems of biquadratic and cubic reciprocity. Kummer thus found that 
the n}^ numbers (n = 23 or a higher prime) failed to conform to the fundamental 
law of division, and in order to overcome this difficulty he developed the theory 
of Ideal Primes. A synopsis of Kummer's theory, with references to his various 
memoirs on the subject, may be found in Smith's Report on the Theory of 
Numbers, B. A. Rep. 1860, pp. 120-40. The essential feature of the theory 
lies in the conception and definition of an ideal prime. In brief, if g be a 
natural prime that is resolvable into a product of true n}^ primes, and any n*® 
number /(^) be divisible by one of these primes, Kummer has shown that a 
corresponding congruence among natural numbers derivable from /{t) is sat- 
isfied for the modulus q. Conversely, if q be not actually resolvable into a 
product of true primes, Kummer still considers it as ideally resolvable into a 
product of true primes corresponding to the congruences referred to. An ideal 
prime has thus, as its name implies, no actual existence among n*^ numbers, but 
one may determine whether or not an n*® number /{t) is divisible by such a 
prime by aid of the corresponding congruence, which is always actual. 

4. Dirichlet next established an arithmetical theory of still more general 

* See Smith's Report on the Theory of Numbers, B. A. Rep. 1860, p. 160. 

^'Sormofa+ht-{-ct^+,.,. = (a+bt+ct^ + )(a + 6f+cr+ ) ,f,f, being the 

primitive n^^ roots of unity. 
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numbers, viz. of complex numbers, or quantities of the form a + 5< + c/*H- . . . . , 
where a, 5, c, . . . . are (in general) natural numbers and < is a root of an 
irreducible equation «* + ai^""^ + 0,^""*+ . . . . = 0, whose coeflScients are 
natural numbers. The norm of a complex number f{t) is the product f{t)/{tf) . . . . , 
extending to all the roots ^, <',.... of the given equation. Being a symmetric 
function of the roots, the norm is a natural ;iumber, and, in consequence, every 
complex number will be a divisor of some natural number. If the coeflScients 
of a complex number be taken as indeterminate, its norm will represent a 
homogeneous form, of a certain degree, of the kind that is decomposable into 
linear factors. The theory of complex numbers is in reality the theory of these 
forms, and it is from this point of view that Dirichlet has made his very general 
researches upon those forms of any degree whatever which depend upon the 
norms of complex numbers. Dirichlet has presented his results only in a very, 
summary manner. 

Dedekind (Dirichlet's Zahlentheorie), Zolotareff (Liouv. Jour. Math. 1880), 
and others, have presented the theory of complex numbers from the point of view 
of their decomposition into prime factors. Zolotareff employs auxiliary congru- 
ences, as Kummer has done, to define the unavoidable ideal prime. Dedekind 
identifies any ideal complex number directly by the aggregate of all the complex 
numbers that it can be said to divide. For example, the complex numbers 2 
and 1 + ^, pertaining to a root t of the equation ^ + 5 = 0, have no actual 
common divisors except the units,* but they have an ideal common divisor 
whose square is 2, since (1 -f tf = 2( — 2 + t). Now, complex numbers of the 

form 2{a + bt) + {l + t){c + dt) , 

or (2a + c — 5^^) + (26 + c + tZ)<, or jc + y<, where a: = y mod. 2, 

constitute an assemblage of numbers each of which would be divisible by a 
common divisor of 2 and 1 + < , did such exist. The (hypothetical) number 
that divides all numbers of the above assemblage, and those only, is Dede- 
kind's ideal greatest common divisor of 2 and 1 +^ The assemblage x + yt^ 
x=.y mod. 2, is the Ideal corresponding to this greatest common divisor of 
2 and 1 + «. 

* Let a + &< be any common divisor of 2 and 1 + ^ 1 where a , h are natural numbers ; then 

2(l + f) = (a+60M« + !/*), .-. 2(l-f) = (a-W)»(a?-yf), 
.-. 24 = (a»+K)»)2(a;» + 5y«), .-. a« + 56» = 1 or 2, 
.-. a = ±l, 6ir0. 
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5. A few words with regard to the latest extensions in the theory of numbers 
will close this summary. Dedekind and Weber (Crelle, Vol. 92) have devel- 
oped an arithmetical theory of complex functions of one variable a;, or quantities 

of the form a + 6^ -|- c<* + . . • . , where a, b, c, are rational entire functions 

of ar, and < is a root of the irreducible equation a^"^ + ai^""^ + .... = o , whose 
coefficients are rational entire functions of x. The ideal complex function, which 
is unavoidable in this case also, is identified, After Dedekind's method, by a 
corresponding Ideal, or assemblage of actual complex functions. 

In the same volume (92) is a memoir by Kronecker, **Grrundzuge einer 
arithmetischen Theorie der algebraischen Grossen," which treats of the arith- 
metical theory of complex functions of any number of variables. The subject 
is treated by Kronecker as Dirichlet treats the theory of complex numbers, 
viz. as a theory of forms. 

6. In the present memoir the foundation is laid for an arithmetical theory of 
numbers in general. The argument is based upon the simplest laws of algebra, 
and the significance of the symbols of number (a, 6, c, ....), as well as the signifi- 
cance of the ordinary symbols of algebra that connect them, (=, +, — , X, -=~,), 
is entirely arbitrary so long as the required fundamental laws are conserved. 
A necessary concomitant of the theory is the introduction of ideal integers ; 
and this introduction is accomplished after the method of Dedekind, by the 
preliminary establishment, of a theory of ideals. The theory of ideals here 
established, however, differs from Dedekind's theory in important respects, 
chiefly in the definition of relatively prime ideals, and of the product of two 
ideals, and in the exclusion of certain kinds of ideals from the theory. 

Part II is devoted to the consideration of fundamental principles and defini- 
tions, to a problem and the consequences of its solution, and to turning the 
question of ideal solution of the problem into the question of the establishment 
of a given theory of ideals. The propositions in this paper, although given in 
the order of their dependence upon one another, are, for the most part, left 
without demonstration; but the demonstrations are such as may be readily 
supplied by the reader. 

Part III is devoted to a rigorous establishment of the theory of ideals that 
is indicated in Part IT. 
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Part II. 

1. (Definition.) A Universe (Korper, Rationalitats-Bereich) is an aggregate 
of numbers a, 6, c, . . . . , such that any combination of these numbers by 
add^ition, subtraction^ multiplication and division {%. e. any rational combination) is 
a number of the aggregate. 

We here use the word '* number" in the sense of a general expression to 
denote the objects of our attention, a, 6, c, . . . . These objects may be themselves 
aggregates of other objects or numbers from which our attention is for the time 
being abstracted. We use the words '* addition," "subtraction," "multiplica- 
tion" and "division," and also the word "equal," to indicate relations and 
operations that are represented in the usual way and conform to the usual 
axioms and laws of algebra. For example : " If equals be divided by equals, 
the quotients are equal": ^^a{Jb + c):= ab-^-aCy^ ^^ab.c=:a.bCf^^ ^^ab^^ba^^^ 
''a'* = b''=:c% = 1," *'a + a= 2a," etc. 

2. (Definition.) An Order is an aggregate of numbers that contains every 
combination of its numbers by addition, subtraction and multiplicaiion (i. c every 
rational entire combination), and that also contains all the natural numbers 0, 
±1, ±2, ±3, 

A universe may be regarded as divided, as to any one of its orders, into two 
divisions, the one consisting of numbers within the order, which may be called 
integers, the other consisting of numbers without the order, which may be called 
fractions. It is with the former numbers, or integers, that we are concerned in 
the present memoir. 

3. (Definition.) An integer a is divisible by an integer b when the quotient 
(5" 'a or a/b) is an integer, i. e. when a = bc, where c is an integer. 

The phrase " w (or are) divisible by^^ occurs so frequently in the theory of 
numbers that we shall denote it by © , used by Prof. Sylvester. 

4. (Theorem.) If a © 6 and 5 © c, then aQ)c and a/c © b/c. 

6. (Theorem.) If a and 6 © c, then ax-^-byQc^ where x, y are any integers. 

6. (definition.) A Unit is an integer that is a divisor of every integer. 

In particular, a unit is a divisor of unity ; and conversely, any integer that 
is a divisor of a unit is a unit. The products and quotients of units by units 
are also unite. 

7. (Definition.) Associate integers are integers that mutually divide each 
other. 
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Whence, the ratio of two associate integers is a unit ; and if the ratio of two 
integers be a unit they are associates. Also, two or more associates of the same 
integer are associates of each other. Also, all associate integers divide, one 
the same integers as another, and are divisible by the same integers. We may 
thus select one integer out of a set of associate integers as typical of the whole, 
so far as questions of divisibility are concerned. A group of such integers 
corresponding to all sets of associate integers may be called a group of Primary 
integers, it being understood that these primary integers are always chosen (as 
they may be in an indefinite number of ways) so that the products of primary 
integers may be primary integers. 

8. (Definition.) Two integers are Relatively Prime when every integer that 
is divisible by each of the two is divisible by their product. 

(a). A unit is relatively prime to every integer. 

(&). If a, i be relatively prime, then any two of their respective divisors 
are relatively prime. 

(c). If each factor of one product be relatively prime to every factor of 
another product, then the two products are relatively prime. 

H. g. let a be relatively prime to each a, /?; 
then if ma/? ©a .". ma(3Qaxi, or m^Qa, [8 

.'. m©o .-. ma/?©aa/?. Q. E. D. [8 

(d). Two relatively prime integers have no common divisors except units. 

9. (Problem 1.) To find a common divisor, d, of two integers, a, 6, which 
is such that a/d, b/d are relatively prime. 

We shall assume for the present that one can always find a solution of this 
problem in the case of any two integers a, 6.* 

10. (The fundamental principle of Division.) Two integers, a, J, that have 
no common divisors except units, are relatively prime. 

*The term ^^relatiTelj prime ^' used in the enunciation of Problem 1 may have various other 
definitions besides the one that we adopt, with the result that the fundamental principle of division 
may be established just as in the present instance, together with all the connected propositions. But 
such definition is then, for the order in question, equivalent to that of ^ 8. On the other hand, Problem 1 
is sometimes solvable according to no other definition than the one here chosen. This is the case, for 
example, in the order consisting of rational entire functions of an indeterminate x , whose coefficients 
are whole numbers only, not both whole numbers and fractions. 

Euclid's process of finding the greatest common divisor of two numbers is a process for solving 
Problem 1 corresx>onding to the definition ^* Two integers, a, &, are relatively prime when the indeter- 
minate equation ax+by:=il may be solved in integers £ , y/' For Euclid ^s process finds, when it may 
be brought to an end, a common divisor, d , of a , 6 such that dznax+by^ where x , y are integers, i. e. 
such that (a/d) x + (b/d) y = 1 . 
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For, let d be a solution of Problem 1 ; 

then •/ rf is a unit, [hyp. 

.'. a, 5 are associates of the relatively prime integers a/d^ h/d, 
.'. a, b are relatively prime, q. b. d. [7, 85 

11. (Theorem.) A solution, d, of Problem 1 is divisible by every common 
divisor of a, b. 

For, let /be any common divisor of a, 6; 
then •.' ab/d/Qa/d,b/d .\ ab/d/Qab/d^ .'. dQf. Q. e. D. 

12. (Scho.) The solutions of Problem 1 form a set of associate integers 
which may be appropriately called the greatest common divisors of a^Jb. 

13. (Problem 2.) To find a common multiple, m, of two integers, a, 6, 
such that wi/a, mjb are relatively prime. 

A solution : m = aft/e?, where c? is a solution of Problem 1. 

14. (Theorem.) Any solution, m, of Problem 2 is a divisor of every com- 
mon multiple of a, 6. 

15. (Scho.) The solutions of Problem 2 form a set of associate integers 
which may be appropriately called (he least common multiples of a, b. 

16. (Theorem.) Problems 1 and 2 are simultaneously solvable or insolv- 

able. 

17. (Theorem.) An equation a;*+ Oio:*""^ + OjX*"* + .... = 0, whose 

coeflScients are integers, can have no fractional solution. 

This theorem, which depends upon 10, may be taken as a property that an 
order must possess before the fundamental principle of division can be established 
in that order. The complex numbers of the form a + b^ — 3, where a, b are 
natural numbers, furnish an example of an order that does not possess the 
property in question, since the fraction (l + /v/ — 3)/ 2 is a solution of the equation 
V+ 1 = 0. 

It is to secure this property that Dedekind defines the integer complex 
numbers corresponding to a root t of an irreducible equation as the rational 
entire functions of t that satisfy any equation whose coeflScients are natural 
numbers, the coeflScient of the highest term being unity. In accordance 
with this definition, the integers of the form a + 5v^ — 3 would include not 
only those in which a, b are whole numbers, but also those in which a, b are 
fractions whose denominators are powers of 2. The integers a + b\/ — 3 would 
then be none other than the cubic numbers already referred to. 

VOL. IX. 
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18. (Theorem.) If no integer be divisible by an indefinitely great power 
of an integer that is not a unit, and if a^c © 5**, however large n may be, 
then a © 6. 

For, let tZ be a g. c. d. of a, 5 ; 

then •/ a^/f?*, h^/d/' are relatively prime, [9, 8c 

and ••• (aVcf*)/c©&V< [hyp- 

/. G © V^/d/^, [where n is indefinitely great 

/. h/d is a unit, [hyp. 

.-. a ©6. Q. B. D. 

An order of such character that its integers may have infinite powers of 
non-unit integers as divisors may be called a transcendental order. For 
such orders this theorem is evidently not true. The property that **if a'^cQh'^^ 
however large n may be, then a©6" may be taken, therefore, as a property 
pertaining to all non-transcendental orders for which the fundamental principle 
of division may be established. From this property one may derive that of 
^17; for it is this property upon which the solutions of Problems 1 and 2 will 
be made to depend (III. 17). Conversely, it will be shown hereafter that if no 
integer be divisible by an infinite number of non-unit integers, then from the 
property of ^17 will follow the property just stated (III. 31). 

19. (Definition.) A Homogeneous integer is an integer no two of whose 
divisors are relatively prime, except one be a unit. 

(a). Any divisor of a homogeneous integer is a homogeneous integer. 

(6). Of two divisors of a homogeneous integer, one is a divisor of the other. 

(c). If neither of two integers be relatively prime to a given homogeneous 
integer, neither are they relatively prime to each other. 

{d). If two homogeneous integers are relatively non-prime, any two of their 
respective divisors are relatively non-prime, except one be a unit. 

{e). The product of two relatively non-prime homogeneous integers is a 
homogeneous integer. 

(/). Of two relatively non-prime homogeneous integers, one is a divisor of 
the other. 

20. (Theorem.) A primary integer cannot be resolved in more than one 
way into a product of primary relatively prime homogeneous integers. 

When an order contains primes, i. e. integers that have no divisors except 
their associates and the units, then these primerf and any powers of these primes 
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are homogeneous integers. We shall construct a system of integers hereafter, 
in which no primes exist, but in which homogeneous integers do exist. 



21. (On the question of an Ideal solution of Problem 1 or 2 in cases where 
no actual solution exists.) 

Corresponding to each integer a there is an assemblage of integers, 
a, a', a", .... , consisting of all integers that are divisible by a. This assem- 
blage will be called the Primary Ideal corresponding to «, and will be denoted 
by a. 

We may note that : 

(a). A primary ideal that contains a\ a" also contains a'x H- a"y, where x. y 
are any integers. [5 

(6). The same primary ideal corresponds to any one of a set of associate 
integers, and those only. 

(c). We may determine the significance of products, quotients, etc., of 
primary ideals by the condition that if a6 = c, then aft = JC, and if a/b:=^c^ 
then a/ft=jC, etc.; so that the theory of division for primary ideals corre- 
sponds to that for integers. 

Now, there may be assemblages of integers that satisfy the condition (a), 
but that do not correspond (as above) to any integers ; e. g. 2x + (1 + ^/ — 5)y 
in the order a + bs/^^ (I. 4). If we can join any or all of these ** ideals" with 
the primary ideals, and extend to the whole an arittimetical theory based upon 
that already determined for the primary ideals, and in which Problem 1 or 2 
shall always have a solution, then it is plain that this theory may be turned 
again into a theory of integers by regarding the non-primary ideals as corre- 
sponding to sets of associate ideal integers* ; and that in this theory Problems 
1 and 2 have always actual or ideal solutions. 

It happens that there are various ways of generalizing the theory of primary 
ideals. Dedekind, for instance, joins with the primary ideals all other ideals. He 
further defines the product of two or more ideals as the assemblage of all products 
and sums of products of the integers of the respective factors ; this being a defini- 
tion that coincides with (c) when the ideals are primary (Hauptideale). 

* Bj definition a unit must pertain as divisor to the assemblage of aU integers of the order. As this 
assemblage is a primary ideal, no ideal integer can be a unit. A set of associate ideal integers consists 
therefore of the products of an assumed primary ideal integer (7) into all units of the order. 



172 Hathaway: A Memoir in the Theory of Numbers. 

There are examples, however, that show the impossibility of reaching the 
utmost limits of generalization by the direct definition of the product and the 
consideration of all ideals. We may learn what are the most general features 
of the extended theory of ideals by assuming the theory of actual and ideal 
integers to be properly established, and deriving from that theory the theory of 
the corresponding, or proper, ideals, so as to obtain the following results : 

{d). If m be the least common multiple of a , 6 , then m shall consist of all 
integers that are common to a, ft. 

(c). If a be divisible by J, then a is contained in ft; and conversely. 

(/). If a' be an actual integer, then shall a'ft be the assemblage of all 
products of a! into the integers of ft, viz. a'ft = a'ft. 

(g). The quotient a/ft shall consist of all integers cf such that c/ft is con- 
tained in a. 

{h). The product aft is the quotient of a'ft by jc, where a' is an integer of 

aandaVa = i::. 

With these suggestions as to the theory of ideals, I have established its exist- 
ence, using the property of T[ 18, and the restriction that all proper ideals shall 
be obtainable from the primary ideals by successive derivations of least common 
multiples and quotients. The theory which we proceed to give rests, however, 
upon a different and possibly more general definition of integer ideals. 



Part III. 

In what follows, the integers referred to are supposed to be those of some 
order that is not specified except in the case of examples. 

1. (Definition.) An Ideal of an order is such an assemblage of integers 
that if a', a" be any two integers of the asseihblage, then a'a + a"y is an integer 
of the assemblage; x, y being any integers of the order. 

Ideab will be represented by old English letters ; thus : a , ft , . . . • The 
corresponding italic letters, supplied with accents or subscripts, will denote 
integers of these ideals; thus : a', a", ai, a,, . . . . are integers of a. 

The ideal which consists of all products of an integer Jc into the integers of 
an ideal a will be denoted by /ca or a^. 

2. (Definition.) An ideal a is divisible by an ideal ft when every integer of 
a is an integer of ft. 
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The symbol © will be used to denote that one ideal is divisible by another, 
just as with integers. This symbol, when used between ideals, is thus equiva- 
lent to the words ** consists of integers of." 

(a). If a© ft and ft© a, then a = ll. 
(6). If a©ft and ll © C, then a© C 
(c). a't©a; 6'a©a. 
{d). If a © ft, then kA © Jcb. 
(e). If fca © A;ft , then a © ft . 

The aggregate of all integers, in the order that we are considering, forms 
the unit ideal, and will be denoted by 0. A primary ideal is one that consists 
of all integers divisible by a given integer of the order. Evidently ko is the 
primary ideal that corresponds to k. 

We shall make use of any integer Aj in a sense that will be equivalent to the 
use of k(f; i. e. h shall be divisible by an ideal when it is an integer of that ideal, 
and h shall be a divisor of an ideal when it is a divisor of every integer of that 
ideal. 

(/). If a © A;, then a = /^ft, where ft is an ideal. 

3. (Definition.) The Least Common Multiple of two or more ideals is the 
assemblage of all their common integers. 

(a). The least common multiple of two or more ideals is an ideal. For if 

m\ m" be common integers of a, ft, .... , 
then m^x -+■ w"y is a common integer of a, ft, ... . Q. e. D. [1 

(i). The least common multiple of two or more ideals is divisible by each 
ideal. 

(c). An ideal that is divisible by each of two or more ideals is divisible by 
their least common multiple. 

4. (Definition.) The Quotient a/ft of an ideal a by an ideal ft consists 
of all integers h such that A;ft © a. 

(Rem.) If a be not divisible by ftf, then a/ft is the same as m/ft where 
m is the least common multiple of a, ft. For, •.• A;ft©a, ft, .". A;ft©m or 
JcQxalh] and conversely, if Td be any integer of m/ft, then •.• fc'ft©m©a 

.-. Id © a/ft .-. m/ft = a/ft. 

The assemblage of such integers h that Ajft © a need not therefore be repre- 
sented by a/ft when a is not divisible by ft, but by m/ft. So far as the 
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present investigation is concerned, the symbol a/b shall have no meaning, and 
will not^)e employed, unless a ©ft. 

(a). The quotient of a by t is an ideal. 

For if c', c" be any two integers of the quotient, 
then •." dV, d'V are integers of a , [4 

.-. dVx + d'Uy or {dx + d'y) 6' © a , or {dx +d'y) b © a . Q. B. D. 

(6). a©a/b. 

For •.• a'b © a .-. a © a/b. Q. e. d. [2c, 4 

(c). If a/b = C, then 6'c © a ; i. c, 6' (a/b) © a. 

{d). li a © b © C , then a/jc © b/c and a/c © a/b . 

For if Jc be any integer of a/C , 
then •/ A:c © a © b .'. Jc © b/c, Q. b. d. [4 

and ••• JcbQkcQVi .". /^ © a/b . Q. e. d. [2d, 4 

(e). A:a/A;b = a/b. 

For let JC = kyi/kh, jft = a/b ; [2e 

then •.• d'b © a .-. cPkh © A;a /. & © Aja/Ajb = C, [4, 2d 

and '/ c/Ajb © Aa /. c'b © a .'. c © a/b = jft, [26 

/. jC = jft. Q. E. D. 

(/). A;aA = a/0=ia. 

(gr). k (vi/k) = a . (Put a = Ab .) [2/ 4/ 

5. (Definition.) The Product ab of two ideals a, b is any ideal Ul, if it 
may be found, such that Hjr/a = b . 

(Rem.) In general there may be more than one product of two ideals, or 
there may be none ; also, ab and ba may diflfer. 

The problem before us is to show that, by considering an order whose inte- 
gers satisfy a given condition, we may determine an aggregate of ideals of that 
order whose products are associative, commutative, unambiguous, and within 
the aggregate. There may perhaps be more than one such aggregate ; but all 
are included within the aggregate of ideals, which are defined as follows : 

6. (Definition.)* A Proper Ideal a is one such that if tA: © a and Xk/yi © t , 
then ft © a. 

* Either of the foUowiog definitions of proper ideals is equivalent to this definition : ^* A Proper 
ideal a is one such that if 10/11= b , then m/b = a." '*A Proper ideal a is one such that it is the 
quotient of a pi-imary ideal a'o by some ideal b .'^ 
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(a). If a be a proper ideal, and if A;t © a and fet/a A, then t © a. 

7. (Theorem.) The least common multiple, tlX, of two or more proper 
ideals, a, ft, . . . . , is a proper ideal. 

For let h be any integer such that Vc © m and Vc/VX © t; 

then \- U' © m © a /. t*/a © Wm © t, [4(2 

/. A;© a. So, fc ® b, .... [a, ll, . . . . proper ideals 

.-. Z* © tn . Q. E. D. 

8. (Theorem.) The quotient, c, of a proper ideal a by an ideal b is a 
proper ideal. 

For let h be any integer such that tkQt and Vc/t © t ; 

then •.• tkQt /. Wh © ft'C © a , [2d, 4c 

.'. ti'Aj/a©tfc/i:©t, [4d, 4e 

.'. 6'A; © a, [a a proper ideal 

.'. JcbQ^ .'. TcQt. Q. E. D. 

9. (Theorem.) If a/t = jC, where |i is a proper ideal, then a/C = ft. 
For let 7c be any integer of a/C; 

then ••• tfc © a © ft .-. Ci/ft © a/ft = C , [4d 

.-. A;©ft or a/jC© ft, [ft a proper ideal 

and •.• 6'x:©a .-. ft©a/C, [4c 

/. a/x: = ft. Q. B. D. 

10. (Cor.) If ft and t be proper ideals, then ftjc = JCft; i. e. every dividend 
for which ft is divisor and jC quotient is a dividend for which jc is divisor and ft 
quotient, and vice versa. 

11. (Theorem.) If (W/a)/ft = JC, where a and ft are proper ideals, then 

(ui/c)/a = ft. 

For •/ w © w/a © t .-. w/t © xor/(xtr/a) = a . [46, 4d, 9 

Hence, let h be any integer of (w/jc)/a; 
then •.• *a©Xtr/C .-. hdViQW r. hd Qw/lX, [4, 2d, 4c 

.-. htQyxf/vi .-. i©(«i/a)/jc=ft, [9 

and '.• 5'c©Xtr/a .'. Va't^VS .'. bWQw/C, [4c, 2d 

.-. 6'a©MJ/c .-. ft©(w/i:)/a, 
•'. (i»/c)/a = ft. Q. E. D. 

12. (Cor.) The existence of a product of two proper ideals, a and ft, 
depends upon the existence of an ideal VO such that Hjr © a and ttjr/a © ft [viz. 
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from (Xtr/a)/b = x: one finds Xtr/C=aft(ll)]; and if w be a proper ideal, then 
the corresponding product, all , is a proper ideal. [8 

13. (Cor.) If a, b and (Xtr/a)/b = JC be proper ideals, then 

w/VL=bt=th, w/ft=ai:=x:a, xor/i:=aft=lia, (w/a)/ft=tir/ali=jc, ; 

i.e. a.bi::=a.x:ft = b.x:a = b.ac==i::.ali = c.ba = ab.jc, 

14. (Cor.) Multiplication among proper ideals is associative and commu- 
tative ; i. e. every ideal that is a product of given proper ideals corresponding to 
one arrangement and association of the factors is also a product corresponding 
to any other arrangement and association of the factors. 

15. (Theorem.) If a/b © a/C, where ft is a proper ideal, then jC © ft. 
Forleta/jC = Mf; 

then ••• (/^©a /. JC©a/Mr, 

and V a©a/ft©iy .-. a/ti©a/(a/ft) = ft, [4d, 9 

/. jc©a/ti©ft. Q. E. D. 

16. (Cor.) If a/ft= a/jC, where ft and jC are proper ideals, then ft = jc. 

17. (Definition.) A System is an order whose integers a, t, c, are such 

that if a^c © 5*, 

however large n may be, then a © 6. [Compare Part II, 18 

The propositions that follow have reference only to integers of a system. 

18. (Lemma.) If At © crt, then kQa. 
For •.' A;t©at /. ktf=:ati; 

so kti = a<2, kt^ = a<3, . . . . , kt^^i = at^, [ti = 1 , 2, 3, . . . . ad inf. 

.'. AY © a", however large n may he; .: kQa. Q. b. d, [17 

19. (Cor.) If feu © at where t © Mr, then kQa. 
For V t©» .-. HGhjQat .'. kQa. 

20. (Cor.) A primary ideal is a proper ideal. 

For let aX> be a primary ideal, and let k be an integer such that tkQa and 
tk/aQt; 

then ••• tk/aQt .: tkQta, [4^ 

.'. kQa. Q. E. D. 

21 . (Theorem.) If a © ft , then ifca/b = k (a/b) . 
For let u = k»/h, V=U/h', 
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then •/ wb'O&aand V aOIJf /. v! Qh, [19 

A (t//A;)b©a /. w'/feOa/ft .'. tt©fc(a/b) = fc», [2e, 2d 
and V t/b©a .-. fe/bOAa /. fcxr©ia/ft = t(, 

/• U = &Mf. Q. B. D. 

22. (Cor.) There exists, corresponding to any two proper ideals a and Ir, 
a proper ideal that is their product. 

For •.• a!llo is a proper ideal divisible by a, 
and •.• a'67a = V (a'/a) 0b, [21, 2c 

/. a'V by {a'b'/n)/b is a proper ideal ab. Q. b. d. [12 

23. (Cor.) If a be a proper ideal, then fca is the proper ideal fco/a . 

24. (Theorem.) If a/jC © b/C, where ft is a proper ideal, then a © ft. 
For let 7e be any integer of 5'a/b; 

then •.• Ajft © 6'a © C and •.• a © C, hQc /. h (ft/jc) © V (a/c) , [21, 4d 

and •.• a/C © Vt .". Jc © 6', i. c VVi/h © 6', [19 

/. a ©ft. Q. B. D. [6a 

26. (Cor.) If a/C = ft/C, where a and ft are proper ideals, then a = ft. 

26. (Recapitulation.) The proper ideals of a system are duplicated by 
multiplication amongst themselves (22); multiplication and division conform to 
the ordinary rules of algebra (14); of the three related elements, product, 
divisor, quotient, any two being given, the other is unambiguously determined 
(4, 25, 16), while a © ft implies that a= ftc, and conversely, wherein a, ft, jC 
are proper ideals. 

27. (Definition.) Two ideals are Relatively Prime when every ideal* that 
is divisible by each is divisible by their product. 

28. (Solution of Problem 2.) If m be the least common multiple of the 
proper ideals a and ft, then m/a and m/ft are relatively prime. 

For let k be any integer divisible by m/a and m/ft , 

then ••• *a, JebGta /. A^aft © ma, mft .-. Aaft/m © a, ft, 

/. A«ft/m © m /.ft © mVaft- «• b. d. 

(Conclusion.) If the primary divisor, actual or ideal, of all integers of an 
integer ideal a, and those only, be denoted by a, then such system of actual and 
ideal integers fulfils the fundamental principle of division. Q. e. d. [II, 16, 9, 10 

* '^ Proper " or ^' primary ideal " may be substituted for the word ^^ ideal " in this definition without 
loss of generality. 
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29. (Theorem.) If ft be a proper ideal and a*c©fc", however large n may 
be, then a© ft. 

For let 67ft = d; 

then •/ a'VOa^cOft^, 

/. (a'dOV©(d'ft)«©6'" A a!dfQV, [17 

.-. a©6Vjft = ft. Q. E. D. 

30. (Oor.) No ideal is divisible by an indefinitely great power of any 
other proper ideal than 0. 

For if jc, =D*jC, ©ft^, however large n may be, 

/. 0©ft .'. ft = 0. Q. B. D. 

31. (Theorem). Any order is a system in which no ideal is divisible by an 
infinite number of ideals, and in which no fractional number a/b satisfies an 
equation a:" + a^x'^'^^ + .... a = 0, whose coeflScients, aj, . • . . a„, are integers 
of the order. 

For let d^c © 6~; i. e., let cx='C{a/h), ax?, . . . .cx^ be integers, however 

large n may be. From the integers ex form the series of ideals {ex, ca*), 

(ex, ex*, cx^), .... (ex, ex*, .... ex*), where, to explain the notation, the first 
ideal consists of all integers of the form cx.'w+ cx*.v, w, r being any integers 
of the order ; then 

•.• the first of the infinite number of ideals so formed is divisible by all the others, 
.'. the series consists of a finite number of different ideals, [^JP- 

.". by taking s large enough we shall have 

(ex, ex*, .... ex*) = (ex, ex*, .... ex*), where <<C«; 
.-. ex' = cxui + ex*M» -|- . . . . cx%j where t/,, . . . . w^ are integers of the order, 

.•. X' — UfiC* — W^^xX*"^ — .... — UiX = 0, 

.•. X is not a fractional number; i, e., aQb. Q. b. d. [hyP- 

32. (Definition.) The Compound of two or more ideals, a, ft, .... is the 
ideal consisting of all products, a'6', . . . , between the integers of the given ideals 
and the sums of those products. 

The compound of a, ft ... . will be denoted by a X ft X . . . , ; the com- 
pound of a, taken n times, by [a]*, 

(a). axftxc = ftxaxi::= =ax(ftxi:) =ftx(axjc)= — ; 

[axft]'•=[a]*x[ft]^ 
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(5). The compound of two or more ideals is divisible by each of the ideals, 
(c). The compound of divisor and quotient is divisible by the dividend ; also, 
the compound of any number of ideals is divisible by any product of those ideals. 
I (d). If a © Ijf and * © B[, then axaE:©bxa[; i^ particular [a]*© [b]". 

(c). If there be any ideal JC such that jC/a = ll, then axb is such an ideal. 

For •.• a X ll © c .*. a X b/a ©c/a = ft , [3 2c, ^d, hyp. 

and V t)(xa©axtr .-. t)(©axb/». [4 

.-. axtr/a = *- Q. B. D. 

(/). The product of two or more proper ideals may be obtained by com- 
pounding them, when such compound b a proper ideal. 

{g). If ft be a proper ideal and [a]"XC©[b]", however large n may be, 
then a ©In. 

Forlet J'/b=d; 

• then V a'V©[a]*XC©[b]*, [hyp. 

.-. (a'<?)V®[d'b]»©6'» .-. a'rf'©6', [32a, 32c, 17 

••• ViQh'/Siz=.\f. Q. B. D. 
CoBNXLL UmvxBSiTT, June, 1889. 



A Theorem respecting the Singularities of Curves of 

Multiple Curvature. 



By Henry B. Fine. 



In a paper which appeared in Vol. VIII, No. 2, of this Journal, I showed 
that any singularity, however complex, possible to an element of a point curve 
of double curvature may be completely defined by three singularity indices, 
Xi, X2, acg. If ^0 ^^ the element and P^ = Jo + -^1' + ^%^ + ^tc. be the Grass- 
mann equation of the curve for its neighborhood, xi is the number of consecutive 
coefficients -4j, Jj, etc., congruent with -4^; x^, the number of consecutive coeffi- 
cients Jk,+«» • • • . linearly derivable from A^ and A, + i; ^3» the number of 

consecutive coefficients J^^ 4. ^^4. 3 linearly derivable from A^, A,+i» -^«,4.k,+s- 

The point P^^ is then distant an infinitesimal of the order »i + 1 from A^, an infini- 
tesimal of the order ;ici + x2+ 2 from A^A^^j^^^ the tangent at Jqt and an infini- 
tesimal of the order aci+;c8+X8+3 from A^^^j^-^^ il,c. + K,+2j the osculating plane at 
^0- In other words, the point A^ of the singularity indices x^^ x^^x^xb stationary 
to the degree x,, a point of contact of the order Xj + ;«, + 1 of the curve with 
its tangent, and a point of contact of the order Xi-^tc^-^- x^-^-l of the curve with 
its osculating plane. 

The singularities of curves of any degree of curvature whatsoever admit 
of similar treatment. Besides the singularities of which Xi, Xj, xj measure 
the degree, and which may be conveniently called singularities of the 1"S 
2* and 3^ class respectively, there will be possible to a curve of (n — I)**'* 
curvature singularities of a 4^**, 5***, . . . . n*^ class also, in consequence of 
the n dimensionality of the space supposed. Let indices X4 . . . . x,» measure 
the degrees of these additional singularities, and xi . . . . x„ will completely 
define the singularity of any curve point Aq. x^ represents the number of consecu- 
tive coefficients A^^j^^^^^^j^^. ... in the Grassmann equation, which are linearly 
derivable from ^o, ^.,+1, ^m + «, + 2» ^k, + .. + ., + 3; and Xj, etc., have analogous 
meanings. 
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A curve of (n — 1)^^* curvature will be touched at every point, not only by 
a definite line and plane, but, when n>*3, by a definite space of 3 dimensions, 
one of 4 dimensions, and so on to one of n — 1 dimensions also ; the tangent Ss 
at any curve point A^, for instance, being the Ss determined by any four curve 
points Pi, P,, Ps, Pi in what is its limiting position when Pi, P^, P,, P^ 
are made, independently of each other, to approach A^. And the point A^ of 
singularity indices tCi . . . . x^^, besides being stationary to the degree Xi, a point 
of contact with the tangent of the order 3«i -h ^ + 1 > ^^^ with the osculating 
plane of the order Xi + x, + xg + 1 1 is a point of contact of the order 
Xi + x^'\-7Cq + X4+I with the osculating S^j etc. 

Again, if the system of osculating planes be taken as the elements of a 
curve of double curvature, one of these may be singular. This singularity, like 
the singularity of a point, is capable of definition by three indices. The first of 
these represents the number of consecutive coeflBcients congruent with the singu- 
lar element in the tangential equation of the curve for its neighborhood, and the 
other two have the same sort of correspondence to x^ and x^. 

In the paper already referred to, it was shown that the singularity indices 
of a plane element of a curve of double curvature corresponding to a point 
element of the singularity indices Xi, tc^j Xg are x^, x^, Xi. I wish now to prove, 
for a curve of any degree of curvature, n — 1, that x^, ^n-i» • • • • ^1 «r6 the 
singularity indices of the osculating S^^i which corresponds to a point of the Angu- 
larity indices Xi, ;iC|, . . . . x^. 

Let the equation P^ = J.o + ^1' + J,<*+ etc., referred hitherto to a system 
of coordinates consisting of any set of n + 1 linearly independent points, be 
transformed to the system E ^ «i, ^, • . . • «n» of which E is A^ and ei, c^, . . . . 6„ 
are imit vectors each at right angles to all the rest and so directed that Ee^ is the 
tangent line to the curve at Jo> ^^\^ the tangent z^,, . . . . Ee^e^ ..•.«»-! the 
tangent S^^i. It will become 

P^ = E-^ (ar» + etc.) 61 + (/3<^ + etc.) e, + etc + (vr- + etc.) e^, 

where * oti = ^ + 1 > 

as = »i + ^+ 2, 



a„= 2x< + n. 

1 

The thing to be especially noticed is that the suflBcient and necessary condi- 
tions of point singularities of the various classes do, when the curve is referred 
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to the sjrstem of coordinatea described, find full expression in oii, a,, .... an, 
the exponents of the lowest powers of t in the coefficients* of Ci, e^, . . . . e^ 
respectively, in this equation; oi — 1 being the index of singularity of class 1, 
Og — ai — 1 the index of singularity of class 2, etc. 

To demonstrate our theorem, therefore, it is only necessary to show that in 
the tangential equation of the curve for the neighborhood of the osculating S^^i 
at A^ the successive exponents corresponding to 0, aj, a»,.etc., are 0, a^ — a^-i, 
a^ — otn -»,..•• otn — «!» a»; since, by a simple retracing of the above reason- 
ing, the index of singularity of class 1 of this osculating /iS»«i(we may call it 6q) 
would then be a^ — a^^i — 1 , i. e. x^ ; of class 2, (a^ — «•-«) — (a» — an-i) — 1 > 
». e. Xn-i . . . . ; finally, of class n, a» — (a^ — ai) — 1 , L e. Xi. 

But the tangential equation of the curve for the neighborhood of e^ is the 

product P*. --= — ^ .-r. — ^ .... —^ ^ , as is easily inferred from the definition 

of a tangent S^^n by getting the limit, as df approaches 0, of the product 
Pt+f^di' Expanding, we have 
^— P, 






dr-» 



any coefficient /^-^XO being the determinant of the coefficients of 

-^» ^l> ^» • • • • ^A-^-l» ^n-i+lJ • 



^nf 



«n in P<, -3]ir, etc. 



As we are concerned only to determine what is the lowest power of t in each 
of these determinants, we write, instead of the elements themselves, the exponent 
of the lowest power of t in each element, and, after a simple reduction, have 
for/n.^)(<). 



o, — ai 




a, — ai . . . 
a, — a,. . . 



• «/-! — Ol 

> • 


0/+! — ai .. 

aj+i— ttg .. 

• • • 


. a„ — tti 

.«« — a« 

. . a» — «» 


• • 










a/+i — a/-i • • 


• ttn «/-! 





■ 














. a, — a, 


• • 







. 





. . a„ — a„_i 



of GuTves of Multiple Gurmture. 



183 



The lowest power of t in /(^_^)(0 is then the smallest of the sums, each of n 
elements, of the above array so taken that no two are in the same row or 
column; and this smallest sum is a^ — o/, as the following considerations show. 

It is indeed necessary only to demonstrate that a^ — aj is the smallest of 
the sums built in the manner described out of the elements of the minor f" ; for 
then a^ — Oj , plus the smallest sum of J , is a^ — o^ , while complete sums which do 
not involve the sums of L ^^^^ involve one of the numbers a„ — ai , a^ — a, , . . . . , 
a^ — o^-if and any of these is itself greater than a„ — o^. For convenience, we 

in the form 



substitute a^h^ c, etc., for o;, o^+i, etc., and write f" 

h — a c — a d — a e — a 

c — h d — h e — b 

d — c € — c 

e—d 















m — a 
m — b 
m — c 
m — d 



m — I 



It is to be noted that any element is less than that following it in the same 
row, greater than that following it in the same column. The least sum in 

b — a c — a d — a 
c—b d—b 

d — c 

is obviously d — a. But from this it follows that the least sum in 



b—a 


c — a 


d — a 


e — a 





c — b 


d — b 


e — b 








d — c 


e — c 











e — d 



is e — a; for e — d + the least sum in the minor of c — d is the least sum in 
which € — d occurs, and e — d + d — a = e — a; e — c-[* the least sum in the 
minor got by striking out the last two rows and columns of the determinant 
is the least in which e — c occurs, since this minor involves lower elements 
than any other that can be constructed out of the first two rows of the determi- 
nant, and e — c + c — a= e — a; and e — b + b — a, the minor got by cancel- 
ing the last three rows and columns of the determinant, is the least in which 
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e — b occurs, and is again e — a. And, by the same method of proof, it follows 
that since the theorem holds for determinants of the orders 1 — 4, it holds for 
one of the order 6, etc. 

The exponent of the lowest power of t in the coeflScient of any term, 

Eei€^ . • . . ej^i.ej^i 6„, is therefore a^ — o;, as was to be proved, that of 

€fy . . . . e^ in particular being a^. Calling Eeie^ . • . . ej^iej^i . . . . e^j ej, we 
have, as the tangential equation of the curve, 
e, = ffo + (a'r-— •-» + etc.) e^ + (/?'r*— • -»+ etc.) e^ + etc., {v't^ + etc.) e^ . 

Pbincbton, August 10th, 1886. 



A Note on Pencils of Conies. 

By Hbnbt Dallas Thompson. 



Let the eight points in which a conic intersects a quartic he divided into tvx) 
groups of four ^ and a conic he passed through each group : the two residual {Jour- 
point) groups lie on a conic. 

Cay ley's Theorem : A curve, y^= 0, is cut by another, ^^=0. The curve 
<Pjf=: (where M=^m + n — (i, with |t£ = 1, 2, 3 . . . . n or m), which passes 

through mn — "o" 0^ — 1)0* — 2) of the points of intersection of /» = and 

^^ = , will also pass through the remaining -^ {(i — l){ii — 2) points, unless 

these determined points be on a curve of the (ji — 3)*^ order.* 

Let n=^m^=z if = /t* = 4 ; then, if a quartic be cut by a quartic, the quartic 
through thirteen of the points of intersection passes through the remaining 
three points. 

Let 4>4 = and *4 = each degenerate into a pair of conies. Then, if 
through a quartic (/) a conic (4>) be passed, and through each of the two four- 
point groups of the points of intersection a conic (4>) be passed, the remaining 
eight points of intersection of the two latter conies (4») with the quartic lie on a 
conic (4>). For, through the remaining four points of the one conic and one of 
the remaining points of the other passes a conic (4>) . This, with the first conic 
(^), wUl pass through thirteen of the points of intersection of /=0 and 4> = 0; 
hence, also, through the remaining three points, unless these three points lie on a 

* Cayley 's Theorem : Cambridge Math. Journal, HI, 211. Cayley overlooked the exceptional case 
mentioned. This case was discussed and completely disposed of by Bacharaoh: ^^ Ueber Schnittpunkt- 
system Algebraischer Curren.'' Inaugural Dissertation, Erlangen, 1881. Also, "Ueber denCayley'- 
sohen Schnittpunktsats." Math. Ann. XZVI, p. 276. 
Vol. IX. 
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straight line (Cy^s); but this is impossible, as these three points lie on a 
conic (^).* 

(If one of the ^'s degenerates into a pair of straight lines, the four points 
of one of the first point-groups cannot be taken except two and two on each 
line. Hence the four points of the corresponding latter point-group must also 
lie two and two on each line, so that the theorem holds where the conies 
degenerate.) 

The following are particular cases : 

If any two conies have each double If any two conies Jiave each double 
contact loith a third conic, then any two contact with a third conic, tJien the eight 
of the pencil of conies through the four tangents, which any two of the pencil of 
points of contact intersect the two tangent conies touching the four tangents of con- 
conies in eight points which lie on a conic, tact have in common with the first pair, 

touch a conic. 

For th& two tangent conies may be taken as the original quartic (/) , and 
the two conies of the pencil are the cutting curve (^), and through eight of 
the points of intersection (four of contact) passes the other conic (4>),t leaving 
the remaining eight points of intersection to lie on a conic (4>). 

Let four tangents be drawn to any conic, and, at the four points of contact, let a 
pair of doubly tangent conies be drawn; then tJie eight points of intersection of these 
tico tangent conies with the tangent lines lie on a conic. 

Talce any four points on a conic {or pair of lines). Let a pair of conies, tangent 
at these four points, be drawn ; then the eigJU intersections of this pair of conies with 
a pair tangent at these four points, grouped differently, lie on a conic. 

If, at each of two pmnts an a conic, a conic be drawn with contact of the third 
order ^ and if a pencil of conies be talcen touching the original conic in both of the 
points, tJien any pair of this pencil will intersect the conies with third order of contact 
in eight points lying on a conic. 

♦This may be proved directly from the Riemann-Roch Theorem, 2=©— iV+r, where g is the 
mobility of point-group, Q number of points in the group» j^=i^ (n — l)(n — 2) , and r is the number 
of linearly independent curves of the (n — 8)th order through the group. In the case under considera- 
tion , N=. 8 , let 3 = and assume r = ; hence © = 8. Ifr=zl,§=z2. 

t It is obvious that the determining conic 4 does actually pass through eight of the points of inter- 
section of /and ^. For, take the pair of conies of the pencil m each through a different four-point 
group on the third conic. The case considered is that when each point of one gproup becomes infinitely 
near to one of the other group. 
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Let any four jpoints on a conic lie two 
and two on a pair of lines, and at the two 
points of intersection of one of these lines 
•let a conic he talcen douhly tangent to the 
original conic, and let another conic he 
taken through the four points; the last two 
conies will intersect again in two points 
coRinear with the point of intersection of 
the tux) lines. 



Take four tangents to any conic. Let a 
conic he taken tangent to the conic at two 
of tJie points of contact of tangent lines ; 
let another conic he taken touching the 
four tangents; the last two conies will 
have two other common tangents which 
are concurrent tmth the join of the point 
of intersection of the two tangents talcen 
and tlie point of intersection of the other 
tico tangent lines. 



For, in the figure, let IH and AF be the two lines taken ; IHE the tan- 
gent conic, and IHAFK the last conic. The tangents at the points / and H to 
the original conic intersect the last conic in Fand T. The two last conies 
intersect in ^and E. Join H and E, H and A, E and K, F and /, jK'and /, 
Fand T. 




Then, by Pascal's Theorem :* 

a). The polygon in the tangent conic being IK, KE, EH, tangent at E, 
HI, tangent at /, the join of L and M, IE and KE are concurrent. 

5). The polygon in the conic lEAFK h^mg VT, TI, IK, KE, EEsmd EV, 
the join of L and M, VT and KE are concurrent. 



■ Vide Cremona : Projective Geometry, Chap. XVI. 
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c). The polygon in the original conic being IF, FA , AH, tangent at H, HI, 
and tangent at /, the join of JVand W, /ffand FA are concurrent. 

d). The polygon in the conic IHAFK being YT, TI, IF, FA, ^fl^and HY, 
the join of JVand W, FT and J.i^are concurrent. 

From a) and h) YT, IHsmd KE are concurrent. From c) and d) YT, IE 
and FA are concurrent. Hence IH, KE and FA are concurrent. 

If, at the two points of intersection of the other line {FJC), a doubly tan- 
gent conic be taken and another conic be passed through the four points, the 
eight points of intersection of the tangent conies with the two of the pencil 
(lying on a conic) lie two and two on four lines concurrent with the two joins 
taken of the original four points. 

Any two of the 'pencil of conies through Any two of a pencil (line) of conies 

four points cut the tangents at these points touching four lines have eight tangents, 

to a third conic of tlie pencil in eight which pass through the four points of 

points, which lie on a conic having the contact of another one of the conies of the 

same Conjugate Triad with the original pencil with the four lines. These eight 

pencil of conies (i. e. the vertices of the lines touch a conic having the same line 

quadrilateral through the four points). Conjugate Triad with the original pencil. 

For if successive pairs of the tangents at the points /, H, A and F (in the 
preceding figure) be taken as the tangent conic, the figure will be symmetrical. 
Hence the join of any two of the eight points which are taken on the same tan- 
gent conic will pass through one of the vertices of the quadrilateral IHAF. 

The eight-point conic can degenerate only when two points from both 
of the cutting conies are coUinear with one of the vertices of the quadrilateral 
through the four points of contact. Hence, 

The conic through the eight points of intersection of the tangents to, with two 
pairs of the joins of, four points on a conic cannot degenerate. 

In this latter case the eight points lie on a conic by the first extension of 
Pascal's theorem. For the four tangents and two pairs of joins form a polygon 
of eight sides in a conic, the tangents being alternate sides. Hence the external 
points of intersection of tangents with joins lie on a conic. 

Pbdjcbton, April 14, 1888. 



Observations on the Generating Functions of the Theory 

of Invariants. 

By Captain P. A. MacMahon, R. A. 



The source of a covariaDt is usually understood to be the literal coeflScient 
of the highest power of a; the continuous performance of a certain operation 
produces the remaining coefficients in succession. 

The coefficient of the highest power of y has an equal claim to be consid- 
ered a source, since the remaining coefficients are . derivable by the similar per- 
formance of another operation. Moreover, if /(oo, ai, a,, . . . .) be the a-source 
of a quantic of order p, then will the corresponding y-source be 

/(fl^p-Oi «p-l» «p-8t )• 

We see that a covariant is a perfectly symmetrical form ; it is thus proper 
to keep both ends of the covariant in view in any investigation of the nature 
of sources ; and, in particular, this is important when laws are being enunciated 
in regard to the number of sources of any specified type. Consider, as usual, a 
quantic of order y, and, in connection therewith, algebraic forms of weight — w, 
degree — i and of extent/ at most; say these forms are of type {w, i,j). We 
may discuss x-sources or y-sources of this type, or we may have regard to inter- 
mediate coefficients, which Sylvester, in the Phil. Mag. for 1878, called diflferen- 
tiants, so many removes from x or y; thus the coefficient of the highest power 
but p of x, in a covariant, would be a diflferentiant, p removes from x, and e—p 
removes from y, where s is the order of the covariant. In seeking the number 
of ar-sources of type (tr, i,y), we have to count the number of partitions of w 
into i parts none greater than j\ and also the number of similar partitions of 
w — 1 ; subtracting the latter number from the former, a number is obtained 
which, if it be positive, is the number of ar-sources of the type in question ; but 
if this difference be negative, it has, as regards x-sources, no interpretation. 
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To each a-source corresponds a y-source which satisfies the partial differ- 
ential equation 

Jhda+U- ^)cd,+ U- 2)dd,+ .... 

If the cc-source be of type (w?, i^j), the connected y-source is of type 

{w+Ji—2w, ij)={ji — w, i,j), 
and there will be intermediate coeflBcients yi — 2w — 1 in number whenever this 
number is non-negative ; these will be of types 

(w;+ 1, i,y), 

(vj+ 2, i,y), 



{ji — w—l, ij), 
respectively. 

Had we, ah initio, sought the number of y-sources of type (yi — Wy i,j)j 
we should have written down the terms of this type, each attached to an arbi- 
trary coeflScient, and, by operation of the y-source annihilator, have obtained a 
set of equations between them in number equal to the number of terms of type 
{ji — 1(? + 1, if j). Assuming the non-existence of syzygies connecting these 
equations, the number of y-sources of the given type would be the difference 
(when positive), [Ji — w] i, j] — {Ji — w + 1 , i, y] , 

wherein [w, t,y] denotes the number of partitions of type {w, i,j)» 

We have, as a known theorem of partitions, 

[wiJI — lw — l, i,j'] = [ji — w, i,j'] — [Ji — w+ 1, i,y], 

from which the conclusion is that no syzygies exist between the foregoing set of 
equations, and that, as a fact, the number of y-sources of type (w — 1 , t ,y) is 
precisely [t^ — 1 , * i y] — [t^; i , y] , 

when this number happens to be positive. 

If [w?— 1, t,y] = [«?, *,y], 

there exists neither an a-source of type 

{wj ijj) 
nor a y-source of type {w — 1 , i, y) • 

There may, however, exist intermediate coeflBcients of either type, since the 
dexter sides of the equations arrived at will, in general, not be zero. 

We are now in a position to give a more complete statement of the Oayley- 
Sylvester theorem under discussion. 
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New Statement op Theorem. 

The number [lo, f , y] — [w — 1 , », y] 

is, when positive, the number of ^-sources of type (w, it J); whilst, when 

[w—1, i,y] — [t^, t,y] 
is positive, it denotes the number of y-sources of type 

{w—1, i,y). 

This is equivalent to saying that the coefficient of x** in the ascending expan- 
sion of 1— x^+\,.,.l — a;-^+* 

is, when positive, the number of sc-sources of type (t£?, i,/); whilst, when in the 
same expansion the coefficient of — x^ is positive, it denotes the number of 
y-sources of type {w — 1 , i, y). 

It is somewhat remarkable that this explanation of the complete expansion 
of the generating function, simple and fundamental as it is, appears to have 
hitherto escaped the notice of writers on the subject 

It will now be clear that we may write 

l—x^ + Kl—x^-^' 1 — 0:-^+* 



' 3/ • X " SC • • • • • X "■"" 



X' 



= 2^(a:^-«^*+^-^). 



A^ being a positive number and denoting the number of x-sources of type 

(^, *',y). 

We may put x = cosh ^ + sinh ^ , 

and then x' + x"' = 2 cosh s^ , 

x'— x"'= 2sinh54>, 
leading to the identity 

sinh ^ (y + 1)4> sinh _ (y + 2)«^ sinh -1 {j + i)^ 

sinh 4> sinh — 4> . . • . sinh ~- i^ 

= ^ ^trflinh^ (yt + 1 — 2u?) 4>; 
or, writing V — li// for 4>, so that 

sinh ^ = V — 1 sin -^/z, 
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we have also 

sin i-(y + 1)^ sin -i- (i + 2).^ . . . . sin i- {j + i)^ 

3 . 1 . 

sin 0^ sin —- a// ... . sin — i^ 
2 2 

= 2^ J[^ sin ^ (yi+ 1 — 2w)'^. 

In a certain sense the left-hand members of these two identities are pure 
generating functions in the theory, since they are omni-positive in development 

A^ may be represented as the coefficient in a Fourier series, its value as a 
definite integral being 

2 /^sin-|-(y+l)t^....sin-l(y + 0^ 1 

tI •'0 . I .1.1 ^ 

sm 1^ . . . . sm — - v^f 

2 
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On the Transformation of Elliptic Functions. 

By Professor Oayley. 



The algebraical theory of the Transformation of Elliptic Functions was 
established by Jacobi in a remarkably simple and elegant form, but it has not 
hitherto been developed with much completeness or success. The cases n = 3 
and n=6 are worked out very completely in the Fundamenta Nova (1829); 
viz., considering the equation 

Mdy _ dx 

^l — f.l—XY~ VI — x^.l — i!?x*' 

(A; = w*, 31 = v*; say this is the Mk^ orMuv-fonn) Jacobi finds in the two cases 
respectively, a modular equation between the fourth roots u, v, say the uv-mod- 
ular equation, and, as rational functions of t^, t;, the value of if and the values 
of the coefficients of the several powers of x in the numerator and denominator 
of the fraction which gives the value of y] but there is no attempt at a like 
development of the general case. I shall have occasion to speak of other 
researches by Jacobi, Brioschi and myself; but I will first mention that my 
original idea in the present memoir was to develop the following mode of treat- 
ment of the theory; 

In place of the MkX-torm, using the pa/^-form 

dy pdx 

VI — 2i9y» + j^~ s/l — 2aa? + a^ 

(I write for greater convenience 2a, 2^ in place of the a of Jacobi and Brioschi 
and the ^.of Brioschi), we can, by expanding each side in a series, integrating 
and reverting the resulting series for y, obtain y in the form 

y=px{i + n,^+n^+ — ), 
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where IIi, n^, Ilg, . . • . denote given functions of p, a, /?. Taking n odd and 
= & + 1 > we assume for y an expression 

^~ 1 + AiX^ + A,^ix^''^ + A^^ ' 

where the last coefficient A, is at once seen to be = p. Comparing with the 
series-value y = px{l + TIi3(? + ll^^+ ....), we have an infinite series of equa- 
tions. The first of these is, in fact, ^4, = p ; the next («—•!) equations give 
linearly Ai, A^, . . . . A^__i in terms of the coefficients 11; that is, of p, a, /9: the 
two which follow serve in effect to determine p, j9 as functions of a: and then, 
p, /? having these values, all the remaining equations will be satisfied identically. 

The process is an eminently practical one, so far as regards the determina- 
tion of the coefficients ^i, -4^, . • . . ^,_i as functions of p, a, ^; it is less so, 
and requires eliminations more or less complicated, as regards the determination 
of the relations between p, a, /3. As to this, it may be remarked that the 
problem is not so much the determination of the equation between p and a (or 
say the pa-multiplier equation, or simply the pa-equation), and of the equation 
between /3, a (or say the a/9-modular equation, or simply the .a/?-equation), as it 
is to determine the complete system of relations between p, a, /3; treating 
these as coordinates, we have what may be called the multiplier-modular-curve, 
or say the MM-curve, and the relations in question are those which determine 
this curve. 

In the absence of special exceptions, it follows from general principles that 
the coefficients ^|, ^s, . . . . ^^.j, qusL rational functions of p, a, /?, must also 
be rational functions of a, /? or of a, p; and I think it may be asaumed that 
this is the case; the method, however, affords but little assistance towards thus 
expressing them. 

In connection with the foregoing theory, I consider the solutions of the 
problem of transformation given by Jacobi's partial differential equation (Suite 
de Notices sur les Fonctions elliptiques: Crelle, t. IV (1829), pp- 185-193), and 
by what I call the Jacobi-Briosclii differential equations. The first and third of 
these were obtained by Jacobi in the memoir, De functionibus ellipticis Commen- 
tatio: Crelle, t. IV (1829), pp. 371-390 (see p. 376); but the second equation, 
which completes the system, was, I believe, first given by Brioschi in the second 
appendix to his translation of my Elliptic Functions : Trattato elementare delle 
Funzioni ellittiche : Milan, 1^80. I had, strangely enough, overlooked the great 
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importance of these equations. I shall have occasion also to refer to results, 
and further develop the theory contained in my memoir, On the Transformation 
of Elliptic Functions: Phil. Trans., t. 163 (1873), pp. 397-456, and the addition 
thereto : Phil. Trans., t. 188 (1878), pp. 419-424. , 

I remark that while I have only worked out the formulsB for the cafies n= 3 
and w = 5 , and a few formulsB for the case n = 7 , the memoir is intended to be 
a contribution to the general theory of the pa/?-transformation ; I hope to be 
able to complete the theory for the case n = 7 . 

Comparison of the Mkk' and fKifi-Forms. The ModtHar and Multipliei* Equations. 

ArUNos. 1 to 12. 

1. The equation 

Mdy dx 



VI — yM — /y VI — xM— ife»x«' 

if we write therein js^ cc y ^ 

^~V*' ~^' ^~V^' ~"^' 
becomes Jfdy dx ^ 

«vr^*H^v+V~ ^Vi— («*+0«*H-^* '. 

viz., this is dy 



Vl — 2y3y2 + y* VI — 2a»«+iB*' 

2. We have a t*i?-modular equation, and, as shown in my Transformation 
Memoir, p. 450, this may be converted into a w^t;*-modular equation ; in particu- 
lar, n = 3, the equation is 

y* + 6x*y»H- a;*— 4a:y (4x»2^— 3x*— 3y*H- 4) = 0, 

where x, y denote u\ t;* respectively; say the equation is 

F{x, y), = x'+x'{- 16y» + 12y) + a? (6^) + ^(12^- 16y) + y^ = 0. 

From the equation F{x, y) = 0, we derive 

x-'F(x, y) . x-^F{x, y^) = j 
say this is 

{Aa?+ Bx + C7H- 2?a:-i+ Ex-^){A!;^ -{- Bx + C7' + Dx-'^+E'x'^) = 0, 
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viz., the equation is 

AA'a^+ {AB'+A'B)a?. . . . + EE'x-^=0, 

where, by reason of the S3nnmetry of ^(a?, y), the coefficients AA', EE' of 
x\ »"*, those of a*, aJ"^ etc., have equal values; the form thus is 

where »*+ x"*, V + a?"', a^+aJ~^ are given functions of x + »"S = 2a; viz., 
we have x +a;-*=: 2a, 

a»+aj-*= 4a*— 2, 

a» + x""^= 8a'— 6a, 

aJ* + «-* = 16a*— 16a* + 2, 

and the coefficients J^, S^ • • • • are in like manner expressible as functions of 
y + y-\ = 2(i] thus we have |^ = 1 , g = -45^ + -4'£ 

= - 16(2^+ y-') + 12(y + y-i), = - 16 (8/?»- 6/?) + 12. 2/?; 

or, finally, g = — 128^ +120^; and so for the other coefficients. The numer- 
ical coefficients contain, all of them, the factor 16; and, throwing this out, we 
obtain (n = 3) the a/9-modular equation in the form 





o* 


o» 


o» 


a 


1 


p* 










+ 1 


p* 




- M 




+ 60 




p* 






-186 




+ 192 


p 




H- 60 




- 64 




1 


. + 1 




+ 192 




-IW 



= 0, 



-hi —4 H-6 —4 4-1 



where observe that the form is symmetrical as regards a, /?; and, further, that 
the sums of the numerical coefficients in the lines or columns are the binomial 
coefficients 1, — 4, +6, — 4, +1. Observe, further, that the sums in the 
direction of the sinister diagonal are — 64, — 64, + 320, — 192; viz., dividing 
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by — 64, it thus appears that, writing ^ = a , the equation becomes 

a« + a* — 6a»+3=0; 

that is, (a*— l)»(a« + 3) = 0. 

Again, writing j3 = — a, then dividing by 16, the equation becomes 

4a«— 19a*+ 28a*— 12 = 0; 
that is, {4a*— 3)(a»— 2)» = 0. 

3. So also, n = 6 , we have the uS>^modular equation in the form 
X* + 655a;V + 666ii?y* + 2/*— 640a!»y»— 640xy 
+ xy{— 266 + 320a5»+ 320/— 70a!*— 660a5»/- 
+ 320a!*y»+ 320a^y*— 256aV) 

and in precisely the same manner we obtain the a/9-modular equation; viz. 
(casting out a factor 64), this is 

/8» /S» /J* /?» P* ' fi 1 



•-70/t=0; 















+ 1 




— 4096 




+ 6400 




- 2810 








-f 69120 




-172786 




+108680 




+ 6400 




-188140 




+126720 








-172785 




+276480 




-108680 




-2810 




+126720 




-124416 




+ 1 




+108680 




-108680 







= 0, 



+ 1 —6 +16 —20 +16 —6 +1 

where the form is symmetrical as regards a, ^; the sums of the numerical 
coefficients in the lines or columns are 1, — 6, +.15, — 20, +15, — 6, +1. 
The sums in the direction of the sinister diagonal all divide by — 4096 ; viz., 
throwing out this factor, we have for ^ = a the equation 

a}o_ 20a«+ 118a«— 180a*+ 81a* = 0; 
that is, a* (a* — l)*(a» — 9)» = . 

If ^= — a, the coefficients divide by 64; and throwing out this factor, the 
equation is 64a'^+ 880a«— 3247a« + 3600a*— 1296a» = 0; 

that is, a*(a*+ 16a*— 16)(8a»— 9)*= 0. 
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4. We have a Ifu-multiplier equation of the form J^(^ i 2tt*— 1 j = (see 
Memoir, pp. 420-422), but we cannot, by the preceding formulaB, deduce thence 
a pa-multiplier equation j in fact, writing therein "ij = -£ > *^® resulting equa* 

tion is fC-^^ 1 — 2t^M = 0, which is a po-multiplier equation only on the 

assumption that 1 — 2^A^ w* and t;* are therein regarded as given functions of a. 
But it is very remarkable that the pa-equation in fact is ^(p, a) = . To prove 
this, assume that the equation 

d^ pdx 

Vl— 2/9s/«+'P'" Vr^2aa?+a^ 
has a pa-multiplier equation ^^(p, a) = . Starting from the equation 

ifdy ^c 

we may, by effecting on each side a quadric transformation, convert this into 
d^ M'^dx 

Vl — 2{2t^— l)y« + y* ~ Vl — 2(2u«— l)a;^ + .T* ' 

and this being so, we have, between M"^ and 2w' — 1 , the relation 

or, conversely, if this be the form of the Jfu-multiplier equation, then the 
pa-multiplier equation is F{f, a) = . 

5. The quadric transformations are 



We have then only to show that 

dz dx 



VI — 2(2w«— l)a?+:i?* Vl — xM — Jfc'x'* ' 

for then, in like manner, 

dy ^ 

and we pass from the assumed differential relation between x, y to the above- 
mentioned differential equation between x, y. 
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6* For the quadrie transformation between ar, x, write 

0^=Jc — i1(l,^^ = k + iV 
r whence also B = , »^ J, and therefore 

e* + d-* = 2Jfe, e + 0-^ = 2A:»— 2A^= 2 (2P— 1), = 2 (2m«— 1) j 
we have 

and similarly, 

Consequently, 

(l-0x»)(l-(^V) = l-2(2«»-l)a?+!e«= ^;(iii^ (1 -24»x«+A?x7; 

or say Vl — 2(2t*»— !)«»+ x* = ,«n^jfa») (1 — 2A^+&»x*). 

Moreover, dx = x'Cl-x^a-ifa')! (1-2^^*+^^*). 

and thence the required equation 

dx dx 

this completes the proof. 

7. Thus, referring to the Jf^-equations given in the place referred to, we 
obtain the following pa-multiplier equations : 

n = 3 , p* — 6p'— 8ap — 3 = . 

This may be written in the forms 

8ap =p*— 6p* — 3, 

8(a+l)p = (p-l)«(p + 3), 
8(a-l)p = (p+l)»(p-3). 

n= 5, p«— 10p5+ 35p*— 60p«+ 55p»H- (38 — 64a*) p + 5 = 0. 
This may be written in the two forms 

64a*p = (p» — 4p — l)«(p« — 2p + 5) and 

64(a»-l)p=(p-l)^(p-5). 
w= 7, p«— 28p*— 112ap^— 210p*— 224ap« + (— 1484 + 1344a»)p* 

+ (—560a + 512a^) p + 7 = 0. 
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8. The relation between p and ^, or say the p/9-multiplier equation, may be 
obtained by a known property of elliptic functions ; viz., writing per = =b n 
(sign is — for n = 3, n = 7, or generally for any prime value 4/> + 3, and 
it is + for n = 5 and generally for any prime value =4/>+l), then we 

have between a, ^ the same relation as between p, a. Thus, n= 3, 0*= , 

for p, a writing <r, ^, the equation is a* — 6<t* — S^tr — 3 = 0; or, as this may 

be .written, p* + %^f + 1 8p* — 27 = ; 

and so for the other cases; but it is perhaps more convenient to retain the a; 

thus, n = 5 Tcr = — J, we have 

a«— 10(T»+ 35o4 — 60(T«+ 56<T*+ (38 — 64/3^) <T + 5 = 0. 

9. We are hence able to express ^ as a rational function of p, a. We, in 
fact, have 

8a=-^(p«— 4p — l)Vp»— 2p+5, 8/? = — ;~;(<y'— 4<r— iVo*— 2(T + 5 

(the signs must be opposite), and then for a, substituting its value = ^&i^<l 

observing that a* — 2(r + 6 is thus = -^ (p*— 2p + 5), we find 

^ _ /p»+20p — 25 

which is the required formula. 

Observe that for p = <t =\/6 , the formulsd with the sign — , as above, give 
/3 = — a, whereas with the sign + they would have given /3 = a. For the 

value in question, p =\/5, the equation 64a* = — (p* — 4p — l)*(p* — 2p + 5), 
gives 64a* = -^ 16(1 — V5)*(10 — 2V5); 

that is, a*= -^^(3— V5)(5— V5), =(3— V5)(V5— 1); that is, a»= — 8H-4V5, 

or a* + 16a* — 16 = 0; it appears, ante No. 3, that this value belongs to the case 
^ = — a and not to ^ = a. 

10. But there is another way of arriving at a formula containing /3. Start- 
ing from Jacobi's equation 
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and introducing for X, k', k, Jtf, if their values in terms of t^, v, we have 

n^_ ^{l-rfi)Mu dv _ p^ v*{l-,?) ^ 

uy ""«*(! —«»)i^de' *°*^*^' du'~ n ««(1— «?)' 

but, from the values of a, /9, we find 

<fg _ i?»(l~tt») dfi 
du ~ «•(!—«») da ' 
and, combining these results, 

da ~ n x^ •(l_ti«')»' — „ («♦_„-«)»' 

that is, ^ — J^ yS*— 1 

do n o* — 1 ' 
We have, consequently,' 

d^ _ f^da 
^— 1 — n(o'— 1) ' 
and therefore 



2 ^^6^+1— nJ a«— r 



where p* must be regarded as a function of a, or a of p; and from the form of 
the equation it appears that the integral must be expressible as the logarithm 
of an algebraic function of p, a. 
11. Thus, n= 3, we have 



3 



8a = p'— 6p ~ J 



— ■ '^ vi/ 

p 

whence ^ ^ o» uj^^ ^/» i\» 

and thence easily 

that is, ^— 1 _ (p—SJV + l) 

^+l~(/» + 3)»Go-l)' 

as may be at once verified. 

12. In the case n = 6, I verify the equation under the form 

d^ _ p^ da 
^—\~ 6 'o*— 1" 

YOL. IX. 



202 Cayley : On the Transformation of Elliptic Ftmctions. 

Prom the equations 

64 (a*— 1) = — (p — Ifip — 5) , and 8a = ^ (p*— 4p — l)Vp»+2p — 6 
we have 



128«d« _ 6(^-4/>-l)dp 2^ 5d^_ 

„»_1 - /,(/,_i)(/,_5) '^^'^^^^^^^a'-l-C^-lX/^-SV/^CP^ 



•2/»+5) 

Similarly, observing the - sign of 8^ , ■^= ia-l)ia-'5)^^-2a^Y) ' 
whence, substituting for a its value = — , we have 

16d/9 ^ _ f^ 16da 



{?- 1 ~ (/>- l){p - 5) s/p (p^- 2.0 + 5) ' 5 -a'-l' 
which is right. 



Connection of the Mk'k- and ^a^- Theories. Order of Modular Eqitation. 

Art Nos. 13 to 18. 

13. In the Transformation Memoir, starting from the equation 

1 — y_ 1— x/P— (gxy 



1+y 



l + xVP+gxr 



I sought to determine the coeflScients of P, Q by the consideration that the 
relation between x, y remains unaltered when x, y are changed into t—, y- 

respectively. This comes to saying that when for x, y we write — ^ , -^ 

respectively, the relation between a;, i/ presents itself in the form 

x{Ag'\- Ag^ix^. • • • + -^0-''^) 

^~ Ao+A^^x? + A^ 

r« = ~ (w — 1) , as before J . For instance, (n = 7) , P = a + yx*, § = /? + 5x*. 

X V 

If, solving for y , we then for x, y write — |- , -^ , we find 
_ v'u-'x\{a' + 2a/9) -K2ar + ^ + 2ag + 2;9r)a!»«-^ + (r* + 2^93 + 2r«^) »*«"'+ ^a^tt-"} . 

and comparing this with 



Oayley : On the Transformation of Elliptic Functions. 203 

we have for each of the coefiBcients A two difierent expressions, and equating 
these and making a slight change of form, we obtain the relations between 
u, Vf a, fij yj S used in the Memoir. Thus, 

^=a*=f;»w-^*3«, ^i = t;»w-^^(y*+ 2/?5 + 2yS) = vr\2ay + fP+ 2a/?), etc.; 

in the Memoir, ^(= u^) is used instead of w, and £l{= v^w"*) instead of v, and 
the equations thus are 

Jt?a^ = £lb\ 
&(2ay + 2a/? + /?») = fl(/+ 2y5 + 2(36), 
y*+ 2/?y + 2a5 + 2^S = nA;(2ay + 2/3y + 2a5 + ^3*), 
y+2y5 = flA^(a*+2a|i); 

viz., these are the equations p. 403. The idea in the present Memoir is that of 
considering the coefficients A in the stead of a ,/?,... . 

14. We have here, and in general for any odd value of n, equations of the 
form 

y^i, J • . . . , 



U' 



where CT, F, . • . . , U'j F', . . . . are quadric functions of the coefficients a, /?, y, , 

and these equations serve to establish between £1 and k a relation called the 
XlA;-modular equation, and which is in regard to £1 of the same degree as the 
t£tvmodular equation is in regard to v. Leaving out the equation (A=), we 



have 



U, 7, TT,. 

IT', F, TF', • 



= 0; 



and to each system of values of a, ^, y, 3 .... (or say of their ratios) given by 
these equations, there corresponds a single value of fl; the number of values of 
fl, or degree in fl, of the AA;-equation is thus found as = (n + 1) 2^^*"'^ This 
is far too high ; forn= 3, 5, 7, . . . . the degrees are 4, 12, 32, . . . . ; those of 
the proper AA^-equations are 4, 6, 8, ... . 

16. I showed, or endeavored to show, that in the case n = 6, the extra- 
neous factor was (ft — 1)*, (fl — 1 = 0, the fU^modular equation belonging to 
n = 1 , for which the transformation is the trivial one y = a;) , and that in the 
case n = 7, the extraneous factor was |(fl, 1)*}*, ((fl, 1)*= 0, the ftA;-modular 
equation for the case n= 3); generally the extraneous factors seem to depend 
on the fW;-functions for the values n — 4, n — 8, etc. The ground for this is 
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that in the assumed formula for any given value n, we may take P, Q to con- 
tain a common factor 1 ± ^x* ^observe that to a factor prhs this is unaltered by 

the change x into -7— , viz. it becomes t-^ (1 i A;x*), a condition which is neces- 
sary j, and we thereby reduce the equation to 

1— y _ 1^^ / F- ^x Y 

in which equation the degrees of the numerator and denominator are each 
diminished by 4, and the equation thus belongs to the value n — 4. 

16. I remark here that in the case of n an odd prime, the degree of the 
modular equation is = n + 1 ; but for any other odd value the degree is 

&{n)f =nfl H Vl + -r-j. . . . , where a, 6, ... . are all the imequal prime 

factors of w; thus, n = a*, the degree is a^'fl-i \ =a*'"\a+l). In the 

case of a number w = ahc . . . . , without any square factor, the degree is 

abc (1 +-^)(l +xX^ "^"t) , = (a+l)(6 + l)(c+l)....,thesum 

of the factors of n. We have 

^{n) = coeff. of" in X^{x^), 

x(l + a?) 
where 4>a5 = x + 3a^ + 5a^ +...., = .^ _^xa > 

and the summation extends to all odd values of N having no square factor ; thus, 

^{x) =x + Za?+6uf+7x^+ 9x^H- lla^^+ 13a;^«+ 15x" 

4>(x») = lx> +37? + 5a;^ 

^{a?) =1 \7? + 3x« 

^{^)= lo^^ 



2<^(a:^) = a;+ 4a^+6«^+8«'+ 12aj*H-12x"+ 14x^»+ 24a:^, . 
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17- Supposing that the reduction is completely accounted for as above, then, 
to obtain the numerical relations, the numbers 1, 4, 12, 32, .... (71 + 1)2^^*""'^ 
have to be expressed linearly in terms of 1 , 4 , 6 , 8 .... a' (w) , viz. {n + 1)2*^*"'^ 
as a linear function of (^{n), &{n — 4), &{!% — 8), . * . . , and we have 

1=1, 
4=4, 
12= 6 + 6.1, 
32= 8 + 6.4, 
80= 12+ 6.6 +32.1, 
192=12 + 6.8 +33.4, 
448 = 14 + 6.12 + 33.6 +164.1, 
1024=24 + 6.12 + 33,8 +166.4, 
2304=18 + 6.14 + 33.12+166.6 +810.1, 
5120=20 + 6.24 + 33.12+166.8 +817.4, 
11264 = 32 + 6.18 + 33.14 + 166.12 + 817.6 + 3768.1, 
24576 = 24 + 6.20 + 32.24 + 166.12 + 817.8 + 3778.1, 



but it is of course very doubtful whether these relations have any value in 
regard to the present theory. 

18. In the same way that, by assuming a common factor, 1 + kx^^ in the 
values of -P, §, we pass from the case n to the case n — 4, so, by assuming a 
common factor, 1 + a^, in the numerator and denominator of the expression for 
y in terms of x and the coefficients B^ we pass from the case n to the case 
n — 2. Contrariwise, in the solutions given by the Jacobi-Brioschi differential 
equations and by the Jacobi partial differential equation, the solution for a 
given value of n does not thus contain the solution for an inferior value of n ; 
see post Nos. 36 and 43 . 

I pass now to the theory before referred to. 

The Development y = pa;(l + Hia^ + U^^ +....). Art. Nos. 19 and 20. 

19. Starting from the equation 

dy pdx 
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and writing for shortness 



(viz., save as to the exterior factors -s-, -=-,.•.., Bi, Bf^ . . . . are the Legen- 

drian functions of a, and /Si, /Si, ... . the Legendrian functions of ^), we have 

dy(l + 3S^+5S^+ ) = pda;(l + 3i2ia?+ 6i2,aj*+ ), 

whence integrating, so that y may vanish with x, we have 

y + S^+ Si!^+ . . . . = p(a; + i2ix» + i2^^+ ....), 
say this is = i^. 

20. We then have y = u — fy where /y = S^t^ + /SJiy* +..••, and thence, 
expanding by Lagrange's theorem, 

we have /u=zSy+S»u^-{-S,u'+SiU' + , 

and thence /»« = Slu* + 2SiS,ti^ + {^SA + iSj) w". .... 

consequently, 

+ M» (— iS^ + IOS1S3 + 5/S? — 65S!S, + 555/) , 
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and writing herein 

u =p]» + Ritif+ R^ -\- R^^+ RiO? f, 

t«» = p»|a;»+ 3i2x!r*+ (312,4- 3i?)x'+(3i2,+ 6i2iJ2, + i?f)»» }, 

«» = p*{sB»+ bRix^ + ipRi + 10i?})a» } , 

v? = /\x^+lR^^ }, 

w» = p»{a»+....}, 

we have the required series 

where the values of the coeflScients are 

n, = 12, + (— i^) 3i2,p» + (- A^ + 3iS?)p«, 

n,= i2,-|-(-;Si)(3i2,+ 3i^)p» + (— ^ + 3/^)6J2|p* + (-/Si + 8^i^-12/y/)p«, 

n* = i24 + (- /S',)(3/2, + 6i2ii2, -h i^) p» + (^ ^,+ 3A^)(6i2, + 10i5)p* 

+ (- -Si-h %S^Si— 12SI) 1Riif*+ (- «.+ lOSiSt+ 6Si—55S!S,+55S})p', 

and so on as far as we please. 

The Cubic Trana/ormcUion, n = 3. Art. Nos. 21 to 28. 
21. We have here 

whence, developing the left-hand side and equating coefficients, 

pni =— p*+i, pn, = p«— p, pnj= — p*-i-p* 

It will be convenient to write 

0, = pni+p»-l, = _^p» + p»4.i2xp_i, 

0,= n,-p»-Hl, =i-St +SS})p*-iSR,8i+l)^+R,+ l, 

0,= n, + p»- p, =i-St + sSiSt - i2S!)p* 

+ (-5i2i^-|-1522,.<?/)p* 

+ p' 

-|-(-3i2,^i-3i?^)p» 

-P 
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where observe the difference of form in the function ©i, and in the subsequent 
functions ©s, @8i - • • • I^ these last a factor p is thrown out 

22. The two equations 0^ = and 0| = serve to determine p, fi in terms 
of a ; the subsequent equations ©g = 0, 64 = 0, . . . . will then be, all of them, 
satisfied identically. This implies that ©3, ©4, ... . are each of them a linear 
function of ©1, ©,. The h posteriori verification and determination of the factors 
is by no means easy ; I have effected it only for ©3 ; we have 

7©, = (p»— 3/Sip*- 2p + 27iJi) ©1+ (- /Sip»- lOp + 26i20 ©n 

or, at full length, 

+ (— 5i2i/Si + 16BiSi) p^ 

-P 

= (p'-3V- 2p + 27/20( -V+P*+-^P-1) 

in verifying which we must, of course, take account of the relations between 
the expressions B and those between the expressions S] we have 

a = 3Bi and thence IOjB, = 27i2J — 1 , 14JB8 = 1355J — dB^] 
similarly, 

105^ = 27/^1*—!, 14ASi= 135/8?— 9/Sl. 

Equating the coefficients of p*, we have 

— lSs+ 56SiS^— S4SI — — Si+ S,Si— SS!] 

viz., multiplying by 2, this is 

— 14/Si+ 110/Si/S;— 162S! + 2/Si = 0; 
or, finally, it is 

(— 1S5/S? + 9Si) + (297/S? — llSi) — 162S! + 2/Si = , 

an identity, as it should be. The identity of the coefficients of p^ p*, p', p*, p, 1 
may be verified in like manner. 

23. Considering a as known, the values of p and /? are determined by the 
foregoing equations ©1 = , ©, = ; that is, 

-ASip« + p'+i2,p-l=0, 
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(where, of course, the jB^s and S^a are regarded as given functions of a and /3 
respectively). 

It is to be observed that the equations are satisfied by p*= 1, a = /?; viz., 

we have the transformation y = ^ ^ ; that is, y = ± a; , which is the 

transformation of the first order, n =' 1 . The two equations represent surfaces 
of the orders 4 and 6 respectively, and they have thus a complete intersection 
of the order 24. As part of this, we have, as just shown, each of the two lines 
(p = 1 , a =|3) and (p = — 1 , a = ^) ; but there is a more considerable reduction 
of order to be accounted for, the proper MM-curve being, as will appear, a 
unicursal curve of the order = 6 . 

24. Multiplying the second equation by lOp*, and for lOE^, lO/Si, writing 
their values 27iZJ — 1 and 27/8? — 1 respectively, we have 

(3/Si*+ l)p^—{S0R,S,+ 10)p^+ (27iJ!f + 9)p« = 0; 

and if herein we substitute for /SJp' its value from the first equation, =:p*+-Bip — 1 7 
we have 

3 (p« + i2ip - 1)'+ p*- 30i?ip (p«+ B,p — 1) - lOp* + (27iJ!! + 9) p» = ; 

that is, p« — 7p* — 24A\p» + 3p* + 24i2ip + 3 = 0; 

viz., this is (p* — l)(p* — 6p* — 24^ip — 3) = , 

containing, as it ought to do, the factor p* — 1 . Throwing this out, and repeat- 
ing the first equation, we have 

-S,f'+ p«+ iiJip-l = 0, 
p4 _ 6p«_ 24/?ip —3 = 0, 

which two equations may be replaced by 

p*— 24iSip« + 18p« — 27 = 0, 

p* _ 6p* — 24i2ip— 3 = 0, 

which are the p/3- and pa-equations respectively. Recollecting that Ri and Si 

1 1 

denote — a and—/?, they agree with the results obtained in No. 7. The 

a/?-modular equation is obtained by the elimination of p from these two equa- 
tions, and may be at once written down in the form, Det. = 0, where the 
determinant is of the order 8, but contains Si and Ri, that is, ^ and a, each 
of them, in the fourth order only : the form is thus the same with that of the 
a/?-equation obtained in No. 2 ; but the identification would be a work of some 
labor. 

VOL. IX. 
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26. The equations may be written 

24/^p» = p*+ 18p*— 27, 
24i?ip = p*— 6p»— 3, 

and, treating Ri^ S^ ^ 9i& coordinates, it hence appears that the MM-curve.is 
(as mentioned above) a unicursal curve of the order 6 ; in fact^ we have Ri^ Si, 
each of them given as a rational function of p ; and cutting the curve by an 
arbitrary plane ARi + BSi + Ojp + 2) = , the substitution of the values of 
i^i, Si'in this equation gives for p an equation of the order 6 . 

26. The same conclusion may be obtained from the foregoing system of a 
cubic and a quartic equation in p. Considering ^i, Si, p as coordinates, they 
represent, each of them, a surface of the order 4, and the complete intersection 
is of the order 1 6 ; but this is made up of a line in the plane infinity counting 
10 times, and of the MM-curve, which is thus of the order 16 — 10, = 6. In 
fact, introducing, for homogeneity, a fourth co-ordinate 0, the two equations are 

— S,f+ p'e»+ i2ipe»- e* = o, 
p4 _ 6p«e» — 24i2ipe* — 30* = , 

and the line p= 0, 0= is thus a triple line on each of these surfaces; viz., 
cutting them by an arbitrary plane, we have for the first surface an ordinary 
triple point, as shown by the continuous lines of the annexed figure, and for the 
second surface a triple point = cusp + two nodes, as shown by the dotted lines . 
of the figure. There is, moreover, as shown in the figure, a contact of two 
branches, and the number of intersections is thus = 10 . 



3 

27. If we assume pa = — 3, that is, p = , and substitute this value in 

the equation for Si, the two equations become 

24aSi(T = (T*— 6(T»— 3, 
24i?jp=p*— 6p» — 3; 

viz., /3 is the same function of o(:= j which a is of p. This accords with 
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the theorem in Elliptic Functions that a combination of two transformations 
leads to a multiplication. 
28. We have 

24(i2i+-l)p = p^-6p»+8p-3,=(p-l)«(p + 3); 
or, what is the same thing, 

24(i2,+ 4") = (P- 1)V + ^ + 2); 
and, in like manner, 

24(A--^)p = p^-6p»-8p — 3,=(p+l)»(p-3); 

and, consequently, 

24(i?i--|-) = (p+l)».(p + <r-2), 

with the like equations between Si, a, p. It will be recollected that 

■^ = T"' = !("' + -?)! 
"-- 24(j2.=ti-) = 4(^+i,±2),=4(,.-^y. 

The formulae just obtained are useful for obtaining the ut?-modular equation from 
the foregoing equations ; or say 

4 (»* + -^) (T = (T*— 6a» — 3 , 
where pa= — 3, and we have to eliminate p and a; the elimination gives 

tr* n' 2 
-^ r + 2vu = : that is, v* + 2t?V— 2vu — %i^ = 0. . 



uv 



The Quvntic Transformation^ «= 5. Art. Nos. 29 to 32. 
29. We have here 
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and multiplying by 1 + A^t? + px*, wb obtain an infinite series of equations, the 
first three of which are 

i = pn8 + ^ipni, 

o = pn8+ Apn^+p^ni, 



The first of these gives 

A- P^i -®L=Z±1 

'~=M^'~ -/> + ! ' 

and the other two equations then determine the MM-curve. These being satis- 
fied, the remaining equations will be satisfied identically. It is proper to intro- 
duce into the equations ©i, Gj, ©s instead of IIi, 11,, Ila. We have first 

viz., this is 

p(p-l)(0, + p»-l)-(0.-p«+l)» + (p»-l)(p-l) = O; 

or, finally, this is 

p(p- 1)0,-0?+ 20i(p»-l) = O. 
Secondly, we have 



that is, 



o = n,+;^£t + pn,=o; 



6, - f ■ + ,, + (®!niitUa+/=i) + e. _ ^ + 1 = , 

viz., this is 

(08 + 01- p'-p*+p+l)(-p+l) + (0,-p*+l)(0, + p»-l) = O; 

or, finally, it is 

©8(-p+l) + 0i0, + 0i(p»-p)-0,(p*-l) = O. 

30. We have thus the two equations 

(p'-p)e,-0! + 20i(p*-i)=o, 

03(-p+l) + 0,0,+ ©i(p*-p)-0,(p»-l) = O; 

and recollecting that ©s is of the form Z0i + JIf©,, we see that each of these 
equations is satisfied if only ©^ = 0, ©,= (the formulae belonging to the cubic 
transformation). This ought to be the case, for we can, by writing ^i = p + 1 , 
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reduce the expression ^^^ a^oT * *^ ^^^ ^*^^^ \jil J ' ^^^^ belongs to the 
cubic transformation (see ante No. 17). The equations may be written 

p0,= -(2p+2)e,+ ^, 

p0,= (3p' + 4p + 2)e,-(3p + 3)^ + ^^. 

31. The investigation may be presented in a slightly different form by 
introducing the functions at an earlier stage ; viz., writing pni = 0i — p*+ 1, 
pll, = p0jj + p' — p ,...., we have 

= f^ + 0ia^ + f>0,»*+pe,x»+ .... 

Transposing, reducing, and dividing by of, we have 
(l-a^)|>;»-14.^, (-p-H)] 

— (r+T^xr+X^+^r" -0x+p0.a^+p0»* +•..-, 

whence clearly p*— l + .4i(— p+l) = 0j, giving for ^j the before-mentioned 
value ; and we then have 

• l+Aa^ + K=l + (p + l)a^ + px*-^. = (l+«»)(l+p:t?)-^j. 
The equation thus becomes 

('~'^^' — B-3- r = e,+ fe,ii?+fe»t'+ 

and expanding the left-hand side, first in the form 

(1— a^)0i [l — a?)x^x , (1— g^)a^ . 

and then each of these terms separately in powers of x^, and comparing with 
01 + p0,a:* + p08a5* +••••! we have the two equations in the last-mentioned 
form, and an infinite series of other equations, which will be satisfied identically. 

32. The successive coefficients might be called 4>,, 4>3, . . . . ; say 

*» = (p'-p)02-^H-2(p»-i)0i, 

a>3=(-p + l)0s+©A+(p»-p)0i-(p^-l)0„ 

and similarly for 4>4, .... , and it would then be proper to show h posteriori that 
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each of the equations 4>4 = , <t>5 = , . . . • is satisfied identically in virtue of 
the two equations ^t)^ = 0, ^^ = 0^ or, what is the same thing, that the functions 
*4» *6» • • • • ^r® ®o,ch of them a linear function (with coefficients which are 
functions of p) of the two functions <t>2 and <1>3. I do not attempt to do this, nor 
even to discuss the MM-curve by means of the equations <l>jj = , <t)3 = ; but I 
will obtain equivalent results, and complete the solution by means of the Jacobi- 
Brioschi equations, in effect reproducing the investigation contained in the third 
appendix of the Punzioni BUittiche. 

The General Transformaiicn, w = 25 + 1 . ^rL No. 33 . 

33. The equation here is 

i+^a^H-.... -p(i+n,x*H-....). 

The general theory is suflSciently illustrated by the preceding particular cases, 
and I wish at present only to notice the equation obtained by comparing the 
coeflScients of t?] viz., this is ^,_i — p-4.i = pni, or, substituting for IIx its value, 

A-i — p^i = -3- (ap — Pf) . 

The Jacobi'Brioschi Equations. Art. Nos. M to 42. 

34. These were obtained for the diflFerential equation 

d^ dy 



\^a'x*+Va? + (^a? + d'x + ^ ^/aj/' + by'+cy' + dy + e^ 
viz., if this be satisfied by y = Z7-^ F, where CT, V are rational and integral 
functions of x of the degrees n and n — 1 respectively, then, writing for short- 
ness 4>==^a'a;*+6V+cV-|- cPo; +6', and using accents to denote difierentiation 
in regard to a, the numerator and denominator U, F satisfy the equations 

(7F/_7'»)4,+ -l-F7^^' + alP+ ^bUV+ ^F»=0, 

{UU^'—U^')^ + ^UU^.^' + pIP+ ^dUV+ er=0, 

where ^ is a function =aa:*4- baj + c, with coeflScients a, b, c, the values of 
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which have to be determined. By way of verification, observe that, multiply- 
ing by IPj UVj 7*, and adding, we obtain 

that is, 

— ^ {VU^— VU)\a'x^ + Va? + c's(^ + d'x+ ^) + ay^ + b!/^ + ci^ + dy + e= 0, 

the result obtained by substituting for y its value, = CT-?- F, in the diflFerential 
equation. 

35. Considering the foregoing special form 

dx dy 

so that a, i, c, d, e have the values p*, 0, — 2^p*, 0, p* and^is =1 — 2owc* + a*, 
the equations are 

(7F"— F'»)4>+ -^Vr.fp'+p^lP+ ^F»=0, 

_ (FCr"+ F'?7- 2F?70<^ + -g- (FZ7'+ F'CT)^'- (2/?p«+ 2^) gTF =0, 

where, writing as before, n = 2« + 1 , and assuming that the last coefficient, 
-^iin-i) or A,^ is = p, we have 

F = 1 + A^a^ + A^x^ + ^,.,a:*'-*+ px**, 

and where, as is easily shown, 2> has the value = — {2Ai+ (28 + l)a:*}. In 
comparing with Brioschi, it will be recollected that 2a, 23 are written in place 
of his a, j8. 

36. The equations contain n, and they are not satisfied by values of U, V 
belonging to any inferior value of n; Z7, Fmay each of them be multiplied by 
any common constant factor at pleasure, but not by a common variable factor 
P] viz., it is assumed that the fraction U-^V is in its least terms, and conse- 
quently that (save as to a constant factor) U, V are determinate functions. It 
is easy to verify that the equations (being verified by U, V) are not verified by 
PU, PV, but it is interesting to show h priori why this is so. The equations 

dos dv 

are obtained as follows : Consider the differential equation in the form —pzz = —^^ 
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and suppose that an integral equation is given in the form -F= (JP" a rational 
and integral function of a, y); we thence deduce a relation Ldx -{- Mdy ^=:: 
between the diflFerentials, and this must agree with the given diflFerential equa- 
tion; that is, we have La/X+ Ma/Y=i 0, or, rationalizing, VX— M^T= 0; 
viz., this last equation must agree with the equation F= 0, or, what is the 
same thing, Z*X — if* F must contain -Fas a factor; say we have 

VX—JPY=F.G, 

where 6^ is a function of x, y. In the particular case where the integral is of 
the form y = U-^ F, we have F= Vy — U, 

and we have therefore DX— iP r= G{Vy—U); 

and it is by means of this identity that the equations are obtained. But suppose 
that there is a common factor P, or that we have y= PU-r- PV] then, if we 
write F= PVy — PVU,=P{Vy—U), there is no necessity that Z*X— iPF 
should contain as a factor this expression of Fj and it will not in fact contain 
it ; all that is necessary is that Z*X — if F shall contain the factor Vy — U; and 
thus the equations obtained for U, F do not apply to PCT, PV. We might, of 
course, introduce an arbitrary constant factor 0; contrast herewith the solution 
by means of the Jacobi partial diflFerential equation, post No. 43, where is not 
arbitrary, but has a determinate value. 

37. In virtue of the assumed forms of ?7, F, the first and third equation 
give each of them the same relations between the coeflBcients A ; and only one 
of these equations, say the first, need be attended to. It will be observed that 
this equation does not contain /? ; it consequently serves to determine the coeflB- 
cients A in terms of p, a, and to establish a relation between p, a; that is, the 
multiplier equation. We can from this, as will be explained, deduce the equa- 
tion between p, /9; the theory thus depends entirely Upon the first equation; 
say this is 

{Vr'—r^){l—2axx?+x') + Vr{—2ax+2x')+p'U^—{2A^+{2s+l)a?}V^ = 0. 

38. We have F= 1 + ^isc*+ A^x^^ . . . . , but the equation contains the 
quadric functions VV — F'*, VVj and F* ; it is convenient to write 

yy,_ V^ = K,+ K,2?+ K^'+ , 

V^ = Lo+In^ +i,a:* +..,.; 
whence of course W := 2LiX -f4ijja'-f . . . . , 
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and we have 



-Ki= 


K,= 


K,= 


K,= 


^5 = 


ir.= 


K,= 


^8 = 


• . • • 


2A, 


12^ 


30^3 


56^4 


90Jb 


132 J, 


182^, 


240Jg 






— 2A\ 


— 2AiA^ 


+8^i^s 


+ 26^1^ 


+ 52AiA^ 


+86A1A9 


+ 128^1^7 










- 4^1 


— 6^J, 


+ 4^,^ 
— 6^1 


+ 22^^ 
—lOA^A^ 


+ 48^,^, 
OA3A, 

— 8^» 


» 



A= A = 



2^1 



z,= 



2J, 
+ ^1 



X3 = 



2^8 

+2^1^, 



A = 



2^ 



The coefficients of TP are at once obtained ; say we have TP = AoX^+Aix^+AjS^. . 



Ao=| Ai = 


A,= 


A,= 


A,= 


• • • • 


P' 


2p^.-i 


2p^.-, 


2p^-8 


2p^_4 
+ 2J,_i^,_, 


• 



Substituting in the equation and equating to zero the coefficients of the several 
powers of a*, we find 

K^ —2A^L^ =0, 

K^ — 2^Zi+(— 2«— l)Zo— 2a{iri+ A)+pX=0, 

JTa+JTi— 2^iA+(- 2.S+ 1)A— 2a(^2+ 2ij,) + p' Ai = , 
ir,+ iTj— 2^iLs+ (— 2^ + 3) L,— 2a (^3 + 8X3) + p^A^ = 0, 
K^+ K,- 2A,L,+ (-2^+5) L,— 2a{K, + 4L,) + p^\3 = 0, 



The number of equations is = 2(5+ l)j for the equation contains terms in 
X®, X*, cc^, »**+*; but the first equation, and also the last and last but one equa- 
tions, are in fact identities; there remain thus 2{s+l) — 3, =25 — 1 equations; but 
these are equivalent to s independent equations, serving to determine the (s — 1) 
coefficients J.^, -4,, . . . . -4,_i, and to determine the relation between p and a. 
In writing down the equations for a determinate value of s, the coefficients 
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A^, A,muat be taken to be =0 and p respectively; and coefScients with a 
negative suffix or a suffix greater than a , must be taken to be each = . 

39. Thus, (n = 3) s = 1 , we have the 2(« + 1), = 4 equations: 

2p — 2p.l =0, 

— 2p» — 2p. 2p + (— 3) 1 — 2a ( 2p + 2p) + p». p« = 0, 

+ 2p - 2p.p» + (— 1) 2p — 2a(- 2p»+ 2p») + p». 2p = 0, 

. — 2p»— 2p.O + (+ l)p» — 2a( + 3.0)+pM=0, 

where the first, third and fourth equations are each of them an identity; the 
second equation is — 2p* — 4p* — 3 — Sap + p* = ; viz., in accordance with what 
precedes, writing a = 3i2i, this is the foregoing equation 

p* — 6p» — 24/Eip — 3 = 0. 

To complete the solution, we use the theorem in elliptic functions referred 

to ante (No. 8); viz., writing pa = — 3, then we have /?, the same function of 

<T that a is of p ; whence 

<,4_ 6(T»_ 2iSia —3 = 0, 

and we thus have two equations giving the MMnjurve. 

40. In the case (n = 5)« = 2 , we have the 2 (« + 1), = 6 equations: 

2Ai —2^1.1 =0, 

12p—2v4J —2^1(2^1) —6.1 —2a. 2^1 +P*-P* =0, 

— 2pAi+2Ji— 2.4i(2p+^f) —3.2^1 — 2a{ 12p— 2^f+2(2p-f'^})f+p».2p^i=0, 

— 4p»+12p — 2^1— 2^,.2i4,p— l(2p+Jf)— 2a{ — 2pJ,+3.2ilip}+p»(%)+^f)=0, 

— 2p.4i— 2^i.p» +1.2i4,p — 2a{— 4p* +4.p*} +p».2^i = 0, 

— 4p'' — 24i.O +3.p* — 2ai +5.0} +p». 1 =0, 

where the first, fifth and sixth equations are each of them an identity. The 

remaining equations are 

(p* — 2p + 5)(p* + 2p — 1) — 6A\ — SAia = 0, 

2p% — 6p^i — 32pa — 24? — 4Ai = , 

2p(p»— 2p + 5) + lOp — 44Jp — Sa^ip + SA\ = 0. 

41. Writing the first and third of these in the forms 

— 6^! — 84,a + (p»— 2p + 6)(p» + 2p — 1) = 0, 

^?(p»— 4p + 3) — SAiap + (p» — 2p + 5) 2p =0, 

these determine Al, SJja in terms of p; viz., we find 

4f=(p=»-2p + 5)p, 
SAia = (p' - 2p + 5)(p» - 4p - 1); 
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and then writing the second equation in the form 

(p8 _ 3p _ 2) ^f — 16pa^i — ^} = 0, 

and substituting these values of A\ and 8 Jlja, and omitting the factor p^ — 2p — 5, 
we have the identity 

p(p8_3p_2)_2p(p»-4p-l)-p«(p*-2p + 5) = 0; 

viz., the second equation is then also satisfied. 

Forming the square of Sudja, and for A\ substituting its value, then omitting 
a factor p* — 2p + 5 , we find 

64pa» = (p* - 2p + 6)(p« - 4p - l)^ 

= p« — lOp*^ + 35p* — 60p^ + 55p* + 38p + 5 ; 

or, as this may also be written, 

64p(a»-l) = (p-inp-5), 

and we then have also, as before, 

64(T (/3» — 1) = ((T — \)\a — 5) , 

which two equations determine the MM-curve, 

The coefficient Ai is given by the foregoing equation for 8-4xa, say the 

valueis ^,= ^(p._2p4-5)(p«-4p-l). 






The value A = _^ ]^ , obtained in No. 28, substituting for 111 its value, is 

4- w-^9) 



p-i ' 

and these two values are in fact equivalent in virtue of the value of /3 obtained 
in No. 9. 

42. I consider the case n := 7, in order to sho.w the form of the equations 
which have to be solved ; these equations are 

2^1— 2i.i.l =0, 

12^— 2A\— 2^1. 2i4,— 7.1 — 2a(2^+ 1.2u4i) + p*.p* = 0, 

30p — 2^ii4, 4- 2^1 — 2^1 (2^ + ^f) — 6 . 2^1 

— 2a(l2J,— 2A\ + 2(2^ + ^J)) + p«. 2p^ = 0, 
8-4, p — 4^1 + 12Jj— 2A\ — 2^1 (2p + 2A^Ai) — 3 (2J, + ^f) 

— 2a(30p — 24i^g + 3 (2p + iA^A^)) + p» (2p^i + ^) = 0, 

— 6ii,p + 30p — 2AiAt— 2Ay (2Jip -|- ^|) — 1 (2p + ^A^A^) 

- 2a(8^,p - 4^» + 4(2Ap + ^D) + p'(2p + ^AA) = 0, 

— 6p» + S^ip — 4 J| — 2A, (2^,p) + 1 (2^,p + Al) 

— 2a (— 6A,f> + 5 (2^p)) + p« (2^, -^A\) = 0, 
— 6J,p— 2^i.p»-f 3(2^^)— 2a(— 6p*+ 6.p») +p».2Ji =0, 

— 6p»+ 5.p*— 2a(0 + 7.0) + pM =0; * 
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viz., the first, seventh and eighth equations are satisfied identically, and there 
remain five equations connecting p, a, J-i, -4,. 

These equations should lead to the before-mentioned a^-modular equation 

p8_ 28p«— 112ap*— 210p*— 224ap' + (— 1484+ 1344a*) p* 

+ (— 560a + 512a*)p + 7 = 0, 

and to expressions for A^, A^ as rational functions of a, p, and should be, all 
five of them, satisfied by these results ; but I do not see how the results are to 
be worked out; there is, so far as appears, no clue to the discovery of the 
rational functions of a, p. 

The Jacohi Partial Differential Equation. Nos. 43 fo 48. 
43. Writing, as above, 2a in place of Jacobi's a , this is 
{l-2aa?+x')^ + (n- l){2ax-2j^) ^ +n{n-l)a?z—4n{a'— 1) ^ = 0, 

satisfied by the numerator and denominator U, V, each of them taken with the 
same proper value of the coefficient ^o» or, what is the same thing, by the 

values U= Sx {A, + -4,_iiB» + ^-8«* + ulio^-* + a?') , 

F=0(1 +^ix» +A^x^ +^_ia»'-» + -4^'), 

where now ^, = p as before : © has its proper value ; viz. (disregarding an arbi- 
trary merely numerical factor which might of course be introduced), the value is 



or, what is the same thing, 

If for z we write 0f , then the equation becomes 
(1 - W+ a;*) g + (n - l)(2ax - 2«») ^- 

+«(n-l)a^^-4n(a«-l)(| + |- f ^) = 0. 

satisfied by the foregoing values without the factor 0, or attending only to the 
denominator, say by the value 

V= 1 + A^3^ + A^' + ^,-ia,'*'-* + px*'. 
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44. To calculate the value of ^- ^-- , we have 

da 

_1_ _l_.o 1 

da />da"^^— Ida a^— 1 ' 

but it has been seen (No. 10) that we have 

d^_ j^^— 1 
da n a' — 1 ' 
and the formula thus becomes 

e da ~ p da '^ 5^=1 

We have, as the first of the equations obtained by substituting in the Partial 
differential equation, 

and we have hence the value of the first coeflScient, 

A = «(a'-l)y^^+y(/3p'-na); 

or we may,- by means of this result, get rid of the term ^-p from the Partial 
differential equation; viz., the equation may be written 

(1— 2aa?H-a:*) |^ +(n— l)(2aa:— 2x«)^ +{n(n— l)a:»— 2^i}^— 4n(a»— 1)^^ = 0. 

Before going further, I remark that the last of the equations obtained by the 
substitution gives the coefficient -4,^1; but this is also given in terms of Ai by 

the formula No. 33, -4,_i — p-4i = — (otp — i^p'); combining the two formulaa, 

we have . ^ / % i\ ^P ^ i ^ o^ 

45. In the case n=3, J,_i = ^o=:l, ^i = p, and the two equations 
become 3(a»- l)g - -|-„p_p» + |^p. = 0, 

each of which is easily verified. 
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I remark also that in the same case, (n = 3) , we have 



hence J^ d© Ap 

and writing the equation A^ — 2n{o? — ^) ^ ;/ = in the form 

we can verify this equation. 

46. In the case n=5, we have for A^ two equations, each ultimately 
giving the foregoing value 

Moreover, the equation © = >v/p\/^Y~i gives, without diflSculty, ©= — - ^^ — - . 

47. In the case n= 7, the formulae give the two coeflScients A^, A^] viz., we 
have A l^r/a 'i\^P '^ |l/32 

A,= ,(a'_I)|-l»ap+i-^p', 

where the value of -y- must of course be obtained from the before-mentioned 
da 

pa-equation (given in No. 7). I have not considered these results nor endeavored 

to compare them with the results for this case obtained in the Transformation 

Memoir, and the addition thereto. 

48. Substituting the value 1 + AiJi?+ A^x^. . . . + -i^-iX-^'^H- px*' in the 
last-mentioned form of the Partial differential equation, we obtain 

2^1= 2^1, 

dA 
12A^=— 4(w — 2)aJ[i.+ 2^f _n(n— 1) +4w(a^— 1)-^', 

30^3 = — 8 (n — 4) a^, -f 2A^A^ — (n — 2)(n — 3) ^i + 4n (a*— l) ^^ , 

dA 
bQA^ = — 1 2 (n — 6) a ^3 + 2^i^3— {n — 4)(7i — b)A^+ An {o? — l) — , 
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The number of equations is of course finite and =«+ 2, but the last equation 
is an identity. To obtain the last but one equation, it is convenient to write 
down the general equation ; viz., this is 

(2r + l)(2r + 2) J^+i = — 4r(n— 2r)aA^ + 2A^A^ 

— (n — 2r + l)(n — 2r + 2) J,_i + 4n(a»— 1)^ ; 

and then writing herein r^=s, we have 

= — 4« (n — 2^) ap + 2Aip 

— {n — 2s+ l)(n —28+2) J[,_i + An (a» — 1) -^ ; 
viz., for n substituting its value 2^ + 1 , the equation is 

= — 2 (ri — 1) ap + 2^ip — 6 J,_i + 4n (a» — l) ^ . 

Recapitulation of Formulce for tJie Gases ti = 3 and n = 5. Art. Nos. 49 and 50. 
49. In conclusion, it will be convenient to collect the formulas as follows : 

8ap = p*— 6p*— 3, 

8(a + l)p = (p-l)»(p + 3); 8 (a - l)p = (p + l)»(p - 3), 
o 
<7 = , 8/3(T = a*— 6(j»— 3, 

8(/3+ l)(T = ((r-l)»(<r + 3); 8 (|3- 1)<t = (<t- 1)»(<t + 3). 

a/i^-equation, see No. 2. 

50. n_5, y _ --^-^^^^^-^-^ , ______ , 

^^ = ^(p'-2p+5)(p'-4p-l), 

64a»p = (p» — 4p — 1)» (p» — 2p + 5) ; 
or say SaVp = (p* — 4p — l)Vp* — 2p + 6 , 

64(a»-l)p = (p-l)»(p-5), 

(7 = — , 64/?»<T = (a» — 4(r— l)»(<r»— 2(r + 5), 
— 8/3V(r = (<T* — 4a — 1) V<T» — 2p+5, 

64((8»-l)<T = ((T-l)^(<T-5), 

J__ f^ + 20p — 5 

a ,0* [f^ — 4/» — 1) 
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a/3-equation, see No. 3. 

The pa-equations for the cases in question, n = 3 and n = S ; are the so- 
called Jacobian equations of the fourth and sixth degree^, studied by Brioschi (in 
the third appendix above referred to) and by others : the foregoing a/?-equations 
have not (so far as I am aware) been previously obtained ; as rationally con- 
nected with the pa-equations, they must belong to the same class of equations. 

Cambbidob (England), 18th Dec., 1886. 
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Forms, Necessary and Suffiment, of tlie Boots of Pure 
Uni'Serial Abelian Equations. 

By Geoege Paxton Young, University College, Toronto, Canada. 



Object op the Paper. 

§1. An Abelian equation, that is, an irreducible equation in which one 
root is a rational function of another and of known quantities, may be called 
uni-eeridl when the roots form a single circulating series. If the equation, say 
/(x) = 0, be of the n^^ degree, its roots, in the ordinary Abelian notation, are 

ari, 0Xi, e*ari, , e^-^Xj. (1) 

§ 2. When the coeflScients of 6 are rational, in other words, when one root 
of the equation f{x) = is a rational function of another, the equation is a 
pure Abelian. For instance, the irreducible cubic equation 

aj' + pa; + 5 = , 

in which the coeflBcients p and q are such that \/( — Ap^ — 27}*) is rational, is a 
pure Abelian, because, as is well known, one root of the cubic is a rational 
function of either of the others. 

§ 3. The object of the following paper is to investigate the necessary and 
sufficient forms of the roots of pure uni-serial Abelian equations. First, a Cri- 
terion of pure uni-serial Abelianism is established (§12-§15). A deduction is 
then given of the necessary and sufficient forms of the roots of pure uni-serial 
Abelian equations of all prime degrees (§16-§26). Then the necessary and 
sufficient forms of the roots of the pure uni-serial Abelian quartic are ob- 
tained by two different methods (§27-§39). Then the necessary and suffi- 
cient forms of the roots of the pure uni-serial Abelian of a degree which is 
the continued product of any number of distinct prime numbers are found 
(§ 40-§ 46). Then the problem is solved for the pure uni-serial Abelian of a 
degree which is four times the continued product of any number of distinct odd 
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primes (§47-§57). Finally, from the relation between the solvable irreducible 
equation of prime degree n and the pure uni-serial Abelian equation of degree 
n — 1 , the necessary and suflBcient forms of the roots of the irreducible solvable 
equation of prime degree n are shown to be determinable for all cases in which 
n — 1 is either the continued product of a number of distinct primes, or four 
times the continued product of a number of distinct odd primes (§ 58-§ 64). 



Preliminart. 



Corollary from a Law of Kronecker. 

§4. It was proved by Kronecker that, n being any integer, the primitive 
n*** roots of unity are the roots of an irreducible equation, that is, of an irre- 
ducible equation with rational coefficients. We shall have occasion to make use 
of the following Corollary from this law : Let w and uf be two primitive n**^ 
roots of unity, and let F{w) be a rational function of to. Then, if F{w) = 0, 
F{ul) = . For, by hypothesis, 

F{w) = Tivf-^ \vf-^ + etc. = 0, 
where h, hi, etc., are rational. We assume s to be less than n, and h to be 
distinct from zero ; therefore 

h''^{F{w)] =vf+Jr^hivo'-^+ etc. = 0. 
Therefore t^ is a root of the equation ^(x) = a:'+ Jr^hiof^ + etc. =0. If 
i^ (x) = be the equation whose roots are the primitive vf^ roots of unity, w is 
a root of the equation 4(») = . Therefore the equations ^ (x) = and ij/(a:) = 
have a root in common. But, by Kronecker's law, the equation 4' (ic) = is 
irreducible. Therefore ^{x) is divisible by '^{x) without remainder. This 
implies that all the roots of the equation ^Ka;) = are roots of the equation 
<^ (x) = . Therefore ^ (ti/) = . Therefore F{v:/) = . 

Principles established hy Abel. 

§5. Let/(a;) = be a uni-serial Abelian equation of the 7i*** degree, and 
let its roots, in the order in which they circulate, be the terms in (1). It is 
known (see Serret's Cours d'Algfebre sup6rieure. Vol. II, page .500, third edition) 

that xi = li^+ Rf+ i2^+ + Ift^u 
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where R^ is a rational function of the primitive n*^ root of unity w and of the 
known quantities involved in the coefficients of 0; and, z being any integer, i?, 
is derived from R^ by changing w into vf. Putting 

a^, + i = ^i'H- w'Rl + v^Rj+ . . . . + t/?^*-^^'i2;_i , (2) 

the n roots of the equation f{x) = are obtained by giving s in x^j^i succes- 
sively the values 0, l,2,....,n — 1. Therefore nR^ is the sum of the roots 
of the equation; consequently, R^ is rational. An equation of the type 

{R^R^r = F{w) (3) 

subsists for every integral value of z, F{w) being a rational function of w and 
of the known quantities involved in the coefficients of 6. Aa w may be any 
one of the primitive n}'^ roots of unity, if the general primitive n*^ root of unity 
be i4f, we may suppose w in Ri to be changed into uf. The n roots of the equa- 
tion /(x) = will then be obtained by giving t, in the expression 

rJ + w'R: + vt'rI + etc. ' (4) 

successively the values 0, l,2,....,n— 1. AbePs investigation shows that 
the form of the function F{w) in (3) is independent of the particular primitive 
n*^ root of unity denoted hy w. Hence the change of w into to' causes equation 

(3) to become {R^Rr'f= F{W) , (5) 

the symbol i^ having the same meaning for every value of e. 

Fundamental Element of the Root. 

§6. Because R^^ R^, etc., are derived from Ri by changing w into to®, to', 
etc., the root Xi can be constructed when Ri is given. We may therefore call 
Ri the fundamental element of the root. Examples of the way in which the 
root is constructed from its fundamental element will present themselves in the 
course of the paper. 

A Certain Rational Function of the Primitive n'* Root of Unity, n being an Odd 

Prime Number. 

§ 7. Taking n an odd prime number, there is a certain rational function of 
the primitive n*^ root of unity w, of which we shall have occasion to make 
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frequent use. It will be convenient to describe it here, and to point out two of 
its properties. Let to, t^, v/'\ . . . . , t^*"*, (6) 

be a cycle containing all the primitive n^ roots of unity. The number X may 
be assumed to be less than n. With a view to convenience in printing, the 
indices of the powers of w in (6) may be written 

1, A,, a, ^, ,5, 8, 6; (7) 

that is to say, a = X*, /? = ^^ and so on. Take Pj a rational function of «?, 
and, z being any integer, let P, be what Pi becomes when w is changed into vf. 
Then the function to which we desire to call attention is 

PlP^Pi .... P%P\P.. (8) 

The subscripts of the factors of the expression (8) are the terms in (7), while 
the indices are the terms in (7) in reverse order. The expression (8) may be 
denoted by the symbol ^i. From ^i, as expressed in (8), derive ^^ by chang- 
ing w into vfy z being any integer. Then 

<^,= PJPjPi....P;PJP, 

q>, = PiPiP: . . . . PTPi 
<^.= PJP,P!:.... P; 



^e=PlPi ....PiPPjJ 



(9) 



The second of these equations is derived from the first by changing w into tt7\ 
This, since a = Jl* and ^=: Jl^ and so on, causes i^ to become w% and t^* to 
become uf, and so on. Hence it causes P^ to become P., P. to become P^, and 
so on. Thus the second of equations (9) is obtained. The rest are obtained 
in a similar manner. 

§8. One property which the function ^ possesses is that ^o' ^^ & rational 
value. For ^, = P^Pl .... PJPo = PJ, 
where t= l+X+^^+ + ;i^'-» = ^"^^'J^^ . 

Because (6) is a cycle of primitive n^^ roots of unity, V"^ — 1 is a multiple 
of n. And, since X is less than 7^, X — 1 is not a multiple of rz; therefore < is a 
multiple of n . Put t = mn ; then 

consequently, one of the values of ^o is the rational quantity PJ*. 
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§ 9. A second property of the function ^^ is ^^^^ &^ equation of the type 

{^.^r = F{w) (10) 

subsists for every integral value of z, F{w) being a rational function of w. 
For, taking z = X, 

But X* = a, ca = /3, , Xs = d. And A,6 = V"-^. Since X*"^— 1 is a mul- 
tiple of w, put X""^ — 1 = cw. Then 

Compaiung this with the second of equations (9), 

Therefore. {^k^T^Y = y^PT", (H) 

tcf being an n*^ root of unity. In like manner, from the second and third of 
equations (9), ^«^r^ = i^**. 

Substitute here the value of ^j, in (11). Then <^.<^r* = (^r'iV^)*- Therefore 

(^.^r-)^ = ^'(PA^Pr^), (12) 

u/' being an n^^ root of unity. The equations (11) and (12) are of the type (10). 
Therefore an equation of the type (10) subsists when z is equal either to X or 
to a. In the same way we can go on to show that an equation of the type (10) 
subsists when z is equal to any of the terms in (7). Should z = 0, ^,^r' = ^o» 

Therefore, by § 8, ^,^r' = Pq**- Hence in this case also {^m^i'Y is a rational 
function of w. Therefore, whether z be zero or one of the terms in the series 
(7), an equation of the type (10) subsists. This implies that an equation of the 
type (10) subsists for every integral value of z. 



Criterion of Pure Uni-Serial Abelianism. 
The Criterion Stated. 

§ 10. A Criterion of pure uni-serial Abelianism may now be given. Let 
Bi be a rational function of the primitive n^^ root of unity w, and, z being any 

integer, let B, be derived from ^i by changing w into vf. Then, if B^ is 

rational, and if the terms ifi", jB,*, etc., are such that an equation of the type 
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(3) subsists for every integral value of z, an equation (5), in which the symbol 
F has the same meaning as in (3), at the same time subsisting for every value 
of c prime to n, the n values of Xg_^i in (2), obtained by giving s successively the 
values 0, 1,2, ....,n — 1, are the roots of a pure uni-serial Abelian equa- 
tion, provided always that the equation of the n*^ degree, of which they can be 
shown to be the roots, is irreducible. 

Proof of the Criterion. 

§11. Here we assume that the conditions specified in §10 are satisfied, and 
we have to show that the n values of a-^^i in ,(2), obtained by putting s succes- 
sively equal toO, l,2,....,n — 1, are the roots of a pure uni-serial Abelian 
equation. 

§ 12. We will first prove that the n values of the expression (4) obtained by 
giving t successively the n values 0,l,2,....,n — 1, are the same, the order 
of the terms not being considered, as the n values of a:,+i in (2) obtained by 
giving s successively the values 0, l,2,....,n — 1. 

Because vf is a primitive n** root of unity, all the n!'^ roots of unity distinct 
from unity are contained in the series 

vf, u^% w^\ • . . . , w?^""^^*. 
Therefore the two series 

Ri, Rf^ , iZs , . . . . , -Rn— ii 

-R«» J^Ui -^41 . . . . , R{n — l)€i 

are identical with one another, the order of the terms not being considered. 
Therefore, also, the two series 

11-2- ± 

P" 7?" P" P* 

Jl'l , XI2 J ■"'3 »••••> -"'« — 1» 

J. JL * 1 

P" P" P* P* 

are identical with one another, the order of the terms not being considered, it 

JL -L 

being understood that R^, iZj*, etc., are the same n*** roots of R^, R^^, etc., or of 

Ri, iZg, etc., that are taken in the series Ri, Rl, etc. Let the expression (4) be 
called cc/+i. The separate members of the expression a, 4.1 are 

Rj, vfRl, w^'R;, etc. (13) 

Taking s with a definite value, let 

es = in + c. 
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where b and c are whole numbers, and c is less than n. Then, putting < = c, the 
separate members of the expression xl^i are 

lit^w'Rt v^'Rt.etc. (14) 

Because e» = 6w + c , tc* = «?•*. Therefore i^j^'JB* = w^E^ ; that is, the second 
term in (14) is equal to the (e+ 1)*^*^ term in (13). Again, if 2e = dn + Vj where 

d and v are whole numbers, and v is less than n, Rl^^=zR^. Also, because 

JL J_ i. 

C5 = Jw + c, v^ = vf'\ Therefore %x^Rl^ = v^^Rl = lo^'iZ; ; that is, the third 
term in (14) is equal to the (t? + 1)*** term in (13); and so on. Hence x^+i = a:,+i . 
Let now s and <s be two distinct values of «, both less than n; and let 

a;c+i = a^#+i, andxi+i=a:^+i. 
By what has been proved, the numbers c and z are determined by the equations 

e5 = &n + c, ea=/3?i + 2, 

&n and /?n being multiples of n. But, since ^ and <s are different, and 6 is prime 
to n, c and % must be different. Hence, as x^^x runs through its n values, 
a?!, a:,, etc., sr/+i must run through its n values, severally equal, in some order, 
to those of cr,4.i. 

§13. From (5), I^ =A,R:, 

JL iL 

^9e = ^€^6 J 



Rin-l]€ = C^e^/ » 

where A^, J9^, etc., are rational functions of vf. These values of R^^, i?i, etc., 
substituted in (4), cause that expression to become 

R;+ w^RJ+ v^A,RJ+ w^B,R] + etc. (15) 

Let the n values of the expression (15), obtained by putting t successively equal 
to 0, 1, 2, . . . . , n — 1, be 

ri, r,, , r„. (16) 

Then, v being a whole number, 

rl = a, + b,Rt +c,Rf ^ +,._ + d,Rf, 

rl = a,+ wb,R: +vJ'c,R: +.... + w^-''^d,R7 , 



rl = a,+ w-%R: + w-\R: +.... + wd,R: , 
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where a^, b^, etc., are rational functions of w^. Therefore, if S^ be the sum of 
the v^^ powers of the terms in (16), S^ = wa«. Because a« is a rational function 
of to*, we may put 

na^:=g + hjif + Icu^ +•••• + Zto^*~^'*, where g,h, etc., are rational. 
But, by § 12, the n values of the expression (15), obtained by giving t successively 
the values 0, l,2,....,w — 1, are the same whatever value, making w^ a 
primitive n*^ root of unity, be given to e. We may therefore substitute for w^, 
in the expression for na^ or S^, any one of the primitive n^ roots of unity 

w, vf, u^ , . . . , ,vf. (17) 

Therefore /Si, = gr + At£? + A?i^ + etc, 

= gr + hvf + hji?'' + etc. 

= gr + hvf + hu?* + ^tc. 
Therefore 

mS^ = Twgr + ^ (w? + to*" + etc.) + A; (t/?* + w?^ + etc.) + etc., 

m being the number of the terms in the series (17). Consequently 8^, is a 
rational and symmetrical function of the primitive ri^ roots of unity. Hence, 
by Kronecker's law, referred to in § 4, S^ is rational. This implies that the n 
terms in (16), which have been shown to be identical with the n values of x^j^x 
in (2) obtained by giving s successively the values 0,1, 2,...., n — 1, are the 
roots of an equation of the n**^ degree; that is, of an equation of the ri^ degree 
with rational coefficients. Let this equation be f{x) = . 

§ 14. In accordance with the proviso in § 10, let the equation f{x) = be 
irreducible. It is then a pure Abelian. For, taking ri, r^, etc., as in § 13, 



n = El + .ft; + a.r: +....+ g,r: 



(18) 



where A^, D^, F^, etc., are rational functions of vf. Multiply the first of equa- 
tions (18) by \, the second by \, and so on, the last being multiplied by ?^; 
then, by addition, 

Kri+Kr\ + .... + 1A-^={kR;^KD, + .... + lel^) ^ 

+ . v .^ 

+ {KG, + A:,^: + . . . . + hQ:)R7. 
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Let the n — 1 quantities, A,, A;,, etc., be determined by the w — 1 equations 
K +KF,-\-.,..-\-l,L,=vf, 
KA, + k,G, + .... + IM = w'M., 



Then h,n + Vi + etc. = {KR;->r *A + + l,^) 

or, putting R^^ for jl^iJJ' , and so on, 

Kti + *a^ + etc. = {KRt+ Aj,A + . . . . + 1.k) 

By § 12, x'e^i=- Xg^ij where e8^=^hn-\'C. When « = 0, c = 0, and when 5=1, 
c = c; therefore 

x^ = a:; = 22^"+ R^ + ii4+ etc. = r^, 
and x^ = a-i+i = i?^+ w'R; + v^'B^ + etc. 

Therefore (19) may be written 

h^Xi + k^7?i + etc. = (A^Bq + etc.} — Rq + x%. 
But c may be any number that makes w* a primitive n^^ root of unity, and (17) 
is the series of the primitive n**^ roots of unity. Therefore 

x^= {R;—{h^R^^ Qio)}+h^x^+hx\+ + ?i«?""' 

= {r;— {kI^+ etc.) }+ A^i + *,a1 + . . . . + l^"'' 

= {Rf—(h,li + etc.)]+h,x^ + hxl + "" + Wr\ 
where ^i, A^, etc., are what \ becomes when vf is changed into WyVf^ etc., and 
kijh^j etc., are what h^ becomes when vf is changed into w, vf, etc., and so on. 
Therefore, by addition, m being the number of the primitive n^ roots of unity, 

mx^ = jp + J^i + <^ + • • • • + ^a:f ""^ » 
where p, q^ etc., are rational and symmetrical functions of the primitive n*^ 
roots of unity, and therefore are rational. Hence x^ is a rational function of x^ . 
Therefore the equation /(x) = is a pure Abelian. 

§ 15. It is also uni-serial. For, by what has been proved, 

sri = Bxi , 

Vol. Et. 
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dxi denoting a rational function of x^. But, from the form of x^^i in (2), since 

JL J. -L J. 

B^ = AiBi , and B^ = B^Bl , and so on, we pass from Xj to a;^ by simply changing 

i?i into wBl. The same change transforms as, into 3:3. Therefore 

Xs = flxj = 6*Xi . 

In like manner X4=6*Xi, and so on, till ultimately 6"xi=Xi. Thus all the 
roots of the equation f{x) = are comprised in the series 

Xi, 0Xi, ^Xi, . . . . , d""'xi. 



Pure Abelian Equations of Odd Prime Degrees. 

Fundamental Element of the Boot ; the Boot Constructed from its Fundamental 

Element. 

§16. We confine ourselves to pure Abelians of odd prime degrees, because 
the irreducible quadratic is always a pure Abelian. Let n be an odd prime 
number, and let the primitive n*^ roots of unity be the terms tc, w?\ u^'', etc.^ 
forming the series (6). Take ^i as in the first of equations (9) ; then, if Bi be 
the fundamental element (see §6) of the root of a pure Abelian equation 
/(x) = of the n^^ degree, it will be found that 

i2i=^r^i, (20) 

Ai being a rational function of w. 

§17. From iUj, as expressed in (20), derive i2o, ^, etc., by changing w 

into w^, v^, etc. By § 5, the root of the equation /(x) = is 

B^^ 12;+ I^+ .... + Bl^^. ' (21) 

To construct the root, we have to determine the particular n*'* roots of jBq, B^ 
etc., that are to be taken together in (21). When w is changed into tif, let Ax 
become -4,, as ^1 becomes 4>,. Then 

B,-A:^,. 

Therefore i2; = v^A^q^l, (22) 

«/ being an n*^ root of unity. In proceeding to make Bl definite, we may first 

make ^l definite. By (9), 

4>f=tc«(PJPiPi....p/, 
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w?" being an n^^ root of unity. Let 

pf. p:, p:, • . . • , p; , ^ (23) 

be determinate ; then, by taking vf with the value unity, we get ^i" with the 

determinate value <^= (PfPjPi PeY. 

Let us now consider ^2 • By (9), w"" being an n*^ root of unity, 

^f=zuf{P,PiP:....Piy. 

Understanding that Pi", P^ i etc., on the right-hand side of this equation are the 
same quantities that appear in (23), they have already been made definite. We 

can then make ^^ definite by taking w"" with the value unity. Generally, if z be 
any number in the series l,2,....,w — 1, 

^J=w^PlP:,Pl^....P..f, 

w^ being an n*^^ root of unity. Because z is prime to n, the n — 1 terms 
uf, tD'\ uf% . . . . , vf^f are the same, in a certain order, with the terms 
Wj v/", w% . . . . , w^. Therefore the terms 

J- J. i- -L 

PP" »• p- 

» 1 -* *AJ •* «al • • • • > •* «•> 

may be taken to be the same, in a certain order, with the terms in (23). They 

are accordingly determinate. We may then make ^* definite by taking to^ with 
the value unity. Therefore, for every value of z in the series l,2,....,n — 1, 

^r= {PiP'.^Pi p..)"". (24) 

J: JL 

Having thus determined ^*, we can make R^ definite by taking v/ in (22) 
equal to unity for every value of z in the series l,2,....,7i — 1; that is, 

Ri = Ai^i 

_L i_ 



(26) 



Ri = Af^s 

As regards R^, we have Rq= A^^q. But, by §8, ^o= ^'*- Therefore ^o bas 
a rational value. Consequently Rq has a rational value. In (21) substitute 
the rational value of R^ y and the values of R^, i?;, etc., given in (25), and the 
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root is constructed. In other words, the expression (21) is the root of a pure 
uni-serial Abelian equation of the n^^ degree, provided always that the equation 
of the n^^ degree, of which it can be shown to be the root, is irreducible. 

Necessity of the above Forms. 

§ 18. The root Xi of the pure Abelian equation /{x) = of the nf'^ degree, 
n an odd prime, being assumed to be expressible as in (21), we have to show 

that its fundamental element Ri has the form (20), and that Ri, RJi, etc., are to 

be taken as in (25), while ^o receives its rational value. 
§ 19. By (3), z being any integer, 

R:=[F{w)\Rt^ 

F{w) being a rational function of w. And equation (5) subsists along with (3) ; 
that is, e being any whole number prime to n, 

Give z here successively the values 1, X, a, etc., these terms being the same as 
in the series (7). Then T^— T^ 

— L 

R^=zB^R;, 



r:,=d,r7, 

^•1 O^j etc., being rational functions of to*. Therefore 

{RlRl,Rl .... i2e.)^= (?,2?; , 

where G^ is a rational function of w', and 

t=e + €2. + 8a-^ + 6. 

From the nature of the series (7), 6 = ;i'*-*, and e = ;i*~^ Therefore fX = 6. 
In like manner, each of the n — 1 separate members of t is equal to d. There- 
fore < = (n — 1)6. Because (6) is a cycle of primitive n*** roots of unity, in 
other words, because X is a prime root of n, and = X'*"*, 6 is prime to n. 
And n — 1 is necessarily prime to n. Therefore whole numbers h and k exist 
Bucb that hi:sskn + I. 
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Therefore (iJ-ii!:, . . . . i2„f = ((7Ji2i)i?; . 

For every integral value of z let (i2«)* be written P^; then, putting Aj'^ for 

^'^*' i?; = ^(i1P;A .... Pe.r. (26) 

Hence, by putting e = 1 , and taking ^i as in (9), 

Thus the form of the fundamental element in (20) is established. Also, when 

"'^^^ ii!^=-4i(PJP:Pi.-..P,)-. 

Therefore, by (24), R^ = Ay^{. This is the first of equations (25). Since e 
may be any term prime to n, let e= X. Then, from (26), because X*= a and 
Xa = /? , and so on, 

iB; = ^(PJi>P*....Px)\ 

Therefore, giving z in (24) the value A,, i2x = A4>x • This is the second of equa- 

1.1. JL 

tions (26). In like manner we can show that all the terms Rf-, RJi , . . . . ^ R; 

\_ 
are to be taken as in (25). It has only to be added that jB©* niust be taken with 

i_ 
its rational value, because, by § 5, iiRq is the sum of the roots of the equation 

/(x)=0. 

Sufficiency of the Farms. 

\_ 
§ 20. We here assume that R^ has the form (20), that JBq" is rational, and 

that R{, R^^ etc., are taken as in (25), and we have to show that the n values of 
5c,-|.i in (2), obtained by giving s successively the n values 0,l,2,....,n — 1, 
are the roots of a pure uni-serial Abelian equation of the n*^ degree, pro- 
vided always that the equation of the ri^ degree, of which they are the roots, 

is irreducible. In the first place^ Rq has been taken rational. In tlie next 
pldce^ an equation of the type (3) subsists for every integral value of z. For, 
let z not be a multiple of n. In this c^se it may be taken to be a number 
in the series l,2,....,n — 1. Then, by (26), 

{R.rt'V= (^^^')(4>.^^')^ (27) 

But ^i is the expression (8). Therefore, by §9, 
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F{w) being a rational function of w. This makes (27) an equation of the type 
(3), Next, let 2 be a multiple of n, in which case it may be taken to be zero. 

T^^^^^^^^ {R.R^r= rI (28) 

i_ 

Since ^0" is rational, (28) is an equation of the type (3). Therefore, whether z 
be a multiple of n or not, an equation of the type (3) subsists. In the third 
place, the equation (5) subsists along with (3) for every value of e that makes 
vf a primitive n^^ root of unity. For, let 2 be a multiple of n ; it may be taken to 
be zero. Therefore 

i2i=i?;,and R; = l. 

Tl^^^^f^r^ iR.,Rrr=Rf. (29) 

But, equation (28) being regarded as (3), (29) is (5). Next, let z not be a mul- 
tiple of n. It may be taken to be a number in the series l,2,....,n — 1. 
Then equation (27) is (3). But, in (27), z may be any number not a multiple 
of n, and ez is not a multiple of n. Therefore we may substitute for z either 
ez or e. Thus we have 

{R„Rr^f= (^„^r«)(4>„4^r"r 

Therefore (R^RT'f = {A„A7'){^..^7'f . (30) 

But, equation (27) being regarded as (3), equation (30) is (5). Therefoire, 
whether 2 be a multiple of n or not, equation (6) subsists along with (3). Hence, 
by the Criterion in §10, the n values of a:,^i in (2), obtained by giving s suc- 
cessively the values 0, 1, 2,....,7i — 1, are the roots of a pure uni-serial 
Abelian equation. 

Particular Valves of n; tlve Pure Ahelian Cubic. 

§ 21. When the equation /(a) = is of the third degree, taking X = 2, the 
series (7) is reduced to the terms 1,2, and the equations (25) become 

Also i?J= A^Q. Therefore 

a:,= A^, + A,{P\P,)^ + A,{P,P%)K 
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If -4o4>o = 0, the equation wants its second term. Then, putting 

.^1 = A\At^P, and ^, = A\At'P,, 
we get a-i = {^X^t)^ + (4J'4'i)*. 

§ 22. Let the pure Abelian cubic of which xi is the root be 

p ^ -^ px-^ q'=: 0. 

Because i^j is a rational function of the primitive third root of unity, 

^,= 6 + cV-3 
and '4^»=^ — cV — 3, 

h and c being rational. Therefore ^^-^^ = 6* + 3c*. Therefore 

a:i={(6« + 3c»)(6 + c>v/-3)}i+U«^*+3^)(6-<^V-8)}*. 

Therefore ^ ^_J + g.) = c (6* + 3c») V- 3 . 

Therefore s/{— 4/ — 27g*) = 18c (6» + 3c») . 

Thus\/( — 4/}^ — 27g^) is rational: the well known relation between the coeflB- 
cients which makes the irreducible cubic a:' + ^a + g^ = a pure Abelian. 

Tlis Pure Ahelian Quintic. 

§ 23. When n = 5, ;i may be taken to be 2. The series (7) then becomes 
1, 2, 4, 8; or, rejecting multiples of 5, 1, 2, 4, 3. We may then put 

El=A,{P,PlPiPI)K 

M = MPlPtPlPt)^. 

Bi=A{P{PIP,PI)i. 
If we assume -B© ^^ ^® zero, 
x[ = A, {PlPiPlPs)^ + A,{P,PlPiPi)i + A,{P\P,PlPi)i + As{PiPiP,Pl)K (31) 

§ 24. In a celebrated fragment (see Crelle's Journal, Vol. V, p. 336) found 
among the papers of Abel after his death, the root rj of the solvable equation 
of the fifth degree wanting the second term was stated, though without any 
accompanying demonstration, substantially as follows : Let 

tti = p + q^/z +\^{hz + h\^z) 

a% = p — qVz +>/{f^z — f^Vz) f 

a4 = ^) + q^z — \^{hz + h\^z) ' ^ ^ 

as = ^ — q^/z — \^{hz — h\^z) 
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where p, q and h are rational, and 

z = €8+l, (33) 

e being rational. Then, B^ being a rational function of ai, J5, the same rational 
function of otj, and so on, 

Ti = A (ajo^alag)* + A (aiaSaJaS)* + B, (a^a^fcjaj)* + B^(a\a\a,al)\ (34) 

§ 25. The expression for ri in (34) is the root of a solvable irreducible quintic, 
not necessarily a pure Abelian. To obtain from it the necessary and sufficient 
form of the root of a pure Abelian quintic, we make use of the law referred to 
in § 5 , according to which the root of the pure Abelian quintic wanting the 
second term is R\ + R\ + Ri + R\, 

where Ri is a rational function of the primitive fifth root of unity w. By this 
law, to deduce the root Xi of a pure Abelian quintic from the root r^ of an 
irreducible solvable quintic as in (34), we have simply to pass from the more 
general expression ai to the less general expression which we have called P^, 
because, in doing this, we necessarily pass from B^ to A^, B^ being a rational 
function of aj, and A^ a rational function of Pj. The question, however, is: 
Can we pass from ai to Pi? In other words, can the general rational function 
of the primitive fifth root of unity be subsumed under ai? That it can, may be 
thus shown : The value of w is 

Hence, if F{w) be the general rational function of w, 

J?'(«j)=2) + A;V5 + (^+ wi-s/5)>v/(— 10 — 2V5), - (36) 

where p, k, I and m are rational. Putting 

_ 5(P4-5m»+2fm)' 
*'"" (P+5m»4-10/m)» 
and T _ '-2{P + 6m*+10lmy 

P+5m«+2;m ' 
(36) becomes 

or, putting g = ~ p_^^^,_^^ , 

F(w) =p + q^z+ Vihz-h hVz) . (37) 
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={- 



The value of z given above conforms to the type (33), for it can be changed into 

2(P-5m») y 

Hence the general rational function of the primitive fifth root of unity falls 
under the expression for ai in (32), 

§ 26. The writer may per'haps be permitted to refer to a paper of his, entitled 
"Solution of Solvable Irreducible Quintic Equations," which appeared in this 
Journal, Vol. VII, No. 2. Assuming that the quintic to be solved has, by Jer- 
rard's application of the method of Tschirnhaus, been brought to the trinomial 
form x^-^px + q= 0-, (38) 

he proved, in the article referred to, that it admits of algebraical solution only if 

6.1^3-^) 

and _ ^^22 + ^) 

*~ 16 + ^ * 

When the coefiBcients are thus related, take X a root of the equation 

x* — J5x»— 6x* + jBa+ 1 = 0. 

Pnf ^_ -(^'+l) 

^^* ^-^>l(>l-l) 

and Q_ —An{X-\f 



then the solution of the equation (38) is 

ri = e^ + aO* + ;ia«0* — Xa'0*. 

This form of the root may at first sight seem to have no affinity with the 
Abelian form in (34); but, in a communication which was laid before the Royal 
Society of Canada at its meeting in May, 1886, and which is to appear in the 
forthcoming volume of the Transactions of the Society, the writer has shown 
the essential identity of the two forms. 



The Pure Uni-Seeial Abelian Quaetic. 
Necessary and Sufficient Forms of the Roots. 

§ 27. Taking z = c* + 1 as in (33), the necessary and suflScient forms of the 
roots of the pure uni-serial Abelian quartic are the expressions ai, a^, 04, ocg in 

VOL. IX. 
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(32); the rational expressions p,q,h,e being subject to the sole restriction 
that they must leave the equation of the fourth degree, which has ai, a,, a4 
and ou, for its roots, irreducible. There is thus an intimate relation between the 
pure uni-serial Abelian of the fourth degree and the solvable irreducible equa- 
tion of the fifth degree. This is only a case of a more general law. If 2n + 1 
be any prime number, and if the forms of the roots of the pure uni-serial 
Abelian of degree 2n have been found, the necessary and sufficient forms of the 
roots of the solvable irreducible equation of degree 2n -j- 1 can be found. 

Necessity of the Forms (32). 

§28. Here an equation of the fourth degree f{x) = is assumed to be a 

pure uni-serial Abelian ; and we have to show that its roots are of the forms 

tti, ttg, a4, ttg in (32). The roots of the equation /(x) = 0, in the familiar 

Abelian notation, are 

xi, ftri, e*xi, e^xi. (39) 

Because Xi is the root of an irreducible quartic, its form is 

where P is clear of the radical V Q. Another root of the quartic is P — V Q. 
This is obtained from a*i by changing the sign of V Q; and, by changing the sign 
of VQ in P — \/C> we return to P+^/Qov x^. Hence P — VO naust be 
the third term in (39). Therefore 

e^x^z=zP — ^Q. 

In passing from Xi to 0Xi, let P and Q become P and Q respectively ; then 

ecri=P' + Ve'; 
therefore Q^x^zn P — ^ Qf . 

In running through the series (39), the root of the equation /(a:) = undergoes 
all its possible changes. But, from the expressions that have been obtained for 
Xi, fei, B^Xi and 0^X1, P can take only the two values P, P, and Q can take 
only the two values Q, Q. Therefore each of the expressions P and Q is the 
root of a quadratic equation. Hence the only radicals occurring in Xi are 
square roots. But, when square roots are the only radicals in the root of an 
equation of the fourth degree, its root must be either 

or y> + ^V>«+V(/+'nV^)» 
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Pj6,tjk,l and m being rational. Suppose, if possible, that Xi is of the first of 
the forms (40) ; then either 

6xi = /> + \/« — Vt .'. 0*Xi=^^ +V« + V^ = Xi, 
or dxi^=p — A^/s + \/^ .*. d*«i=^ +\/« + V< = iCi, 

or fei = ^ — ^/a — ^/t .-. 0*a:i = /) + \/s + v^^=: ajj. 

But the equation /(x) = 0, being a pure Abelian, is irreducible, and therefore 
cannot have equal roots. Therefore xi is not of the first of the forms (40). It 
is therefore of the second. Consequently we may put 

^i = p+ Ws + ^{l + m^s) ] 
fei —p — k^s + V(Z — ^tia/s) I 

It is plain that 6^Xi must have the place assigned to it in (41), because the 
change that causes Xi to become O^Xi must transform 0^x^ into Xi. We can now 
determine the expression V{1 + nWs) more definitely. To pass from x^ to Qx^ 
we change the sign of \/« and take the resulting radical \/(Z — 7wV«) with the 
positive sign. In order that these changes may cause Qxi to become Q^xi , the 
changes must admit of being made on Bxi. In other words, the radical 
f>/{l — m\^s), which does not occur in that form in Xi, must be expressible in 
terms of the radicals in arj. Therefore we must have 

>v/(? — m\^s) = {c + d^/s) + {g — r^/8)^{l + nWs) , 
c, d, g and r being rational. Therefore 
I— m^8={c + dVsf+ {g—r^8y{l + m\^8)+2{c + d^^8){g—W8)^/{l+m^^8) . 

Hence (c + d\^8){g — r\^8) must be zero ; for, if it were not, \^{l + w>v/fi) would 
be a rational function of \/«, which would make Xi in (41) the root of a quad- 
ratic. And g — r^s cannot be zero, for this would make 

\/{l — m\^8) = c + d\^8j 

and therefore, by (41), dxi would be the root of a quadratic. Hence c + d^/s 
is zero, and therefore 

V(Z - ms/8) = {g- rVsW {I + ^V«). (42) 

By comparing the first three of equations (41) with one another, it appears that 
the change which transforms y^{l+ m^/s) into ^^/{l — m^s) causes \/(? — m^/s) 
to become — \/(?+ m^/s). Consequently, from (42), 

- V(/ + ms/8) = (flr + iWs) V{1 - mVs). (43) 



244 Young : Finina, Necessary and Sufficient, of the Boots of 

Prom (42) and (43), 

^_^s=-l.-Ws = ^^^^. (44) 

By squaring both sides of (43) and equating the parts involving the radical a^/s, 

2grl= m{l + /4-r*«). 
Therefore, by (44), 2grl = 2m (1 + /). 

••• Z = ;^(l+/). 

Substitute in the first of equations (41) this value of I, substituting at the same 

time for a/s its value in (44). Then, writing 2 for 1 + f — J and A for — , and 

kg 
qfor—, Xi =p + q^z +V{7iz + h^i/z). 

Thus the necessity of the forms in (32) is established. 

Sujfficiejicy of the Forma. 

§29. We now take ai, a,, a4, as, as in (32), subject to the restriction that 
the quartic equation of which they are the roots must be irreducible, and we 
have to show that this equation is a pure uni-serial Abelian. The radical 
^/{hz — hs/z)^ which occurs in ag, is not found in that form in ai. But, keeping 
in view that z = c* + 1 , 

s^{hz — h^z) = ^^~^ ^{hz + W2). (45) 

It is obvious that the expression 

p — q^z H ^{Jiz + h^z) 

is a rational function of the expression 

p + q^z + s/{]iz + h^z). 

Therefore a% is a rational function of ai; and the equation f{x) = is a pure 
Abelian. That it is uni-serial may be thus shown. To pass from ai to a,, we 
change the sign of V^, and take the resulting radical \f{Jiz — Ti^^z) with the 
positive sign. Let these same changes be made on a,. The result, by (45), is 

p + q^f^ — ^^^^ ^{hz — Wz) . 

And this again, by (45), is equivalent to 

p + qVz- ^' + ^ ^'~ ^ Vihz + h^z), 
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which, because 2 = c* + 1 , is 

p + g'V^ — >/{hz + hA^/z), or a^. 
Hence, in passing from ai to a^, we pass from a^ to a4; and in like manner it 
may be shown that the same changes of the radicals carry us from a4 to og and 
from tts back to aj ; consequently the pure Abelian equation /(x) = is uni- 
serial. 

Tfie Fundamental Element of the Boot. 

§ 30. The problem of the necessary and suflBcient forms of the roots of the 
pure uni-serial Abelian equation of the fourth degree has been solved. We 
propose to find the solution by another method ; and, with a view to a compari- 
son of the result obtained above with that at which we shall arrive by the 
second method, we may now find expressions for Bi, the fundamental element 
of the root, and for the derived expressions Bq, jB,, B^. 

§31. By §5 the four roots of the pure uni-serial Abelian quartic equation 
/(a) = are xi=BI+bI+BI + BI 

Oxi = x^=Bl + wB} + v?B\ + vfB\, 
0^Xi = x^z=Bl + td'Bl + Bi + vJ'Bl 
e^xi= Xs=Bl + vfB^ + v?B\ + wBl 
u) being a primitive fourth root of unity. Therefore, because w;* = — 1 , and 

4jB| = oTi + a-g + x^ -f arg 

4B\ = »! + Mj'a'g-f u^x^ -|- wx^ = {xi — x^) — w{x^ — Xg) 
4jB| = xi + w?*Xg+ a?4 + w^'Xs = {xi + X4) — (a-g + Xg) 
4^} =Xi + wx^ + v?x^ + v^Xz = {xi —x^ + w? (xg — org) . 
But, by what was proved above, 

ari = ^ + q^/z + \/(*2 + h^z), 

org = jp — qy/z + ^{liz — iWz) , 

^4 = p + q^z — \/(Az + h^z) , 

x^'=-p — q^z — f^{liz — h\^z). 



(46) 



Therefore, by (46), 



2R^ = V(Jiz + hVz) — w^ihz — h»/z), 
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(47) 



Therefore, keeping in view that 2;=c*+ 1, and making use. of the relation 
A/{hz + h\^z)\/{hz — h\^z) = he\^z, 

4Rs= fi^{e^ + l){v)e + If 

§ 32. It may not be out of place to observe that, in (47), Ri is not presented 
in the form in which it is a fundamental element of the root of the pure uni- 
serial Abelian quartic equation /(x) = ; that is to say, it is not in the form in 
which Rq, iBg and i?g can be derived from it by changing w into tc®, v^ and w^ 
respectively. In fact, by changing w in Ri, bs given in (47), into kj*, we should 

obtain -^ h^{^ + l){e + 1)*; whereas, by (47), i?, is }V or q\^+ 1)*. The form 

of jBx, in which it is the fundamental element of a root of a pure uni-serial 
Abelian quartic, will be determined afterwards. 



The Problem of the Necessary and Sufficient Forms of the Roots of the 
Pure Uni-Serial Abelian Quartic Solved from Another Point of View. 



The Fundamental Element of the Root. 

§ 33. The necessary and sufficient forms of the roots of the pure uni-serial 
Abelian equation of the fourth degree may be found in another manner ; namely, 
by making use of the principles laid down in § 5, so as to determine the funda- 
mental element Ri of the root. Let u? be a primitive fourth root of unity. 
Take any rational quantities, b, c, d, m. Find the rational quantities, p^ q, r, s, 
by means of the three equations, equivalent to four linear equations, 

p + q + r + e =d* 

p — q + r — 8 



mr 



.«\8 



{p — r) + w{q 
Then it will be found that 



, mHb + ewf 

8) = ^^ 



6' + o* 
jffj =2? + qw + rv^ + 8v^. 



(48) 



(49) 
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The Root GoTistructed from its Fundamental Element. 

§34. Having found R^ as in (49), derive from it Rq, J?,, R^ by changing w 
into v/^f v^, w^ respectively. But, since each of the expressions R\, jB|, etc., has 
four values for given values of i^j, i?,, etc., we must settle what values of these 
expressions are to be taken together in order that 

Rl+Ri+Ri+Rl (50) 

may be the root of a pure uni-serial Abelian quartic. From the two equations 

w? (6 + cwf 



^i={p — r) + w{q — s) = 



6-^+c« 



Rs={p — r) — w{q — s)= ^2^^a » 

it follows that RiR^ = m*. Having taken R^ a definite fourth root of unity, 
take Rl such that R^RI = m. (61) 

Then, because RqZ=z p + q + r *\- s = d^^ take R^ such that 

Rl = d. (52) 

Finally, because R^ = p — q + r — s =. ,^ ,, , let R^ be such that RJl is posi- 
tive. The expressions Rl, R\, etc., being thus determined, the expression (50) 
shall be the root of a pure uni-serial Abelian equation of the fourth degree, 
provided always that the equation of the fourth degree, of which it can be 
shown to be a root, is irreducible. 

Necessity of the Above Forms. 

§ 35. Here we assume xi to be the root of a pure uni-serial Abelian quartic 
equation /{x) = . By § 5, 

X, = Rl + R^+ R\ + R\] (53) 

and what we have to make out is that Ri has the form given in (49), and that 
R\ and R\ are related in such a manner that the equation (51) subsists, while R^ 
is essentially positive. When we say that R^ has the form given in (49), it is 
understood that^, q, r and s are determined by the equations (48). 
§36. Because F{%o) in (3) is a rational function of i£?, we may put 

F{xc) = (ft -h ci^)-\ 



1 
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b and c being rational. Therefore, from (3), taking 2=2, 

lil = {b + cwy^El (54) 

Therefore, by (5), taking e = 3 , 

Bl={b — cwy^Rl 
Therefore i2| = (6* + c'y\R,R,)i) ,ggx 

But Ri is a rational function of w. We may put Ri:=^t + 'vw and R^^^^t — rw?, 
t and T being rational. Therefore RiR^ is equal to the positive quantity fi + <t^. 
Therefore, from the second of equations (65), R^ is positive. 

§37. Because b + cw and R^ are rational functions of w?, we may put 

{b + cw)-^R^=d + 8w, 

d and h being rational. Therefore, from (54), 

i2, = { (6 + cw)-^R^ }» = (? — 5* + 2d^w . 

Since 5, is rational, d5 = . And 5 must be zero ; for, if it were not, d would 
be zero, and we should have ^, = — 5', which, because jB, has been shown to be 
positive, is impossible. Therefore 

{b + cwr'R,=d) ^gg^ 

Therefore also • (6 — cw)~'^R^ = d) 

Therefore i?8i?r'= {d{b + cw;)»}-*{d(6* + (^)\\ 

From (3), R^Rt^ is the fourth power of a rational function of w. Therefore 

{d (6* + c*)}* is the fourth power of a rational function of w. Therefore 

± d{b^ + (^) = {g + kwy=g' — Jt?+ 2gJcw, 
g and k being rational, the double sign on the extreme left of the equation indi- 
cating that it is not yet determined which of the two signs is to be taken. 
Hence g1c=.0. Therefore db d(6' + c') is equal either to gr* or to — 1^. That 
is, d(&* + (?) is the square of a rational quantity, with the positive or negative 
sign. Hence we may put 

d(6» + c*) = 7nV, 

m being rational and v^ having one of the two values 1 , — 1 . Substituting for 
d in (56) its value now obtained, 

and i?,= __v__i. 
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But u^ is either 1 or — 1 . In the former case, 

p _ m*{b + ew)* , . 

In the latter case, ti^' = v^. Then 

_ in«(fet.-c)> 

an expression essentially of the same character as (57). Therefore (57) is the 

universal form of JBi. From (57), 

P w* (6 — cwf 

^^s - — feTf?- • 

Therefore BiR^:=z mK Hence, from (55), 

^* = (6^^ . (58) 

Let ^1, when so expressed that it is the fundamental element of the root of a 
pure uni-serial Abelian quartic, be 

Ei = jp' + q^w + 7^u^ + (/vf = (y — /) +tD{q^ — O, 
y, j', r' and sf being rational. Then 

ij!, = y + ^^^j^^ ^w'={p' + 7^) — {^ + €f). 
Therefore, by (57) and (58), 

(y + /)_(2/ + ^) = 



(59) 



(6' + c«)» 
ana (^ _ /) + t|,(j' _ ^) = -^Y-^^ 

And, by §5, ^o* is rational. Therefore, d being some rational quantity, 

p' + qf + 7^ + ^ = d\ (60) 

The equations (59) and (60) for the determination of p\ gf, /, «' are the same 
as the equations (48) for the determination of p, q, r, s. Therefore 

Hence ^i =2> + ?«? + rw^ + ^, 

which is the form of the fundamental element in (49). And, by §34, in con- 
structing the root x^ from its fundamental element, having assigned a definite 
character to R\ , we then, knowing that R^Rz is equal to m*, selected the value 
of R\ so as to make R\l^ equal to m. Hence the necessity of the form of Ri 
in (49) and of the relation between the roots I^ and R\ indicated in (51) is made 

VOL. IX. 
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good. At the same time, because R\R\ = wi, I^R\ = tn*; therefore, by the first 
of equations (65), ti^ is positive. 

Sufficiency of the Forms. 

§38. To prove that the above forms are suflScient, we have to show that the 

conditions specified in § 10 are satisfied, it being assumed that the equation of 

the fourth degree, of which the root is given in (53), is irreducible. The first 

i_ 
condition is that ^o" i^ust be rational. This is satisfied by the first of equations 

(48). The next condition is that an equation of the type (3) subsists for every 
integral value of z. It will be enough to consider two values of z, namely, 2 
and 3. Because 

JBi = jp + grttj -|- 7^ -j. suP = (^ — r) + w{q — s) 
and R^=^p + qv^+ r + m/^= {p + r) — (s + *)> 

we have, from the last two of equations (48), 

^'^' = (5^T^ ^ (y + (^r» (* + '^)^' = (* + '^'^)"'' 

Hence an equation of the type (3) subsists when 2=2. Again, 
jRg = jp 4- quP + 7^ + M« = (^p — r) — w(q — s). 

But (^_.) + «,(,_,) = !!^^^ 

therefore (p - r) — w (y - «) = • ft~^^ • 

Therefore B,Br' = m-* (6 + cw)*{b — ow)-*. 

Hence an equation of the type (3) subsists when z = 3 . Consequently an 
equation of the type (3) subsists for every integral value of z. The third condi- 
tion is that equation (5) must subsist along with (3) for every value of e prime 
to 4 . As we may leave out of view values of e greater than 4 , we have only 
to consider the case in which e = 3 . Also it will be enough to consider the 
cases in which z is equal to one of the numbers 0, 2, 3. Let 2 = 0. Then 
equation (3) is Rl = { F(w) f iiJf = F{w) . 

But JR^ is rational. Hence, changing w into ic^, 

Also Ri= B^. Therefore 

ii!t, = ^(«r')=j^(w«)}i?|. 
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This is equation (6); so that, when 2=0, equation (5) subsists along with (3). 
Next, let « = 2. Then equation (3) is 

Iil=:\F{w)\Rl (61) 

Therefore, changing w into to^. 

Therefore Iii = u/{ F{v^) \ i?|, (62) 

vf being an w*^ root of unity. From (61) and (62), 

R\=^v:/{F{w)\[F{yf)]{R,R,)K 
Let F{w) c= ^ + ^10 , g and h being rational. Therefore F{vf) =zg — 7iw. There- 
fore { F{w) ] { F{vf) \ is equal to the positive quantity ^ + ^*. Also, from the 
manner in which the root Xi was constructed in §34 from its fundamental 
element, jKJjB| = m. Therefore {R^R^^ \s positive. Also, in constructing the 
root, R^ was taken positive. Therefore uf is positive ; that is, ri/ = 1 . There- 
fore, from (62), i?| = {F{vf)\Rl. (63) 

But, equation (61) being (3), (63) is (5) ; so that, when 2=2, equation (5) sub- 
sists along with (3) Finally, let z = 3 . Then equation (3) is 

R\^q,Rl (64) 

qi being a rational function of w. Therefore 

-Rg = q{R\ . 
Therefore, changing w into vf, and denoting by q^ what qi becomes when w is 
changed into to^, iJ^ = q\Rl. 

Therefore R\ = u/q^I^, (65) 

vf being one of the fourth roots of unity. From (64) and (65), 

{R,R^)\q,q^)uf=l. 
But in the same way in which the product of F{w) and F{vfi) was shown to be 
positive, qiq^ can be shown to be positive. Also {RiR^^ = m . Therefore 
(iZijB8)*= m*. Hence uf must be positive. Therefore ii/ = 1, and (65) becomes 

R\ = q^Rl (66) 

Equation (64) being (3), equation (66) is (5). Hence, whether z b.e zero, or 2 
or 3 , equation (5) subsists along with (3). Thus all the conditions specified in 
§12 are satisfied, and hence, by the Criterion in §10, Xi is the root of a pure 
uni-serial Abelian quartic. 
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Identity of the Results Obtained by the Two Methods. 

§ 39. It may be well to show that the results obtained by the two methods 
that have been employed for finding the necessary and suflScient forms of the 
roots of the pure uni-serial Abelian equat\on of the fourth degree are identical. 
In (47) we have expressions for R^, R^ and R^ as determined by the first 
method. What we need to make out is that these are substantially the same as 
the expressions for R^, R^ and ^3 obtained by the second method. By (48), 

Write -tr- for ,, . , and — e for -r- . Then 



6« + c»— 4fe4 
Also „ ^ =1 — e* and -^ = — 2<5. Therefore 

6' o 

or (6 + cvof = V{l — evof. 

Therefore \,^^^ = ^^ ^ (1 - twf = -4- (1 + ^){l - ewf. 

The expression on the extreme left of this result is the value of Ri obtained by 
the second method, while that on the extreme right is the value of Ri obtained 
by the first method. The value of R^ by either method is what Ri becomes by 
changing w into ti^ or — ti;; so that, when the identity of the expressions 
obtained for Ri by the two methods has been established, the identity of the 
expressions for R^ follows. Finally, by the second of equations (48), 

P — ^* 

^» — (68 + c7' 

The above values of h and e make this 

Put 2 for 1 + c*, and ? for -^ . Then 
which is the expression for jB, in (47). 
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The Pure Uni-Sbrial Abelian op a Degree which is the Continued Product 
OF A Number of Distinct Prime Numbers. 

Fundamental Element of the Root 

§ 40. Let n be the continued product of the distinct prime numbers 

8ft,..,.,d,h* \^*l) 

Take w a primitive n*^ root of unity. Then, if 

(T,T, S,p (68) 

be such that n = «(r = <t = .... = 6^, tif is b, primitive s^ root of unity, uf a 
primitive ^^ root of unity, and so on. Let 



uf , uf^, 



Vf' 



'A« 



vf^ 



w' 



,tA« 



vf 



,T&' 



w 



.w 



(69) 



be cycles containing respectively all the primitive «*^ roots of unity, all the 
primitive <*^ roots of unity, and so on. Should the numbers forming the series 
(67) be all odd, each of the cycles (69) consists of more terms than one. Should 
the prime number 2 be a term in (67), say 6, the last of the cycles (69) would 
be reduced to the single term v^, which it will be convenient to regard as a cycle 
though it consists of only one term. In this case A; = 1 • It may be assumed 
that ?, is less than «, h less than t, and so on as regards all the numbers e, t, etc., 
in (67) which are odd primes. The numbers Jl, A, etc., are prime roots of s, t, 
etc., respectively. Take P^ a rational function of to, and, z being any integer, 
let P, be what Pj becomes when z is changed into tif. Put 






4><r P^ P^k ^irAS 






(70) 



-Zi= PJ P^i P\it .... Pii*-^ 
^p = PJ PJ» PJjt« • • • • Pp**-* 

In the case when one of the numbers in (67), say b, is 2, the last of equations 
(70) is reduced to Fp=:Pp. (71) 

Then, if Ri be the fundamental element of the root of a pure uni-serial Abelian 
equation /(x) = of the n^^ degree, it will be found that 

R, = A^{i>:^l....X,'F^), (72) 

Ai being a rational function of to. 
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The Root Constructed from its Fundamental Element. 

§41. From jBj, as expressed in (72), derive Rq, jB,, etc., by changing w 
into vfi, V?, etc. By § 5, the root of the equation f{x) = is 

i J- -L J. 

Rq + Ri + R^ +.....+ -RiT— 1- (73) 

To construct the root, we have to determine the particular i^^ roots of R^, i?i, 
etc., that are to be taken together in (73). When w is changed into vf, let 
ill, ^1, 4'i» ^tc, become A, ^,, 4'«» etc., respectively. Then 

r.=a:{^:A^: xuFs,)^^ ^^^^ 

therefore i2; = udA.^^l.'^l, XUF^f^f j 

w/ being an n*^ root of unity. Let the integers not greater than n that measure 

n, unity not included, be 

n, y, etc. (75) 

For instance, ifn=3X5x7 = 105, the series (75) is 

105, 35, 21, 15, 7, 5, 3. 

The n*^ roots of unity distinct from unity are the primitive n*^ roots of unity, 
the primitive y^^ roots of unity, and so on. For instance, the series of the 105**^ 
roots of unity distinct from unity, containing 104 terms, is made up of the 48 
primitive 105*^ roots of unity, the 24 primitive 35**^ roots of unity, the 12 primi- 
tive 21"* roots of unity, the 8 primitive 15*^ roots of unity, the 6 primitive 7*^ 
roots of unity, the 4 primitive 5*^ roots of unity, and the 2 primitive 3* roots of 
unity. The general primitive n*^ root of unity being w*, give uf in the second 
of equations (74) the value unity for every value of z included under e. Then 

r] = A,{^l,'^l, .... X^F^,)\ (76) 

Taking any other term than n, say y, in the series (75), since y is a factor of w, 
let yv = 7i. Then w"" is a primitive y*^ root of unity. Hence, since yf is the 
general primitive n*^ root of unity, all the primitive y^^ roots of unity are in- 
cluded in vf. If w/, in the second of equations (74), be vf when z = «?, let it . 
have the value tc*** when z = €v. Then 

Rl = w'^A„ ir^Al^r .... J^^a-P'^,) ^ (77) 

Form equations similar to (77) for the remaining terms in (75). In this way, 
because the series of the n^ roots of unity distinct from unity is made up of 
the primitive n^^ roots of unity, the primitive y*^ roots of unity, and so forth, 
all the terms l,2,..,.,n — 1 are fpund in the groups of numbers represented 
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by the subscripts e, at;, etc., with multiples of n rejected. Consequently, in 
determining i?;, i?^, etc, as in (76), (77), etc., we have determined all the terms 

J- i- JL 

Substitute, then, in (73) the rational value which Rq can be shown, as in § 8, to 
possess, and the values of the terms in (78) as these are determined in (76), (77), 
etc., and the root is constructed ; in other words, the expression (73) shall be 
the root of a pure uni-serial Abelian equation of the n*** degree, provided always 
that the equation of the n^^ degree, of which it is the root, is irreducible. 

Necessity of the Above Forms. 

§42. Here we assume that the root of a pure uni-serial Abelian equation 
/(x) = of the n** degree is expressible as in (73), and we have to prove that 
its fundamental element ^x ^^ ^he form (72), and that the terms in (78) are to 
be taken as in (76), (77), etc., while ^o* receives its rational value. 

§ 43. By (3), z being any integer, 

Rt = {F{w)\Rf, 

F{w) being a rational function of w. And equation (6) subsists along with (3) ; 
that is, vf being the general primitive n^ root of unity, 

Bt={F{uf)]Rf. 

Taking 2=1, R:r=B.R—, 

B^ being a rational function of vf. In like manner, taking az^Xf 

A yX 

Re/k = O^Rg * , 

G^ being a rational function of vf. In this way it can be shown that each of 
the terms in the series 

x'-' x'-' xLL* i. 

is the product of i2, • by a rational function of vf. Therefore 

{Ri^'Rii'Ri:: .... i2^,.-)^= ^.4 m 

where F^ is a rational function of vf, and 

d = <T»(«— l)V-». (80) 

So also {RC'RiV R^k*'*V = G.RJ 

(81) 



M'^KV' . . . J^^e-^r = ff.R7 
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where O^, fli, etc., are rational functions of vf, and 

« = T»(f-l)^*-» ) 

\ (82) 

From (79) and (81), 

{Ri'\ . . .)^(i^^^ . . .)^. • . . {IC* . . . .)^ = Q.4, (83) 

where Q^ is a rational function of vf, and A is the sum of the terms e?, i, . . . . , 2>; 
that is, by (80) and (82), 

A==:(T«(^-.l)X'-» + T»(<--l)^*-» + +^(J_l);fc*-». (84) 

Because 6/? = n = «<t, and the prime numbers 6 and s are factors of n distinct 
from one another, 6 is a factor of <T. Hence & is a factor of the first of the 
separate members of the expression for A in (84). In like manner 6 is a factor 
of all the separate members of the expression for A except the last. And it is 
not a factor of the last. For, assuming the prime factors of n in (67) to be all 
odd, since the last line in (69) is a cycle of primitive b^^ roots of unity, k is 
prime to b. And b — 1 is necessarily prime to b. And /? is prime to b, because 
fi is the continued product of those prime factors of n which are distinct from b. 
Hence ^{b — 1)^*""* is prime to b. The conclusion still holds if b is not odd, 
but equal to 2. For, in that case, Jfe = 1 and b — 1 = 1 ; so that 

/?(6 — l)Jfe^-> = /?*. 

Now, j3* is odd, because /? is the continued product of the odd factors of n. Hence 
/?* is prime to 6 or 2. Whether, therefore, the terms in (67) are all odd or not, 
every one of the separate members of the expression for A in (84) except the 
last is divisible by b, but the last is not divisible by b. Hence A is prime to 
b. In like manner A is prime to each of the factors of n. Therefore it is prime 
to n. Therefore there are whole numbers m and r such that 

mA = m+ 1. 
Therefore, from (83), 

(<-' • . . .)'^(^^^ . . o"^. . . . (^r^ • • .f=^{QTlK)R:^ 

For any integral value of 2, let (^)" be written P/. Then, putting A^^ for 
Q^Rl, R] Aj^ is the continued product of the expressions 

(Pe«r ietrk • • • • PwX*'*)' 9 
(Per Perh • • • • -Perft*"*)"? 



{Peft Pefik • • • • Pefik^"*)" i 
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therefore, by (70), j^f ^ ^^ ^^^^. _ ^,^,^k^ (85) 

Therefore B^ — Al (^^Ji^; XlFl) . 

Thus the form of the fundamental element in (72) is established. Also, it was 

JL i. 

necessary to take Rq with its rational value, because, by § 6, uRq is the sum of 
the roots of the equation /(x) = 0. And equation (85) is identical with (76), 
which establishes the necessity of the forms assigned to all those expressions 

which are contained under R*. It remains to prove that the expressions 

contained under iJj;,, — or y being a term in the series (75) distinct from n, have 

the forms assigned to them in (77). 

§ 44. Since yr = n, and y is not equal to w, y is the continued product of some 
of the prime factors of n, but not of them all. Let «, <, etc., be the factors of 
n that are factors of y, while 6, d, etc., are not factors of y. Because yv=zn=^h^^ 
and b is not a factor of y , & is a factor of v . Let v=:abj then v^-=:an. There- 
fore vf"^ = vf'''' = vfi. Therefore F^^^ = F^. In like manner X^ = Xq. And 

so on as regards all those terms of the type F^^ in which -^ or 6 is not a 

measure of y. Hence, putting ev for z in the second of equations (74), and 

separating those factors of Rl^ that are of the type jp^^ from those that are not, 

rI = v/U^ {FSX^ , . . .fire^Alv )^, (86) 

v/' being an n^ root of unity. We understand that F;, Xs , etc., are here taken 
with the rational values which it has been proved that they admit. The con- 
tinued product of these expressions may be called Q, which gives us 

Ri = wr'A^Q{r^Al. )^ 

When e is taken with the particular value c, let t(/' become ti?'', and when e has 
the value unity, let w/' become vf. Then 

Rt = w^A^Qi^cvAlv )H (87) 

aiid r: = w^A^Qir.. '»;^;r . • . Y 3 

Because equations (3) and (5) subsist together, and w^ is included under to*. 



r; = Mr [ 

R^ = K^e J 



(88) 
and 
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where Ici is a rational function of w, and Jc^ is what A^ becomes by changing w 
into vf. By putting 6 = i in (86), 

Taking this in connection with the second of equations (87), 

{B,Rr'^y=vf^{A,Ar)Q{Fr^^Xr^. . . Y {{V^iKr^X^lr'^Tn . . . .\\ (89) 
In like manner, by putting c for e in (86), and taking the result in connection 
with the first of equations (87), 

{R^R7'f= w%A„Ar)Q{Fr,'^. . . O^K^^^^OC^^c^^^;;") . . . .r- (90) 

From (89) compared with the first of equations (88), and from (90) compared 
with the second of equations (88), 

k, = u^{A,Ar)Q{Fir^ . . . .f{{r^i^7''mir^7n • • • -iH (91) 

and k,= vf{A^A7')Q{Fr,''. . . .f {{V^i^^^'^X^lvr^^^n ^ • • -l^) 

By § 9, because ^^ is of the same structure as the expression (8), 

q„ being a rational function of the primitive s^^ root of unity vf. And, since it 
appeared from the reasoning in §9 that the nature of the function does not 
depend on the particular primitive s^^ root of unity denoted by vf, we have at 
the same time ,. ^-i»\t 

q^ being what q^ becomes when w is changed into ^o'. Therefore, because mt = n, 

and (t^?>;;'')"=?«,. 

Similarly, ' {^lA'T^f^ql 

and (4-^^^;;^)^=?;, 

where q[ \b & rational function of id', and $^ is what q1 becomes when to is 
changed into wf. Therefore, from (91), 

and k,= w^{A^7')Q{Frr''. . • .)'(q„q^ ....)) 

But again, because h^ = n=^yv, and y is not a multiple of b, « is a multiple 

of b. Therefore v/S is a multiple of J/3 or n. Therefore F^ is a rational 
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— «« 



function of w\ In like manner X^^* is a rational function of vf^ and so on. 
Therefore the second of equations (92) may be written 

where Ji^ is a rational function of vf. In like manner, from the first of equa- 
tions (92), ky = vf{A^r) QMi {qaq'r ), 

Ml being what M^ becomes in passing from vf to w. By § 4 we can change w in 
this last equation into vf. This gives us 

h = vf'{A,,Ar)QM, {q^^ir ....). 
Comparing this with the value of k^ previously obtained, vf = vf\ Therefore 
the first of equations (87) becomes 

Keplacing Q by {F^pX^ ...-)'» ^^^ putting 6 for c, which we are entitled to 
do because «?* may be any one of the roots included under vf, 

, at = vf-A^{^%A^:^ .... ii,Y, 

which is the form of Rl^ in (77), 

Sufficiency of (he Forms. 

§45. Here we assume that R^ has the form (72), and that the terms in (78) 

are determined by the equations (76), (77), etc., while Rq receives its rational 
value. We have then to prove that the expression (73) is the root of a pure 
uni-serial Abelian equation of the v^ degree, provided always that the equation 
of the rP^ degree, of which it is the root, is irreducible. 

§46. In the first place, it has been shown that there is an w*^ root of R^ 

which has a rational value ; and, by hypothesis, R^ has been taken with this 
rational value. In the second place, an equation of the type (3) subsists for every 
integral value of z. For, let 2 be a multiple of n . In that case it may be taken 
to be zero. Then (ij.ij-')- = i?o\ (93) 

But Rq is the n*^ power of a rational quantity. Therefore (93) is an equation of 
the type (3). If z is not a multiple of n , it may be a multiple of some of the 
factors of n, say h, d, etc., though not of others, say s, t, etc. Because z is a 
multiple of i, and b^=:n, z^ is a multiple of n. Therefore Fgp=^FQ. And 
FS is the n^ power of a rational quantity. Therefore F^p is the n^^ power of a 
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rational quantity. In like manner. X/a is the n*^ power of a rational quantity, 
and so on. But 

B,=A-,{Fuxu . . . .){r.Air ....). 

Since each of the quantities. -F/^, -Z^, etc., is the n^^ power of a rational quantity, 
let their continued product be Q", Q being rational. Then 

i?,= (^g)~(<^;,'4';,....). (94) 

Again, because zii is a multiple of n, Ff^ is the n^^ power of a rational func- 
tion of w. In like manner Xr^ is the n^^ power of a rational function of w, 

and so on. Let {F^'^Xr'^ ) = JKi**, 

Ml being a rational function of w. Then 

iir'= Ar'{F^^. . . .)(<?)7''^r". . . .) 

= (^fifi)-"(<?>7''ir'...0. (95) 

From (94) and (95), 

ii;.2?r'= (^^rT(e^-'rK<?>L<?>7")(^;.^r'0 •...}• (96) 

From the structure of the expression ^^, ^^^^7* is, by §9, the s^^ power of a 
rational function of w'. Therefore, because wr = n, ^1,^7*" is the n^ power of 
a rational function of w. In like manner '4^lr4^7'^ is the n** power of a rational 
function of w, and so on. Therefore, from (96), RgRr' is the n^^ power of a 
rational function of w. This establishes equation (3) when z is the continued 
product of some of the prime factors of n , but not of all. It virtually estab- 
lishes equation (3) also when z is prime to n, because this case may be regarded 
as included in the preceding by taking the view that the factors of n which 
measure z have disappeared. Thus, whether 2 be a multiple of n or be a mul- 
tiple of some factors of n, but not of others, or be prime to n, an equation of 
the type (3) subsists. In the third place, an equation of the type (6) subsists 
along with (3) for every value of e that makes vf a primitive nf^ root of unity. 
For, let z be prime to /t. It is then included in e. Also, since z and e are both 
prime to n, 2^ is included in e; and unity is included in e. But, from the 

manner in which the root was constructed from its fundamental element, Rl is 
determined as in (76). Therefore we have the four equations 

i2; = A(4>:^; ....i^;)\ 

i2; = ^(<?>L^i F!,)^,^ 

Ri = A^ji^ezA^i, F!,>r, 

r: = A,{r..'^i^ ....i^,^)^ 
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Therefore {R^Jt^'Y = {^AT*){'^JPZ 
and {R^R:'f={A„A7'){^^r. 

Because (^fa^r*)* ^^^ other corresponding expressions have been shown to be 
rational functions of the primitive n*** root of unity w^ the two equations (97) 
correspond respectively to (3) and (5). If z be not prime to n, and yet not a 

multiple of n, it may be taken to be at;, where v is equal to — , y being one 

of the terms in the series (75) distinct from w, and vf being the general primi- 
tive r^ root of unity. Then, just as we obtained the pair of equations (97) by 
means of (76), we can now, by means of (77), obtain the pair of equations 



{n.,B^^Y = (4^4r")(<?>,^* 



1 



7"V...X 

*oflr / • • • • y 



(98) 

where w^ represents any one of the primitive n^ roots of unity. Because such 

expressions as (^^,^^7")' and (^^^^^*')" are rational functions of tc?, the two 
equations (98) correspond respectively to (3) and (5). Finally, should 2 be a 
multiple of n, it may be taken to be zero. Then the equation corresponding to 
(3) is, qi being a rational function of w , 

i. JL JL 

jB; =g'i^r; or, since 2 = 0, R^ =^gi» 
But Rq is rational. Therefore qi is rational. Therefore qi^=^qg] in other words, 
qi undergoes no change when w becomes vf* Also iSji = Rq = g,. Therefore, 
since R; = 1, R^ = q^R;, 

which is the equation corresponding to (5). Therefore, whatever z be, the 
equation (5) subsists along with (3). Hence, by the Criterion in §10, the 
expression (73) is the root of a pure uni-serial Abelian equation of the n*^ 
degree. 

The Pure Uni-Serial Abelian op a Degree which is Four Times the 
Continued Product of a Number op Distinct Odd Primes. 

Fundamental Element of the Root. 

§47. Let n= 4m, where m is the continued product of the distinct odd 
prime numbers, s, <,...., c2, b. (99) 

Take a, r, , ^, /?, (100) 
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Buch that n = «(T = *r =....== &/?. Let tr be a primitive n^ root of unity. 
Then t4f is a primitive fourth root of imity, w"" a primitive «*** root of unity, and 
BO on. Let 



w\ vf^, vf^\ 



IC" 



w\ w^ J «?**•,...•, tr**'"* 



«^ 



(101) 



be cycleB oontaining respectively all the primitive ^^ roots of unity, all the 
primitive f^ roots of unity, and so on. Let Pj be a rational function of tr, and, 
for any integral value of z , let P, be what Pi becomes by changing w into vf. 
We can always take Pj such that P^ shall have the form of the fundamental 
element of the root of a pure uni-serial Abelian quartic ; that is, P^ may receive 
the form of Ri in (49) as determined by the equations (48). For, because Pj is 
a rational function of te?, 

the coeflScients a, Oi, etc., being rational. Therefore 

P^^z=,a + a^vf + a^K^"^ + etc. 

= (« + «4 + ®tc.) + vf (tti + as + etc.) + lo**" (a, + etc.) + t/?'* {a^ + etc.) . 

This may be written 

P^^f+fyf^+fv^+fv^. (102) 

All that is required in order that P| may be a function of the kind described is 
that P^ in (102) be of the same character with Ri in (49). That is, we have to 

make /=p, f = q, /' = r, /" = «. 

By means of these four linear equations, the necessary relations between the 
quantities a, Ou a,, etc., can be constituted. Having thus taken Pj subject to 
the condition that P^ shall have the form of the fundamental element of the 
root of a pure uni-serial Abelian quartic, put 

4>,r = -Pi -f^A -Pixt .... P^K'-* 

PrH'-* 






-Zj — Pj Pii P^ .... Pir*-« 

-T^ = Pp Ppk P?Al . • • • P/3**-' 



(103) 
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Then, if iS^ be the fundamental element of the root of a pure uni-serial Abelian 
equation of the rt^ degree, it will be found that 

Rx^AiiPt^A^l .... xm , (104) 

Ai being a rational function of w. 

The Boot Constructed from its Fundamental Element. 

§48. From Ri, as expressed in (104), derive R^, R^, etc., by changing t^? 
into tc\ v^j etc. Then, assuming that the root of the pure uni-serial Abelian 
equation /(x) = of the n*^ degree is 

Rf+Rf + Rf+ . . . . + rLu (105) 

what we have to do in order to construct the root is to determine what values 

of i^o", ^1 • etc., are to be taken together in (105). 
§49. From (104) we have 

R,= A^{IX^l FS). (106) 

By §8, ^0 is the s^^ power of a rational quantity. Therefore, because «(T = n, 
^0 is the n^ power of a rational quantity. In like manner each of the expres- 
sions 4'o> ^01 etc., is the n*^ power of a rational quantity. And, because P^ is 
of the same form with the fundamental element of the root of a pure uni-serial 
Abelian quartic, P^ is the fom^th power of a rational quantity. Therefore, since 
n^=^ 4m, P^ is the n*^ power of a rational quantity. Therefore, from (106), R^ 

is the 71^ power of a rational quantity, and R^ has a rational value. 

§50. Let the numbers not exceeding n that measure n, unity not included, 
be w, y, etc. (107) 

For instance, if n = 4 X 3 x 6 = 60, the series (107) is 

60, 30, 20, 15, 12, 10, 6, 5, 4, 3, 2. 

The n^^ roots of unity distinct from unity are made up of the primitive n^ roots 
of unity, the primitive y^ roots of unity, and so on. For instance, when n = 60, 
the fifty-nine n*^ roots of unity distinct from unity are the sixteen primitive 60^^ 
roots of unity, and the eight primitive 30*"* roots of unity, and the eight primi- 
tive 20*^ roots of unity, and the eight primitive 15^ roots of unity, and the four 
primitive 12^ roots of unity, and the four primitive 10^ roots of unity, and the 
two primitive 6*^ roots of unity, and the four primitive 5*^ roots of unity, and 
the two primitive 4*** roots of unity, and the two primitive 3* roots of unity, and 
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the primitive 2^ root of unity. According to our usual notation, let Pg, ^,, etc, 
be what Pi, ^, etc., become when w is changed into vf^ z being any integer. 
Then, from (104), ij. = iiJ(Prm<?>L^;. • • • • J^&) ) 
Therefore 4 = t^^(PS„<?>L'^; KV) 

vi being an w*^ root of unity. The general primitive ri^ root of unity being vf, 
give vi in the second of equations (108) the value unity for every value of z 
included under c. Then 

r\= A.^1^^^%'^^^ .... FS,f. (109) 

Taking any number y distinct from n in the series (107), since y is a factor of w, 
let yv=:n. Then i^?'* is a primitive y**' root of unity. Hence, since vf is the 
general primitive n^^ root of unity, all the primitive y^^ roots of unity are 
included in ^^^ If v/ in the second of equations (108) be vf when 2 = t7, give 
v/ the value vf^ when z=^ev. Then 

Rl = w^A„ {PT^re^ .... FfJ". (110) 

The expression P^ having the form of the fundamental element of the root of a 

•L 1 

pure uni-serial Abelian quartic, it is understood that, in (110), P^ or P^ 
is taken with the value which it has in the root 

H+pI + pL + pL 

of a pure uni-serial Abelian quartic ; and consequently, when t; is a multiple of 
2, -M?"^ must have the value unity. Form equations similar to (HO) for the 
remaining terms in (107). In this way, because the series of the n^ roots of unity 
distinct from unity is made up of the primitive n}^ roots of unity, and the primi- 
tive y^ roots of unity, and so on, all the terms 1,2,...., n — 1 will be found 
in the groups of numbers represented by the subscripts e, ev, etc., when multiples 

of n are rejected. Coosequently, in determining jB;, RJ,, etc., as in (109), (110), 
etc., we have determined all the terms 

i- i -L 

Ri, RH , . . . . , i2,r-i* (m) 

Substitute, then, in (105) the rational value of Rq, and the terms in (111) as 
these are determined by the equations (109), (110), etc., and the root is con- 
structed; that is, the expression (105) is the root of a pure uni-serial Abelian 
equation of the n*^ degree, provided always that the equation of the w*^ degree, 
of which it is the root, is irreducible. 
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Necessity of the above Forms. 

§51. Take «, any one of the odd prime numbers in the series (99). Let 
Oo> «i» <hi ^*c-> ^^ rational functions of vf. Then, because «(r = w, ao, ai, 
etc., are clear of tr% though they may involve the primitive fourth root of 
unity vf^, the primitive f^ root of unity vf^ and other corresponding roots 
exclusive of w'. The terms t/?', vf^^ etc., in the first of the cycles (101), being 
all the primitive «*^ roots of unity, I assume that if 

<h + cL\yf + <hyf^ +...• + a,_i2«''^'"*= 0, 

the coeflScients a©, ai, etc., are all equal to one another. 

§52. The general primitive n^^ root of unity being vf, s—1 values of 6, 
leaving distinct residues when multiples of s are rejected, can be found of the 
form fl^(T+l, (112) 

g being a whole number. For, since sa=^n, the s — 1 terms 

<tH- 1, 2(T+ 1, , {s—l)a + l (113) 

are all less than n. Of these terms, not more than one can have a measure in 
common with n. For suppose, if possible, that two of the terms in (113), 
a(T + 1 and ha + I, have a measure in common with n. The measure which 
aer + 1 has in common with n cannot be any of the measures of <t. Therefore, 
since sa:=^n, it must be the prime number s. We may therefore put 

ac + 1 =A«. 
In like manner, ha + l=^Jcs, 

h' and k being whole numbers. Therefore, assuming a — i to be positive, 

(a — 6)(r=(A — k)s. 

But a — 6 is less than the prime number s. It is therefore a measure of h — k. 
Therefore <t is a multiple of «; which, because a is four times the continued 
product of the odd prime factors of n exclusive of «, is impossible. Hence not 
more than one of the s — 1 terms in (113) can have a measure in common 
with n. In other words, s — 2 of the terms in (113) are prime to n. There- 
fore s — 1 of the roots 

w, w^+\ ^^"+^ , W7<— !)'+! 

are primitive n}'^ roots of unity. This implies that there are s — 1 values of g 
yoii.ix. 
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in (112), zero included, which make vf"^^ a primitive n*^ root of unity. Let 
two of these values of g be gi and g^. Put 

gya+l = q^s + Vi 
and g%(y+l = qiS + r^, 

qi and q^ being whole numbers, and ri and r^ whole numbers less than s. Sup- 
pose, if possible, that ri = r^ ; then 

{9i — 92)<^ = {qi — q2)s, 
which, as above, makes a a multiple of s, and is therefore impossible. Conse- 
quently, the s — 1 residues after multiples of s have been rejected from the 
s — 1 different values of gfcr + 1 are all diflFerent from one another. 
§53. It can now be shown that equations 

and {R,.n.Rz:)^=^pJ ^ ^ 

subsist for every integral value of z and every value of e that makes w' a primi- 
tive w*^ root of unity, p^ being a rational function of w"^, and p^ being what 
p,n becomes when to is changed into w^. By (3) and (5), because Bi is the funda- 
mental element of the root of a pure uni-serial Abelian equation of the n^^ 

and (Re^^Rz:)^ = h, 

hi being a rational function of w, and k, being what ^i becomes when w is 
changed into tc'. Therefore 

(i2^i2;;;0*=^l (...) 

and iBen.R:;t)^=Jci ^ ^ 

In the second of these equations, give e a value, say c, falling under the forln 
(112). Then {Rcn.zR^)^ = K^ (116) 

Since <t is a multiple of 4, we may put c = 4d + 1 . Therefore cm = c?n + wi . 
Therefore w"^ = vf^ and xif^zziyf^*. Therefore (116) may be written 

(72^,72-0* = ^;?. 
This, compared with the first of equations (115), gives us 

l^ = K. (117) 

Since 1^ is a rational function of a primitive ri-^ root of unity, and the first of 
the cycles (101) contains all the primitive s^^ roots of unity, we may put 

7.f = ao + aT^iif + a^iif' + + a,-!^^?''''"*, (118) 
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where the coefficieuts a©, Oi, etc., are clear of to'; though, for anything that has 
yet been proved, they may involve vf^ , vf and other corresponding roots exclu- 
sive of to'. In (118), by the Corollary in §4, we can change w into w^. This 
causes AjJ* to become A;^, and w'^ to become ic'"'. The coefficients «©> ^n ^^c., are 
rational functions of uf, and, when w is changed into tjff, uf becomes vf*\ but, by 
(112), C8'='gn'\' 8\ therefore vf* = iif. This implies that the coefficients a©, ai, 
etc., remain unaffected when w is changed into vf. Therefore 

le^ = ao + «!«;*'' + a^tif"^ + etc. 

Therefore, from (117) and (118), 

oiuf + ansf^ + etc. = a^vf + a^vf^ + etc. (119) 

It was proved in §52 that c may have s — 1 values, including unity, which leave 
distinct residues when multiples of s are rejected. Therefore one of these resi- 
dues distinct from unity must be %, which was supposed less than «, and is not 
unity. Giving c in (119) the value which leaves the residue % when multiples 
of 8 are rejected, the equation (119) becomes 

vf^ («i — ««) + ^'^* («, — cTg) + etc. = . 

Here, by §51, the coefficients a^ — ««, a» — Os, etc., must all vanish. This im- 
plies that ai, Oj, . . . . , a,_i are all equal to one another. Hence 

It^ = ao + ai {yf + vf" + etc.) — a^ — a^. (120) 

Thus Tdx is clear of vf. In like manner it can be shown to be clear of all the 
roots «?' , to^ . . . . , w^^ vf ; 

it is therefore a rational function of vf^. Let it be written jp;,. Then the equa- 
tions (116) become {R^R^a*)^ =Pmi 

(^«m»^iiiO*=i^««» 
p^ being what p^ becomes when w is changed into w\ These are the equations 
(114). 

§ 64. From what has been established, it follows that B^ has the form of 
the fundamental element of a pure uni-serial Abelian quartic. For, by §10, all 
that is required in order that R^ may have such a form is that the equations 
(114) should subsist, and that R^ should have a rational value. By §5, since Ri 
is the fundamental element of the root of a pure uni-serial Abelian equation of 

the n}'^ degree, Rj has a rational value. Therefore R^ has a rational value. 
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§55. In the very same way in which (83) was established, it can be proved 

that bUrC'RCk.. . . i2e.A-0^^ • • • (^Jr"- • • 0^= QeRf, (121) 

where Q^ is a rational function of w*, and 

A = 7w» + (T»(«— l);i'-» + T*(<— l)A'-«+ +/3>(J_i)Aj»-». (122) 

Because m is the continued product of the odd factors of n , m* is odd. But 
each of the expressions s — 1 , t — 1 , etc., is even. Therefore A is odd. There- 
fore A is prime to 4. Again, because m is the continued product of the odd 
factors of 71, it is a multiple of b. And, because sa=zb^, cr is a multiple of b. 
In like manner r is a multiple of 6. In this way all the separate members of 
the expression for A in (122) except the last are multiples of b. And, by the 
same reasoning as was used in §44, ^ {b — l)ifc*"~^ is not a multiple of b. 
Therefore A is prime to 6. In like manner it is prime to s, t, etc. Therefore 
it is prime to n. Therefore there are whole numbers v and r such that 

t? A = 771 + 1 • 

Therefore, from (121), 

i2l(i2r". . . .)^(<". • ■ 0^. . . . iK'^^ . . .r= {qir:)4^ (123) 

j_ i_ 

For any integral value of 2, let J?/ be written P*. Then, by (103), putting 

At^ for QlR;, (123) becomes 

RJ = A, (PZVe.'^^lr .... n) ^ ^^^^^ 

Therefore R^ = J? (P^*:^; F^^ (1 25) 

But P^ is the same. as R"^. Therefore, by § 54, P^ is of the form of the funda- 
mental element of the root of a pure uni-serial Abelian quartic. Therefore the 
expression for Ri in (125) is identical with that in (104), and thus the form of 
the fundamental element in (104) is established. Also, it was necessary to take 

i. JL 

Rq with its rational value, because, by § 5, tiRq is the sum of the roots of the 
equation /(x) = 0. And equation (124) is identical with (109), which estab- 
lishes the necessity of the forms assigned to all those expressions which are 

contained under JSj* • It remains to prove that the expressions contained under 

i?j;, — or y being a term in the series (107) distinct from n, have the forms 

assigned to them in (110). The details to be given here are very much a repe- 
tition of what is found in § 44 ; but, to prevent the confusion that might arise 



Pure UnirSenal Ahdian Equations. 269 

from explanations and references, it is thought better to present the reasoning 
again with some fulness. 

§66. Since yv=^n, and y is not equal to n, y is the continued product of 
some of the factors of n, but not of them all. Let a, <, etc., be the odd factors 
of n of which y is a multiple; and b, d, etc., the odd factors of n of which 
y is not a multiple. Because yv=::n = bl3f and b is not a factor of y, b 
is a factor oft?. Let t; = a&; then v^=:^an. Therefore F^^^^= Fq. In like 
manner X^„« = ^, and so on as regards all those terms of the type F^^^ 

in which -r- or & is an odd factor of n, but not a factor of y. Hence, putting ev 

P 

i_ 

for z in the second of equations (108), and separating those factors of R^ that 
are of the type F^^^ from those that are not, 

bI = v/^A^ {FIX', . . . .fiPT^r^^ . . . .)^» 

v/' being an n*^ root of unity. We understand that Fq, XJ, etc., are taken with 
the rational values which it has been proved that they admit, and, as in § 44, 
their continued product may be called Q. Then 

at - y^'KQ {PTrmre^. • • • -f • (l 26) 

When e is taken with the particular value c, let v/' become td^^ and when e has 
the value unity, let t«/' become iff. Then 

bI = w^A^QiPT^r^. -"tl (127) 

and B: = t^M,g (P-,4>-, )^ [ 

Because JKi is the fundamental element of the root of a pure uni-serial Abelian 
equation of the n^ degree, equations (3) and (5) subsist together; hence, because 
10* is included in w% , p p-t,\T _ t. ) 

and {B^BrY=h) 

where ki is a rational function of w, and k^ is what Jci becomes by changing w 

into w^. By putting e equal to unity in (109), 

Bf = A,{P^^:....F^^. 

Taking this in connection with the second of equations (127), 

{B,Br'^f=w-{A,Ar)Q{Fr'. . . .r{(^SnP;;'")(<?>^4^7^') . . . .}•. (129) 
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In like manner, by patting c for e in (109)^ and taking the result in connection 
with the first of equations (127), 

{R^Rr'f=vf{A^A7^)Q{Fr,^. . . Y {{PT^I^^Xrc^^Z'^) . . . .p. (130) 
From (129) compared with the first of equations (128), and from (130) com- 
pared with the second of equations (128), 

k,=vf{AAr)Q{^'''^ . . ^)^\{Pz.P;;i'^){r^^7'') • • . -T^ I (131) 

and k,= w^{A^A7^)Q{Fr,'^. . . .f" {{P^P7D{rc^^7.^) . . . .]^) 

Exactly as in § 44, it can be shown that 

{rc^.i>:;'^y' = qc, (132) 

g^ being a rational function of the primitive n^^ root of unity w^. Also, it has 
been proved that P„j is of the form of the fundamental element of the root of a 

pure uni-serial Abelian quartic. Therefore, by (3), {P^mP^Y is a rational 
function of the primitive fourth root of unity vf^. Therefore, because n= 4m, 

(PSm-fm*^)* is ^ rational function of the primitive n*^ root of unity vf. Put 

(PSm/>;r)^=ff^ (133) 

Again, exactly as in §44, jF^ • =ffc'» (134) 

q!J being a rational function of vf. By (132), (133), (134), and other correspond- 
ing equations, the second of equations (131) becomes 

h=^vf{A,J::^)Q{qM'. . . .). (135) 

In like manner, from the first of equations (131), 

h^w-{A,Ar)Q{qiq[g'i^ . . . .). 
<l\i 9.1} <5tc., being what q^j j^, etc., become in passing from vf io w. It may 
be noted that this assumes that we are entitled to change equation (133) into 

(PL/^'^)^=9/. 

The warrant for this lies in the fact that the roots P*^, P;^ , P;^ , or Pi , P^m , Plm i 
were taken with the values they have in the root 

Pl+pl + Pl+pL 

of a pure uni-serial Abelian quartic. This being so, the equation 

{P:inPZ^f=qi 
corresponds to equation (3), while (133) corresponds to (5), and, by §5, equations 
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(3) and (6) subsist together. In Aj^, by the Corollary in §4, we can change w 
into tff. Therefore 

By comparing this with (135), ur=zvf^. Therefore the first of equations (127) 

J. ' i. 

becomes R;, = «^«^« Q (P^^to., ) " . 

Replacing Q by {F^^ ....)*> *^^ putting e for c, which we are entitled to do 
because to^ may be any one of the roots included in the general form «?*, 

which is the form of -B^ in (110). 

Sufficiency of the Forms. 

§57. Here we assume that R^ has the form (104), and that the forms in 

(111) are determined by the equations (109), (110), etc., while ^o" receives its 
rational value; and we have to prove that the expression (105) is the root of a 
pure uninserial Abelian equation of the n*^ degree, provided always that the 
equation of the n*^ degree, of which it is the root, is irreducible. In the first 
place, it has been shown that there is an n^^ root of Eq which has a rational 

value ; and, by hypothesis, Eq has been taken with this rational value. In the 
second place, an equation of the type (3) subsists for every integral value of z . 

For E^Rt' = {A,ArnPZzP;;i'^'){l>U^7^ .... {F,%F^^) . 

But P^ is of the form of the fundamental element of the root of a pure uni- 
serial Abelian quartic. Therefore, by §5, P««P^* is the fourth power of a 
rational function of the primitive fourth root of unity w"^. Therefore, because 
n= 4m, JP^-jP;;;"*' is the n^^ power of a rational function of w. Also, it can be 
proved, exactly as in §44, that, whether 2 be a multiple o{ s or not, 4>a«^7'* is the 
n*^ power of a rational function of w. And so of the other corresponding 
expressions. Therefore EgE^' is the n*^ power of a rational function of w. In 
the third place, we have to show that an equation such as (5) subsists for every 
corresponding equation (3). For, let z be prime to n. It is then included in e. 
Also, since z and e are both prime to n, ze is included in e; and unity is in- 
cluded in e. But, from the manner in which the root was constructed from its 

fundamental element, E^ is determined as in (109). Therefore 
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B7 = A,{PZr« ....F^)% 
Therefore {EJir')'^ = (^^rO (PrmPZ'f (4>«4»; / • • • • i (igg) 

and (J2^i2rO^ = (^«^r')(i'«»^'r(<?>«.4>r/)"' 

•I 

Because (P^^P"*)" and other such expressions have been shown to be rational 
functions of the primitive n*^ root of unity, the two equations (106) correspond 
respectively to (3) and (5). If z be not prime to n, and yet not a multiple of 

n, it may be taken to be ev, where v is equal to — , y being one of the terms 

in the series (107) distinct from n, and vf being the general primitive n*^ root of 
unity. I'hen, just as we obtained the pair of equations (136) by means of (109), 
we can now, by means of (110), obtain 

where vf represents any one of the primitive n*^ roots of unity. Because 

m 

(Pg^P"'")" and other such expressions have been shown to be rational functions 
of the primitive w*^ root of unity, the two equations (137) correspond respectively 
to (3) and (5). Finally, should 2 be a multiple of n, it may be taken to be zero. 
Then the equation corresponding to (3) is 

qi being a rational function of lo. Or, since 2=0, 

Po =?i- 
_i 

But Pq" is rational. Therefore g^i is rational. Hence, if q^ be what q^ becomes 

1-1. -1 

in passing from w to vf^ S'd == g^i- -^.Iso Rlz^=^ P© = ?«• Therefore, since P; = 1 , 

which is the equation corresponding to (6). Therefore, whatever z be, the equa- 
tion (5) subsists along with (3). Hence, by the Criterion in § 10, the expression 
(105) is the root of a pure uni-serial Abelian equation of the n*^ degree. 
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Solvable iRREDuasLB Equations op Prime Degrees. 

§58. Let /(a) = be a solvable irreducible equation of the prime degree n. 
Even if it be not a pure Abelian, the necessary and sufficient forms of its roots 
can, by means of the problems solved above, be determined in all cases in which 
n is either the continued product of a number of distinct primes or four times the 
continued product of a number of distinct odd primes. 

§59. It is known that the root of the equation is of th^ form 

k + Bf + l4+ . . . . + Ht^i, (138) 

where k is rational ; and 

-Si, -Kj, . . . • , ^«_i, (139) 

are the roots of an equation of the n^ degree, that is, of an equation with 
rational coefficients. Let this equation be 4» (x) = 0. The root of the equation 
f(x) = may also be expressed in the form 

Jc + Rf+a^RJ + b^Rj + + c^R^, (140) 

where a^ bi, etc., are rational functions of Ri. The separate members of the 
expression (140) are severally equal to those of the expression (138); that is, 

-L 2. J:. JL i_ w — I 

jKj =: aiRi , -Kg "^ biRi ,...., -Bn— i ^~ ^i^i* • (^^^) 

Therefore i2, =:ayJ2J. Hence, since ai is a rational function of -Bj, R^ is a 
rational function of Ri. The expression R^ is thus the root of a pure Abelian 
equation, which, moreover, is known to be capable of having its roots arranged 
in a single circulating series, and therefore to be what we have called a pure 
uni-serial Abelian. A quotation from a remarkable memoir which was pre- 
sented in 1853 by Herr Leopold Kronecker to the Academy of Berlin, and of 
which a translation is given in Serret^s Cours d'Algfebre Sup6rieure (Vol. II, p. 
654, 3d edition), will show how the case stands. In Kronecker 's memoir (i indi- 
cates the degree of the equation, and is therefore our n, while -4, jB, (7, etc., 
are quantities involved rationally in the coefficients of the equation f{x) = . 
Having given, after Abel, what are substantially the two forms (138) and (140), 
Kronecker adds : '' II est bien vrai que toute fonction alg6brique, satisfaisant au 
problfeme propos6, doit pouvoir se mettre sous ces deux formes ; mais ces formes 
sont encore trop g6n6rales, c'est-i-dire qu'elles renferment des fonctions alg6- 
briques qui ne r6pondent pas a la question. Je les ai done 6tudi6es de plus prfes, 
et j'ai trouv6 d'abord que parmi les fonctions renferm^es dans la forme (2) " [the 

Vol. IX. 
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same as (13'8)] "celles qui satisfont au problfeme propose doivent avoir la pro- 
pri6t6 nonseulment que les fonctions sym6triques de ^, -B,, etc., soient ration- 
nelles en A, Bj G, etc. (ce qu'Abel a remarqu6), mais aussi que les fonctions 
cycliques des quantity jBi, jBj, etc., prises dans un certain otdre, soient 6gale- 
ment ration nelles en J., B, (7, etc. ; en d'autres termes, T^quation de degr6 (i — 1 , 
dont Ri, i2,, etc., sont les racines, doit etre une Equation ab61ienne. J'entendrai 
toujours ici par Equations ab61iennes cette classe particuli&re d'6quations reso- 
luble qu'Abel a consid6r6es dans le Memoire XI du premier volume des (Erwres 
computes, et dont je supposerai les coefficients fonctions rationnelles de A, B, G, 
etc. En d^signant par cci, cb,, . . . • , a;„, des racines prises dans un ordre deter- 
mine, ces equations peuvent etre definies soit en disant que les fonctions cycliques 
des racines sont rationnelles en A, B, G, etc., soit en disant qu'on a les rela- 
tions, x^ = 6{xi), X8 = e(ar,), -, x^ = 0(a:„^i), Xi^dx^t 

oii 6 (x) est une fonction enti^re de x dont les coefficients sont rationnels en 
A, B, Gj etc." In saying that the fi — 1 (or, in our notation, the n — 1) terms, 
Ri, Rf^, etc., are the roots of an Abelian equation, Kronecker must be understood 
to assume that the equation 4> (a;) = , which has the terms in (139) for its roots, is 
irreducible. As a matter of fact, in the most general case, which includes all 
the others, the equation ^ (a;) = is irreducible. But in particular cases it may 
be reducible, and then it is not an Abelian. In a paper by the present writer, 
entitled " Principles of the Solution of Equations of the Higher Degrees," which 
appeared in this Journal (Vol. VI, No. 1), it was proved that when the equation 
^ (x) = is reducible, it can be broken into a number of irreducible equations, 

'4'i(a;)= 0, ^,(x) = 0, , .^.(ic) = 0, 

each a pure uni-serial Abelian. Hence, for a detailed discussion of the 
problem we have now before us, we should require to deal not only with 
the general case in which the equation ^{x) = is irreducible, but also with 
the several cases in which equations such as •4/i(a5)=:0, if^, (x) = 0, etc., 
can be formed. But since, as has been stated above, the particular cases are 
included in the general, we shall confine ourselves to the problem of the neces- 
sary and sufficient forms of the roots of the solvable irreducible equation 
/(x) = of degree n, when the subordinate equation ^(x) = of degree n — 1 
is irreducible, and is therefore a pure uni-serial Abelian ; it being understood 
that n — 1 is either the continued product of a number of distinct primes, or 
four times the continued product of a number of distinct odd primes. 
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Form of the Boot. 

§ 60. The solutions of the problems investigated in the preceding part of 
the paper have furnished us with the necessary and sufficient form of the root 
of the pure uni-serial Abelian equation ^ (x) = of degree n — 1 . Let this 
be ri. Let %o, uf", v:h\ . . . . , uh*'^ (142) 

be a cycle containing all the primitive n^ roots of unity. We may assume that 
% is less than n. Let 

l,X,a,/3, , 5, 6,« (143) 

be the indices of the powers of w in (143); that is, a = X*, ^ = ^\ and so on. 
The n — 1 roots of the equation ^ (a;) = can be arranged in a single circulating 
series. Let them, so arranged, be 

n, n, ^.1 , r„ r,. (144) 

\_ i_ 

It will be found that the terms Bi, Bl, etc., in (138), which are the same, in a 

i i J. 
certain order, as Bl , Bl, Bl, etc., with multiples of n rejected from the sub- 
scripts, are given by the equations 

i2t = ^(rirjr:.... '^^r^f 

B:=AMr>?i---- rir 



(145) 



B;=:A,{i\ii .... rj)" 

In (145) the subscripts of the factors of the expression for RiA^^ are the terms 
in (143), while the indices are the terms in (143) in reverse order. Because the 
series (144) circulates, R^, is formed from B^ by changing Vi into r^, and, through 
the same change, R^ becomes R^, and so on. 

Necessity of the above Forms. 

§61. Here, assuming that the root of a solvable irreducible equation of 

degree n is expressible as in (138), we have to show that R^, Rl, etc., have the 
forms (146). 

§62. In (138) Rl is an n^^ root of Ri, one of the roots of a pure uni-^erial 
Abelian equation ^ (x) = 0, the series of whose roots is contained in (139). But 
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Ri may be any one of the roots. This implies that if the roots, in the order in 
which they circulate, are 

-''ii Rxf Ra} ' • • • i R^f Rtj Ret 

i_ .L Jl. 

the change of Ri in the system of equations (141) into R;^ will cause -B/ to 

become R^ , and R^ to become R^ , and so on. In fact, by exactly the same 
reasoning as that used in establishing the Criterion of pure uni-serial Abeli- 
anism, it can be made to appear that the n values of the expression (138) 

or of (140) obtained by taking the n values of R{ for a given value of jB^, and 

-L ± 

taking at the same time the appropriate values of i?/ , Ri , etc., as determined 
by the equations (141), would not be the roots of an equation of the n*"* degree 

with rational coefficients unless i?x could replace Ri in the manner above indi- 

cated. In like manner, by changing Ri in the system of equations (141) into 

R^^ RH becomes JB^ , and so on. The principle can be extended to all the 
terms in the series 

JL J_ i. i- JL 

i^l", i^x , Ral . . . • I ^."i R9 ^ (1*6) 

§63. Let, then, the system of equations (141) be written 

Ri = <RJ. Iit= KRJ, etc, (147) 

e being a general symbol under which all the terms in the series (143) are con- 
tained, while aj, ftj, etc., are rational functions of R^. These equations give us 

{RlRl^Rl .... RuR'e.Rj' = gM, 

where G^ is a rational function of J?,, and 

t = e + eX + ^+ +e={n—l)e={n—l)X^'\ 

Because X is a prime root of n, (n — 1) X*-* is prime to n. Therefore t is prime 
to n. Therefore whole numbers h and Je exist such that 

ht=:kn + 1 . 

Therefore {RIR^ .... i?,,)^= ((;JBJ) r} . 

i_ L 

For every integral value of 2, let (Rez)' be written r^. Then, putting A^^ 

for G^R*^ ^ -2. 

^ ^' '' If: =Mr>iye rlrireY. (148) 
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Because r„ is simply another way of writing B%, and the terms Ri, Bj,, etc., are 
the roots of a pure uni-serial Abelian, it follows that rj, r„, etc., have the forms 
of the roots of a pure uninserial Abelian. By putting e, then, in (148) succes- 
sively equal to 1, X, a, . . . . , 6, the n — 1 terms in (146) are obtained with the 
forms assigned to them in (146). 

Sufficiency of the Forma. 

§64. We here assume that the terms forming the series (146) are taken as 
in (145), and we have to show that the expression (140) is the root of a solvable 
irreducible equation of the n^ degree ; provided always that the equation of the n*^ 
degree, of which it is a root, is irreducible. Because the terms forming the series 
(146) are taken as in (146), the system of equations (147) subsists. Therefore, by a 
course of reasoning precisely similar to that used in an earlier part of the paper to 
show that the n values of the expression (2), obtained by giving s successively the 
values 0, 1,2, ....,71 — 1, are the roots of an equation of the n}'^ degree, it can 
now be shown that the n values of the expression (140), obtained by taking the n 

values of B{ for a given value of Bi, are the roots of an equation of the n^^ 
degree, that is, of an equation of the n^^ degree with rational coefficients. 



Symmetric Functions of the 14^. 

By William Pitt Dubfee, HobaH College. 



In the following table the functions are arranged according to the second 
of the two methods pointed out by me in the American Journal of Mathematice, 
Vol. V, p. 349. The symmetric functions of the 12** there published, as well as 
Capt. MacMahon*s 13*®, Vol. VI, p. 289, are arranged according to the second 
of the two methods. My reason for following a different method is that the 
order now chosen approaches more nearly to the natural or dictionary order of 
the partitions. 

As checks or verifications of my results, I have employed symmetry, the 
fact that the sum of the coefficients of any column must be equal to the coeffi- 
cient of the corresponding function in the value of jB^h , and MacMahon's formula 
given in Proc. Lond. Math. Soc. and repeated in his introduction to the Sym- 
metric Functions of the 13*^ 
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Lectures an the Theory of Beciprocants, 

Bt Professor Sylvester, F. R. S., Savilian Professor of Geometry in the University 

of Oxford. 

[Reported by Jaues Hamhomb, M. A.] 



LECTURE XXV. 

In a letter to me dated June 14th, 1886, M. Halphen calls forms which are 

persistent under the substitution — , — , Invariants cPhomologie. He uses the 

letters o^^ cli^ 0.%^ clz^ • • • > dn 

to denote y and its successive modified derivatives with respect to x] and, sup- 
posing them to become 

-^Of -^i» -^»> -^8> • • • • -^» 

in consequence of the substitution — , — , gives, in the briefest possible man- 

ner, two very ingenious proofs of the formula 

A -( ^n^n-iL 4. ^-2^ (n-2)(n-3) 1 

from which he deduces the theorem that the substitution in question changes 
any homogeneous and isobaric function / of degree i and weight o in 

OO) 0^1? ^) ^f • • • • <^ni 

into F— (_)-a:»— *6«/, 

where is the partial differential operator 

— ao9a, + a,9a,+ 2033^^+ + (n— 2)a«»ia^. 

I give the two proofs mentioned above in M. Halphen's own words, adding 
occasional footnotes, and making slight changes in the literation of his formulae 
when it seems desirable to do so. 

Soient X=—, F=-^. 

X X 
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Par une formule connue (Schlomilch, Compendium 11.) 

et puisque T= Xy, il en resulte 

= (_l)«a3«-i|„ . «(«t2)», I n(n-l)(n-2)(n-S) jf 

Si I'on pose d"F 



il vient 



= n\A^, y^ = n\a„ 



Soit 0/= 2 (n - 2) a„_i |^i 

on aura 

0a„=(n— 2)a„_i, 

©»a„ z= (,i _ 2)(« — 3) a,_„ 



^, = (-l)V»-'|a,+ i-0a.+ ^ e'a, + ....}. 

* An easy inductiye proof of this may be obtained as follows: 



Since 7rY=-^' / we have ^^ = - a;« U-^\ 

Hence, assuming the truth of the formula when n= « , we find 

Thus, if the formula is true for n = x, it will be equally so when n = K+l, But it is obviously true 
when n=:l ( when it becomes j-K ~ "" ** ^ ) » *^^ therefore holds uniyersally. 

t For, expanding by Leibnitz ^s Theorem, 
^ (x»-l») -»^Z^ (x»-»tf) = a;»-l»,+» (n-l) a!»-»i,„-i+ ^^^V-l)(n-8) «»-'V,-,+ . • . . 

-«|a:"~*»„_l+(«-l)(n-8)a!»-''y„_,+ . . . .} 

t The summation extending to all positive integral values of n , from 1 tooo, so that 
© = — Oo^ai + azBat + 2a^da^ + ^^.da^ + . . . . 

Remembering that Halphen's Oo^ai^ ai^a^t » > • * have the same meaning as our y,f, a, &,...., this 
operator is — yd^ -\- ad^ ■+■ 2&a^ + 3cs^+ • • • • identical with the 9 used in previous lectures. 
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Par consequent, pour une fonction contenant a©, a^, 02, . . . . , de degr6 i et de 
poids o, h, cbaque terme, on aura 

C. Q. F, D. 
Autre Demonatration de la Formule (I).t 

Si Pon change X et a; en Jr+ fl" et a; + 7i, on a 

X{X+H)' 
Maintenant la formule 

y = Oo + Aai + A'o, + .... + h^a^ + 

ecrite symholiquementX 1 

* We may show without much difficulty that, when O^^ B^^O^ , . . . . are each of them equivalent 
to 6, but Oi acts on u only, 8, on v , 6, on ti? , and so on, Ouvw . . . . = (©i+ 0,+ e,+ . . . .) uvw . . • • 
From this it can be deduced that O'^uvw ... . = (Sj + 9,+ 83+ . . . .)'uvw . . . . , when « is any i>08itive 
integer. Now let the number of the functions u^VfW^. . . . be t , and suppose that 

tt = a^, «=:ay, w = a^,. .. .; 
suppose, also, that the weight n+p+g + .... = w. Then 

(for by what precedes 81 + 8, + 83 + may be replaced by 8). Taking a^a^a^ .... and A^A^^A^ 

to be corresi>onding terms of / and F, we see at once that 

t If ^ becomes x + h in consequence of the augmentation of JT by an arbitrary quantity H, the 

increment of x will not be a constant, but will depend on X as well as on £*. The value of h may be 

11 X 

found at once by eliminating x between X= — and X+ JEr= — r-r , when we obtain X+ JEr= , , y , 

X X -\- n 1 "T "•-«»■ 

and consequently 7i = — vTy r~ff\ • 

This increase of ^ also changes y and F (functions of x and X, whose original values were a^ and 
2I0 before the augmentation of Xtook place) into 

y = ao 4- ^1 +A'a, +.,..+h^a^ +.... 

and into F=^o + HAi +HMa+ +H^A,^+ 

These altered values of y and Y are the ones used in this second proof ; the other letters retain their 
original signification. 

X The word aymJMiquement indicates, whenever it is used, that powers of a are to be replaced by 
suffixes of corresponding value. JBl g, in the final result A^=:(-—)^a^^-'^la^-\ 0*""^+ . . . . !• 

is to be replaced by -4^= (— )"2;**""^(an H — — - fl,»_i+ • • • • )• 

In our notation the final result is -4„^2=(~")"^**'*''(^»^i c, d, . . . .0 — , iV 
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devient _ X(X-fg) 

y~ X* + H(X+a)' 
D'ailleure r= (X+ H)y] 

done aymholiquement 
(ID Y^_X^±Hf_ 

Si Ton developpe Ic second membre (II) suivant les puissances ascendants de H, 
le coefficient de H* est A^ . Or ce developpement est 

^=^{>+o-Y)#+(i)*(#y 

+• •••+(-)■(#)"(• +ir(T)+-} 

done symboliquement 

A.= (- 1)- ^, (l + 1)"" a» = (- l)V-^(a + ^y ~ a» 

ce qui est justement la formule (I). 

We may regard the coeflScients a, 6, c, .... of the ordinary binary Quantic 
in u, V, (a, 6, c, . . . .\u, vY, 

as the successive modified derivatives, beginning with the second, of a new 
variable y with respect to another new variable x. 

Any invariant / of this Quantic will then retain its form unaltered, or at 
most merely acquire an extraneous factor, if 

1** leaving a, y, t? unaltered we change u into w + X», 

* ' ^ 1 + hx' 1 + hx' 

where % and h are arbitrary constants. 

For we have seen that these three substitutions will severally convert any 
homogeneous and isobaric function F, of degree i and weight w in the letters 
a, 5, c, • • • • , into 

e^^'F, {l+7ixye^+^F, and (— )«^x''c«i^, 

where, in each case, £i=:ad^+ 269^ + Scd^ +...., and v=^Si + 2w. Prom 
our point of view an invariant is defined as a homogeneous and isobaric solu- 
1iion of the equation 11/ = 0. 

Hence the above substitutions convert the invariant / into 

/, {1+hxyif and ( — )**x''/, respectively . 
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An absolute invariant with respect to any substitution is one which, disre- 
garding its sign, remains unchanged in absolute value by that substitution. Thus, 
any invariant for which 

v = Si+2w=:0 

is an absolute invariant with respect to each of the three substitutions here 
considered. 

An invariant is of odd or even character with respect to any substitution 
according as its sign is or is not changed by that substitution. Thus, invariants 

are of odd or even character with respect to the substitution — , -— according 

so sc 

as their weights are odd or even. 

This corresponds to the theorem that the character (with respect to the 
interchange of x and y) of a pure reciprocant is odd or even according as its 
degree is odd or even (vide American Journal of Mathematics^ Vol. VIII, p. 251). 

From any two invariants for which v has the same value we can form an 
absolute invariant {i. e. one for which ?; = 0) by taking their ratio, and then by 
differentiating the absolute invariant thus formed obtain another invariant. 

Suppose /i to be an invariant of degree i^ and weight w^, 

T it it a ' (I (< tl ,,* (I U an 

and let Si'i + 2t(?i = Vi , 3ij + 216^, = 1^2 5 

then the v for !{* is the same as that for I^', and consequently /I'/r"* is an abso- 
lute invariant. 

We proceed to show that -p {Ii^If') is an invariant, though not an absolute 

one. 

Using accents to denote differential derivation with Irespect to x, we have 

If, then, we can prove that rgZ/Zj — Vilil^ is an invariant, it will follow that 

-J- {Ii^If') will be one also, and the proposition will be established. It may 

be very easily shown that this is the case by using Cay ley's generators P and Q. 
For (see American Journal of Mathematics, Vol. VIII, p. 221), / being any inva- 
riant of degree i and weight w, P/and Q/are also invariants where 

P=a{bd, + cd, +dd,+ eda+....)-ib, 
and Q = a {cd^, + 2ddc + 363^ + ) — 2wb. 
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Hence (3P + / is an invariant. 

Now, since 363^ + Acdj, + bddc+ . . . . = 3- , 

ax 

and ^ .3i + 2w?.= i/, 

(3P + Q)/= a (363^ + 4caft + 5c?a, + )/— (3i + 2w) bl= aF — vhl, 

Consequently all — v^I-^^ and aF^ — v^hl% 

are both of them invariants. Hence the combination 

rg/, (a/i — Vybl^ — Vili {all — ^2^^) = « (^»^i^» — "^i^i^a) 
is also an invariant; i. e.' 

is one ; which is the theorem to be demonstrated. 

The invariant aP — vbl, which we generated from /, is of degree i + 1 and 
weight w+ 1', its V is therefore the original v increased by 5 miits, three for the 
unit increase in the degree and two for the unit increase in the weight. Hence, 
on repeating the process of generation, we obtain the invariant 

ia-^ — {v + 6)b\{ar — vbl) = aH" — 2 (1; + 1)06^ — 4i/ac/+ r (1/ + 5)6*/. 

By adding on the invariant r(v + 5)(ac — 6*)/ and dividing the sum by a, the 
above invariant is reduced to 

a/"— 2(7; + 1)6/' + I' (1^ + l)c/, 

which is an invariant of lower degree by unity than the unreduced form. 

The results obtained above may be compared with the corresponding ones 
in th6 theory of reciprocants. 



Thus to the invariants 

/(deg. i, wt. -M?), 
aF —vbl, 

V^lili—Vilili, 

aF^ — 2{v + l)bF + V {v + l)cl, 
where r = 3i + 2w, 



correspond the reciprocants 
B (deg. i, wt. w), 
aBf — (ibB, 

5aB'—5{2(i + l)bE!^4ii(ji—l)cB, 
where (i=i Si + w. 



Defining a plenarily absolute form to be one whose degree and weight are 
both zero (*=0, w?=. 0), the theorem I shall now prove maybe stated as 
follows : 
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Sy differentiating a plenarily absolute principiant toe obtain another principiant. 
Let P be any principiant of degree i and weight w. Then, by what pre- 
cedes, since P is both an invariant and a reciprocant, 

jp 

a 3 vbP is an invariant, 

ax 

and dP ^ _j . , 

a ^ — - HbP IS a reciprocant. 

Hence, when v=0 {i. e. when Si + 2tr = 0), 

dP. 

^— 18 an invariant, 

dx 

and when [i=0 {i. e. when Si + w = 0), 

dP. 

^ IS a reciprocant. 

When both ^ = and v = (which happens when i = , w; = 0) , 
jp 
-p is both a reciprocant and an invariant; 

dP . . . . ■, 

*. 6. ^ ^® ^^ principiant. 



LECTURE XXVI. 



In the theory of Invariants the annihilator £i has two independent revers- 
ors any linear combination of which will also be a reversor. . To each of these 
reversors there corresponds a generator for invariants. Thus Oayley's two 

generators a {bda +cdi, +dde + €dd+ )—ibj 

a{cd^ + 2dd,+ Seda + ) — 2m?6, 

correspond to the two reversors 

bda + c9ft + d3^+ e9d + . . . • , 

cSft + 2ddc + Sca^ + 

The only linear combination of these which does not increase the extent j as 
well as the weight of the operand is 

0=jbda+U- l)cd,+ u- 2)da,+ .... 
It is convenient to take this for one of our reversors, and for the other 

~ = Zbda+^cdo + 5ddc+ , 
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which is a reversor to F, the annihilator for reciprocants, as well as to II, the 
annihilator for invariants. 

We saw in Lecture XI {American Jourruil of Mathematics^ Vol. IX, p. 1) 
that when F is any homogeneous and isobaric function of degree i and weight 
to in they + 1 letters a, b, c, . . . . 

(no— on)F=z{vi— 2w)F. 

The method employed in proving this can also be applied to show that 

where r = 3i + 2w?. 

Corresponding to the reversors O and -p we have the two generators for 

invariants d , a r\ /•• «\il 

a^ TO and aO — [ij — 2w)b^ 

which are linear combinations of Cayley's generators. 
Thus, if I be any invariant, 

(a^ — rftVand \aO — {ij — 2w)h\ I 
are also invariants. 

The operator y- has, but has not, analogous properties in the theory of 

Reciprocants; viz. -r- is a reversor to Fand a ^ fihvA ^ generator for recip- 
rocants. Thus, we have shown in previous lectures that 

d d 



{''ii-s^y=-^' 



where ^is any homogeneous and isobaric function, and /u = 3i -|- to, and that if 

B is any pure reciprocant (a^ fihj B is one also. 

Now, Mr. Hammond has found that if 

^ 6 o . 2ac— fe»^ , 3a»«f— 3a6c + 6* , 
^=-^^'+— ^^r-^>+ a« ^'^ 

TFis a reversor to V, and a*W — ib is a generator for pure reciprocants. In 
fact we have 
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But, since 

= 2a, 



K\) 



F( -,_:t_) = (i8c + 9-)-(l5- + 6c)+6- = 12c. 

and Tr(2a»)=4&, 

Tr(5a6)=6-^ + 5(?^)=10c, 

it follows that 

VW— WV— %ida+ 2hdj, + 2ca, + = 2i. 

Thus TF is a reversor to F. Moreover, a^W — ih acting on any pure recipro- 
cant generates another. 

Let ^ be a pure reciprocant of degree i; then, by what precedes, 

{VW—WV)B=2iR. 
But, since iZ is a pure reciprocant, VR = , and consequently VWR = 2iR . 
Now, ' V{c?W—ih)R = a^VWR — iRVb = a\2iR — iR.2a^=0. 
Hence {a^W—ib)R 

is a pure reciprocant; i. e. a^W — ib 

is a generator for pure reciprocants. 

Mr. Hammond shows that TT is a reversor to V in the following manner : 
Let w = ao + aie^ + a,6?* + a^^ +...., 

4) (u) =A, + A,e' + A,^' + ^36^^ + . . . . , 

'^{u) = A', + A[e' + A',^' + A'^ + .,.,, 
and consider the operators 

Regarding e* as an operative symbol defined by the equation 

we may write 

= e»*;i(^o+ ^6*+ ^,e«»+ . . . .)[3„.] 
+ e»V(^/ + 2J/'+....)[a„J 

VOL. IX. 
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Similarly, 

Now, 

For Q<p 00 = QAo+e'QA, + ^'QA, + ; 

so that e»» J- Q^ {ti) = e^'i^QA^ + 2c«*Q^, + ) 

and e"* ^^{u)= e"* (eMj + 2e»% + ) ; 



d_ 
dd 



so that (^e"* ^ ^ {u) = e^^^e^QAj, + 2e"QAi + ) 



dd 

Similarly, Pe»'* J- 4- («) = «"'* J- P'4' («) • 

Moreover, 

P4, («) = -4,' (m) Pu = i^' (w) P («o + «je* + a,<?» + ) 

= '>^(«){e»*;iA+e(«+^'*(;i + ^)^i+e'«+«*(:i+ V)il,H- } 

Similarly, Q^ («) = 6»V(«)(^' + /«' i") "^ (")' 

Hence 

PQ-QP= {e»"(;i' + fC J-) e«'i'(«)(x + f. ^y>{u) 

-e-(;i + /.J-)e«V(«)(;i'+/.'J-)^(u)}[aj 

. _ (;n- ^n'+ ,« J-)4.'(«)(;i'+ ,t' J-)^(u)}[aj . 

If in this we write 

<^= 2". ^ = 4, (« = 1, n=l, 
4-= logM, a'=0, /if'=l, n'= — 1, 



J 
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we have 

Now, 2M[aj = 2(ao +ai«* +a,e»» + . . . OP..] 

= 2(aoa„.+ a,a„, + a^„^ + ) . 

Also P = 4^a„, + 5Aid„^+ 6Atda, + , 

C= Aida. + 2A0,^+SA^,^+ 

where -^ (o© + «i«* + «»«** +....)*= A+ -^ic* + -4,6** + 

and log (oo + aiC* + a,e** +....) = log ao+ A^e* + -4^* + . . . . 

Equating coefBcients, we have 

Aq=z — a*, ^1 = OoOi , J., = Oja, + -g- , . . . . 

J/ «i Ai — ^^ — °i 

It is easily seen by expanding the logarithm that the general value of A'^ is 

a 

( — )"+^ — ? where 8^ denotes the sum of the «"• powers of the roots of 

aox" + aix"~^ + «,»""* +....+«„. 
Thus we have sl^own that if 

P = 2flja„. + ba^A, + (eooo, -h 3o!) a„, 

and Q_ _a^^ + ___ a„.+ ;^ — -a^+ 

then PQ— ei*=2(aoa„. + a,a., + a,8„.+ . . . .)= 2*. 

The general formula obtained for PQ — QP is an extension of a result of 
Capt. MacMahon's, who considers the case in which 

4>(«)=-.^(«) = ^. 

When ^ {u) and '^ {u) have these values, the general formula becomes 

- }[3J. 
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Consequently 

- I w-'+'-'-'caj . 

In Capt. MacMahon's notation 

P = {m,X,n,n), Q = {m',X',(i',n')', 
in our notation 

i'=^'(*+»<i)^[aj. 

If now we write 

which is equivalent to 

PQ-QP={m + m'- 1, Xi, i^i, n + n'), 
we have 

-(j,+K+c^){^('" + «>'-i)+c'^} = ^ + c.^- 

Hence we obtain 

This agrees with Capt. MacMahon's result, a statement of which was given in 
Lecture XX. 

Let Q be a reversor to the operator P = Xa''*36+ ( ) de+ (••••) 9d + > 

and suppose that 

where F is any homogeneous and isobaric function and x some number depend- 
ing on its degree and weight. Then XaQ — xb will be the generator correspond- 
ing to Q. In other words, we have to prove that 

p (Xa Q — xb)F=0 whenever PF= . 
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Now, by hypothesis, Pa = 0, Pb= Ti/i^, and when PF= 0, 

Thus, Pip^aQ — xb) F= %aP QF— nF. Ph 

= Xxd^F— ^xarF= . 

As an example, consider the case of the reversor -^ in the theory of recip- 

rocants. Here P=F, /l=2,m=2; 

and since ( F^- — ^ ^) ^= 2/^ai^, 

we have x=z2(i. Hence the corresponding generator is 2 Ta ^^ (ibj; or, dis- 

regarding the numerical factor 2, we may take a-^ (xb for the generator in 

question, which is usually denoted by the letter O. . * 

We may also write O in the equivalent form 

G = A{ac—V)dj,+ 6{ad — bc)d,+ 6{ae — bd)da+ , 

which it is sometimes more convenient to use. 

I shall now show that 

aa— Gi:i = aw — ba, \ 

where ti? is the weight of the operand. 
It is very easily seen that 

n(ac — 6*)=:0, 

a{ad— be) = 2(ac — 6*), 

n {ae — . bd) = 3 {ad — 6c) , j 

£i{af— be) = 4(a6 — 6d!), 

Hence it follows, by a direct and very simple calculation, that 

nC?—(?n = 2(ac — 6*)a,+ 3(ad—6c)a^+ 4(06 — 6^)3,4- 

But, since 685 + 2cdc + 3d9^ + 4e9^ + ....= t^? , 

and ad^ + 269^+309^ + AiTd^ + = fl, 

aw? — 6n=2(ac — 6»)9c+3(ad — 6c)9a+4(a6 — 6d)9,+ 

Consequently 

SlG—G£i = aw — b£i. 
The use of this formula will be seen in a subsequent lecture. 

We may also prove an analogous theorem relating to the invariant generator 

a -J vb, which we shall call (?'. 

dx 
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Let the operand be JP, a homogeneous and isobaric function af degree i 
and weight w. Then VF is of degree i -f- 1 and weight w — 1 ; its r is therefore 

3(t+ l)+2(t(?— l) = r+ 1. 

ThuB, (TG'-a'r)F={v(a^-.h)-(a^-vl-t)T}F 

= a{v~^--^ V^F-v{Vh-hV)F+hVF. 

But (V^ — ^V\F- 2iijaFz=z 2(3i + w)aF 

and r6i^= hVF+ 2€?F. 

Consequently 

F(?' — 6P 7= 2 (3i + wj) a*J^— 2ra*i?'+ 6 VF 

= 2{Zi + w — v)a*F'\'hVF 

= — 2wa*F+bVF. 

It is perhaps worthy of notice that if / is an invariant of weight w and R 
a pure reciprocant, also of weight w , then 

aGI= awl and VG^B — — 2a^wR ; 
whereas CIG'I= and VGR = 0. 



LECTURE XXVIL 



I should like to make a momentary pause in the development of the theory 
which now engages our attention and to revert to the proof of Cayley's theorem 
for the enumeration of linearly independent invariants contained in Lecture XI 
and expressed by the formula {w] ij j) — {w — 1 ; i, /). 

Since that proof was written out I have endeavored to obtain one that might 
be capable of being extended to the supposed analogous theorem, regarding 
pure reciprocants, expressed by the formula {w] i,j) — {w — 1 ; i+ 1 , y) , but 
all my efforts and those of another and most skilful algebraist in this direction 
have hitherto proved ineffectual. 

' In aiming at this object, however, I obtained a second proof of Cayley's 
theorem less compendious than the previous one, and subject to the drawback 
that it assumes the law of Reciprocity, but which possesses the advantage over 
it of being more direct and looking the question, so to say, more squarely in the 
face. The forms of thought employed in it seem to me too peculiar and precious 
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to be consigned to oblivion. I am not one of those who look upon Analysis as 
only valuable for the positive results to which it leads, and who regard proofs as 
almost a superfluity, thinking it sufficient that mathematical formulae should be 
obtained, no matter how, and duly entered on a register. 

I look upon Mathematics not merely as a language, an art, and a science, 
but also as a branch of Philosophy, and regard the forms of reasoning which it 
embodies and enshrines as among the most valuable possessions of the human 
mind. Add to this that it is scarcely possible that a well- reasoned mathematical 
proof shall not contain within itself subordinate theorems — germs of thought of 
intrinsic value and capable of extended application. 

That such was the opinion of our High Pontiff is shown by the publication 
of his seven proofs of the Theorem of Reciprocity, a number to which subse- 
quent researches have made almost annual additions (like so many continually 
augmenting asteroids in the Arithmetical Firmament) to such an extent that it 
would seem to be an interesting task for some one to undertake to form a corolla 
of these various proofs and to construct a reasoned bibliography, a catalogue 
raisonnee, of this one single theorem. For these reasons, I shall venture to put 
on record {valeat quantum) the following Second Proof of Oayley's Theorem. 

The notation which I proceed to explain will be found very convenient. A 
rational integral homogeneous isobaric function will be called a gradient; its 
weight, degree, extent (extent meaning the number of letters after the first) will 
be denoted by w] i, J and spoken of as the type of the gradient. Either a 
single letter, such as ^, will be employed to denote a gradient, or else its type 
enclosed in a parenthesis thus [w-, i, yj. The abbreviation T<p signifies the 
type of 4); thus, 7<^ = t^; i, j. 

■ The number of terms in the most general gradient whose type is the same 
as that of ^ will be spoken of as the denumerant of fp. The letter i\r will be 
used to denote such a denumerant; thus, N^ signifies the denumerant of <^. 

In like manner, the letter A will be used to denote the number of linear 
relations between the coefficients of any gradient, whenever such relations exist. 
Hence N^ — £^ expresses the number of terms in <^ whose coefficients are left 
arbitrary. Obviously, when ^ is the most general gradient of its type, we have 

We also use Eio denote the ij — 2w, which may be called the excess^ of the 
gradient of type w\ i, j. Thus, if 75^ = t(7; t, y, we write JE'*^^ ij — 2w. 
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The operators which we shall employ, viz. fi and fl', are defined by the 
equations fl = a^da, + a^da, + a»9a, + ...., 

The first of these is of course an equivalent, but for present purposes more con- 
venient, form of adj,-\- 2bdc+ 3c9^ +...., the ordinary invariant annihilator 11 

Tas will be evident on writing aQ=^a, aj = — , o^ = r— ^ , . . . . J; the second of 

them, fl', is merely fl deprived of its first term. 

We may now give the following enunciation of the theorem to be proved : 
If ^ 18 the most general gradient of its type^ £i^ is also the most general gradient 
of its type whenever E^ is not negative. In other words, we shall prove that, 
subject to the condition stated above, Aft<^ = whenever A<^ = 0. This is 
equivalent to Cayley's Theorem on the number of linearly independent inva- 
riants. For the number of forms of the same type as 4), and subject to annihi- 
lation by n, is Nq> — N£l^ + A£l^ ; 

and Cayley's Theorem states that the number of such forms is Np — NDjp, 
which will be the case when 

The theorem of Reciprocity enables us to dispense with the discussion of 
those cases in which the extent j is greater than the degree i. For since (see 
American Journal of Mathematics, Yol. I, p. 91) the number Of linearly inde- 
pendent invariants for the type w] j, i is the same as for the type w\ i^ j\ we 
can substitute the first of these types for the second, using '\^, whose type is 
w] y, i, instead of 4>, whose type ia w; i, J. Thus we have 
N^ — N£i^i^ + AD.'^^ N^ — Na^ + AQ,^. 

But by Fencers' proof of Euler's Theorem {vide A Constructive Theory of Par- 
titions, Vol. V, No. 3 of this Journal), 

N^ = N^ and Mi'| = Mi<^. 
It obviously follows that All'*// = Afl^ . 

Cases for which the extent is greater than the degree may therefore be made to 
depend on those for which the degree is greater than the extent. Hence Cay- 
ley's Theorem depends on the proof that AD,^ = when i =>/ and i/ = > 2i^. 

In the course of the demonstration, the following Lemma will be used : 
If Tp = w] i, j and T-^ = ij — w] i, j, then N^ = N-^. 
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The types of the two gradients we are now considering may be said to be com- 
plementary, and then the Lemma may be enunciated in words as follows : 

The denumerants of two gradients are equal when the types of the gradients 
are complementary. 

The proof consists in showing that to each term of the type w] i, J there 
corresponds a term of the type ij — w] i, /. Let ao^aj'oj'. . . . a j^ be any term 
of the type ic; i, J; then 

w= ^1 + 2X, + 3X3 + . . . . +j%j 

and i=z^Q-\- Xj + Jlj + Jls +....+ /l^ . 

Writing the suffixes of the letters a^, ai, a^, .... aj in reverse order, everything 
else being kept unchanged, we obtain the term a^^a^LiaJLg .... aj^ whose weight 
we will call v/. Then 

y^=j\+ U- 1)^1 + (-y- 2)X,+ . . . . + A,_i 

=j{^o + ;ii + ;w + •••• + ^;) - (^ + 2;i, + 3^8 + ... . +y;i^) 

zzzij — w. 
The degree of the transformed term is still i, and its extent is^ stilly, while its 
weight has become iJ — w, its type is therefore complementary to that of the 
original term. Hence to each term of any given type there corresponds a term 
of the complementary type, and consequently the total number of possible terms 
(i. e. the Denumerant) for each type is the same. 

By means of this Lemma it can be shown that AH^ = when E^ = — 1* 

Let T(p = iv'y i, j where ij — 2t£? = — 1 ; 

then, since 7Xi4) = t^= 1; i,y, the types 71^ and T£i^ are complementary (the 
sum of the weights being w + w — 1 = t}*). 

It follows from the Lemma that the Denumerants of <^ and fl^ are equal. 

Hence An<^=0. 

For if not, the number of independent terms in fl<^ being less than the denu- 
merant of fl<^, will also be less than its equal, the denumerant of 4>, and there- 
fore there will be one or more invariants of the type w; i^j for which the excess 
is negative. Since this is known to be impossible, we must have 

An<^ = o. 

We next prove that, in all cases for which i =>^t(?, the number of linearly 
independent invariants of the type w] i,j is correctly given by the formula 

{w;i,J) — {w—l]i,j), 

Vol. IX. 
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which is equivalent (as we showed at the beginning of Lecture XV) to 

{w, Wy J) — {w — 1] w, j), 

or, what is the same thing, to the coefficient of d^x"^ in the expansion of 

jP_ L-:^ 

{l — a){l — ax){l — aa?){l — aa?) {1 — aa^) ' 

Let the expansion of 



{l—ax){l—aa;'){l — <L^) (l — ax^) 

be 1 + (a — l)x + A^a^ + + A^x"" + 

The expansion of F is obtained by multiplying that of 6? by the infinite ' 
geometrical series 1 + a + a* + a' + . . . . 

But we only require the coefficient of d^x^ in the expansion of F, so that we 
need only retain the portion 

A^x''{l +a + a^+ + a^) 

of the above product instead of its complete expression. 

It is of importance to notice here that A^, which is independent of x, can- 
not contain any higher power of a than a^. (That this is so will be evident 
from the constitution of the fraction G^ for clearly no power of a in the expan- 
sion of G can be associated with a lower power of a:.) Thus we see that 
A^ = ad' + (3^^-^ + ya«-»+ +jca + X, 

and consequently 

A^x^{l + a + a!'+ + d") 

= + d'x'^ia + /3 + y +x + X)+ 

Hence the coefficient of d'x^ in the expansion of F is 

a + ^ + y + .... + x + ^, 
which is the value assumed by A^, when in it we write a = 1 . Call this value 
Ai,, and let the value of G when a= 1 be denoted by 6?. Then ^4^ is the 
coefficient of x^ in 

(?= ^- L 

"^ (l_a;2)(l_a;8) (1 — 0^)' 

Hence we see that, when i=>te?, the value of {w, i,j) — {w — 1 ; i, J) is the 
total number of ways in which w can be made up of the parts 2, 3, • . . .y. 

We have yet to show that this number is the same as that of the linearly 
independent invariants of the type w^i^j when iz=:^w. 

This follows from the known theorem that every invariant is either a 
rational integi-al function of the Protomorphs a, P,, P3, . . . . P^ (meaning the 
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invariant a and those of the second and third degrees alternately whose first 
terms are ac, a^d, ae, a*/, ....)» ^^ can be made so by multiplying it by a suit- 
able power of a. Thus, if /be any invariant of degree i and weight w, 

Ia^-'=^{a,P^, Pa, P^), 

where 4>, which is of degree -weight w.w when expressed in terms of a, 6, c, .... , 
is rational and integral as regards the protomorphs. 
When i=>t^?, writing 

/=a*--<I>(a, P^Ps, ...:P,), 

4> consists of a series of terms of the form Aa^P^P^ . . . . Pj, each with an arbi- 
trary coefficient^ where, since 

2;i -f 3/^ -f 4i; + +yp = w, 

the number of arbitrary constants in 4> is the total number of partitions of w 
into parts 2, 3, ... .y. Hence the number of linearly independent invariants 
of the type w] i^j is also this number of partitions, t. e. by what precedes is 
{w] i, j) — {w — 1; i, j). This proves Cayley's theorem for cases in which 

But when i<[w?, the equation 

/a^-*=4>(a, P„ Ps, P,) 

shows that the coefficients of 4> are not all arbitrary, but must be so chosen that 
4> may be divisible by a**""*, and the reasoning employed in the case of i =>t(? 
no longer holds. 

It will be convenient at this point of the investigation to review the results 
we have hitherto obtained and to see what remains to be proved. 

Cayley's Theorem has been demonstrated for cases in which the degree is 
not less than the weight. This will be expressed by saying that 

Aft[i/?; i,y] = when t=>t^. 
We have also proved that 

Aft \w ; i, y] = when ij — 2^^ = — 1 . 
The law of reciprocity has been expressed in the form 

Aft[M?;i,y] = Aft[ti?;y, i], 

where \w] i,y] denotes the most general gradient of the type W] i,j\ 
The theorem to be proved is that 

Aft[t^;i,y]=0 when ij — 2to=>0; 
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but we may at once dismiss those cases in which i=i'y>^w, and (assuming the 
theorem to have been proved for Quantics of order inferior to j) those in which 
i<iji for these depend on the truth of the theorem for a Quantic of order i. 

It remains, then, to prove that, when ij — 2m? => 0, All \w) t, y] = for 
values of i inferior to tr, but not inferior to/. This may be effected as follows : 
Let <^ be the most general gradient of the type i^?; i + 1 ,y, and suppose 

4) z= P 4- (2a + i2a* + Sa^, 

where P, Q and R do not contain the letter a, though S may do so. Then, 
writing ^^ = ^ + ^a + Sa^, 

4>i is the most general gradient of the type w] i,J. 

Now, if n = a9ft+ bde+ cda+ . . . . , and XI' = 63^ + cS^ + ...., we have 

(1) nq> =n'P+ (n'g + §)a + (n'72+ ^)a» + (as+ ^)a? 

and n^)! = £i!Q + (plR + ~^-) a + (aS + ^) a\ 

Confining our attention for the present to £l^u it is clear that if no linear 
relations exist among the coefficients of £i'R (i. e. if AIl'5 = ()) the coefficients 

ofD!Q are not connected with those of fl'i? + -^ by any linear relation. For 

the coefficient of each term of D!R + — ^ is the sum of a single coefficient of Q 

and an independent linear function of the coefficients of R. Moreover, obvi- 

ously the coefficients of D!Q are unconnected with those of HaS' + -jj- . 

If, then, the coefficients of D!Q are not related inter se {i. e. if An'Q = O), 
we have 

(2) ^.= A{(n'B+^)a+(ft5+f)a'}. 

Looking now to the expression (1) for £l<p, we see immediately from (2) that any 
linear relation subsisting between the coefficients of flc^j will also subsist between 
those of Djp, and therefore that AH^i is not greater than An<^. 

If, then, AH^ = 0, it follows that An<^i = 0, provided that both the supple- 
mentary conditions Aft'§= and A£VR=: are also satisfied. 

.Now, since ^i= Q + Ra + Sa^ is the most general gradient of the type 

Q will be the most general gradient of the type w — i]ijj — 1 
and 

R '' '' '' ** ** " ** ** ** t^_i + 1; i_i,y_ 1, 
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when in Q and R we change 6, c, d, . . . . into a, ft, c, . . . . This change 
converts fl' = 69^ + ^9^ + . . • • into fl = adi, + 69^ + . . . . Hence the condi- 
tions AH'Q = and AH'i? = are respectively equivalent to 

Ail [t/7 — t; t, j— 1] = and Afl [t«? — i + 1 ; i— 1, y— l] = 0. 
Supposing these supplementary conditions to be satisfied, what we have 

proved is that when 

AH [w] t + l,y] = {i. e. An<^ = 0), 

then also All \w)iy y] = (i. e. AUc^i = 0) . 

Now, 
T^ =«?; i + l,y, so that ^ = (i + l)y— 2u? = (ey — 2m?) + y , 

TQ^w-i)iJ-l, - " jE'C=*(y-l)-2(t^-t) = (iy— 2i£?)+i, 
272=^? — i + l;i— l,y— 1, so that J^iiJ = (i— l)(y_ l)_ 2(w; — i + 1) 

= (^y — 2t£?) + i —j— 1 . 
Thus, when ij — 2t(7 => and i = >y , 

^ and EQ are both positive. 

-^5 is in general =>0, but in the special case where ij — 2m? = and i =j\ we 
have EB = — 1 . Except in this case (which gives us no trouble, since we have 
seen that AD,B = in consequence of EB = — 1), we have never to deal with a 
type of which the excess is negative. 

Hence, if we assume Cayley's Theorem to have been proved for all extents 
up toy — 1 inclusive, we have 

,A£llw — i] i,j — 1] = 
and All \w — i + \] i — \ , j — l] = 

{i. e. the two supplementary conditions are satisfied). 
We wish to extend the theorem to the extent y. 
Subject to the conditions i = '^J and iJ — 2m? =>-0, we have 
Ail[t^?;i,y]=0 if Aa[«?;i+l,y] =0. 
But we need consider no value of i greater than i^, as we have proved that 

Ail [m?; WjJ] = = Ail[M;; w + x,J']] 
therefore Ail [w]W — 1 , y ] = , 

Ail[tr;M;-2,y]=0, 

As previously shown, the theorem is true for all values of i inferior toy if 
it is true for all Quantics of inferior order. Thus the theorem is true for a 
Quantic of order j and for every value of i if it is true for all Quantics of order 
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inferior to J. But it is true for the Quadric (where / = 2) ;* therefore also for 
the Cubic (y= 3); therefore also for the Quartic {j = 4), and so universally. 
Hence the theorem to be proved is demonstrated. 



LECTURE XXVIII. 

We now resume the theory of Principiants and proceed to prove the 
important theorem that every Principiant is either simply an invariant in respect 
to a known series of pure reciprocants, which we call Ay B, (7, 2?, . • . . , or else 
becomes such an invariant when multiplied by a^""*, where w is the weight and 
i the degree of the Principiant in question. Using the letter M to denote the 

pure reciprocant ac — 6*, and G the ordinary eductive generator, 

A{ac — V)d^+5{ad — bc)d,+ 6{ae — bd)da+ 7 {a/—be)de + 

(which, it will be remembered, is only another form of a-r f/6, with the 

advantage of the (i being suppressed, i. e. only implicitly contained), we obtain 
in succession the values of -4, J5, C, D, . . . . from the following equations: 

6Az=:GM, 

6B=GA, 

7G=GB — MA, 

SD=GC—2MB, 

9E= GD—ZMG, 



On performing the calculations indicated by these equations we shall find 
A=a^d—3abc+ 26^ 

G = a*f— ba^cd — 4a»6e + 13a»ic» -f ^- a*hH — ^ ab'c + ^ b\ 

4 4 a 

25 
D^:=a^g — a^(P — Qa^ce + 7aV + terms involving 6, 

o 

E^-c^h ^ cU'de — 7a^cf + 29aVd! + terms involving 6. 

* When J =2 the coudition \;=>2u' becomes identical with t=>to; but we have already seen that 
the theorem is true whenever t => w . 
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The fact that i? is a pure reciprocant enables us to calculate the terms in JS 
which are independent of b without a previous knowledge of the values of those 
terms in D which involve 6. For, since 

G = 4{ac — 6^)3, + and V= "ia^dj, + , 

a*6r — 2 (ac — 6^) F does not contain 9^ . 

Hence the operation of c^G — 2(ac — 6^)Fon terms involving h cannot give 
rise to terms independent of 6. But, 

B being a pure reciprocant, YD = ; 
so that \(j?G — 2(ac — }?)Y\D = a* (72), 

and the terms of c^GD which do not involve h are found by operating with 

[a»G^_2(ac — y)7],=o 
on the terms of B which do not involve h . 

If, now, we use M^^ A^^ Bq, Oq, . . . . to denote those portions of 
M, Aj B, G, . . . . which are independent of b, and write 

[a'G —2{ac — J«)7],=o = a'G^, 
we shall still have 

9^0= GoD^—SMoCo] 

and in general the law of successive derivation for ^o» -^o* Ci)> A» • • • • is ^^^ 
same as that for j4, J5, C, Z), . . . . except that Gq takes the place of G. 
We have 
a^Go = [a^G —2{ac — J*) Fj^^o 

= a* {6addc + 6<zeda + 7a/9^ + Sagdf+ 9ahdg +....) 

— 2ac{6acda+ 7adde+ {^ae + ^(^)df+{9a/+ 9cd)dg+ }; 

so that 

Go = 5addc+ 6{ae— 2<?) 9^+7 (a/— 2cd) d. 

+ — {c?g —2ace — (^)d^+ — {a^h — 2acf— 2(?d) dg + ; 

and consequently (since il/i = ac) , 

5-4o= G^o-3^ gives Jo = "'^^i 

65o = 6?oJo " ^0 = «"« — 2a*c», 

7 Co = 6?o5o— JMo " <^o = a*/— Ba'cd, 

25 



9^0 = G<iJ>9 — 3^oCo " ■E'o = a»A — -^ a^cfe — 7aV+ 29aV<i, 



8 
2 
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Thus, ex. gr. 
8Z)o = (?o («y — ^o^cd) — ^c{a?e — 2aV) 

= — 25a^c? — 30a'c {ae — 2c*) + 8a' {a^g — 2ace — c') — 2fic (a'c — 2aV) ; 
whence ^^ ^ ^6^ _ ^ ^4^ _ g^4^ ^ 7^3^ 

o 

^^^^^' 9E,= Go (a'g —^a*d^— Qa*ce + 7a V) - Sac {a*/ — 6a*cd) 

O 

= 5ad (— 6a*e -f- 21aV) o" (*** ~ ^^ a*d — 42 (of — 2«e) o*c 

+ 9 (aVi — 2ac/— 2c»d) a* — Sac {a*/— 5a'cd) 

8^^®^ Eo =a*h-^ a'de - 7a V + 29aVd. 

Similarly, from the known values of D^ and E^ we may deduce that of the next 
letter, Fq , and so on to any extent. 

It may be noticed that each of the pure reciprocants A, B, C, D^ . . . . can 
be determined without ambiguity, by means of the annihilator F, when the 
portions of them, Jq, Bq, Gq, Dq, . . . . independent of 6 are known. 

For suppose JR and Iff to be two reciprocants, of weight w, for each of 
which the terms independent of b are the same. Then their diflference is 
divisible by b. Let 

ii!—i?' = 64); then F(&4))= 0; t. 6. 2aV + 6F<^= 0. 

Hence ^ is divisible by b, and R — i? is divisible by i*; say R — R =^V^. 
Then V{b^) = 4a*H + 6* F4/ z= , 

showing that '^ is divisible by 6, and R — -K' by fr\ 

By continually reasoning in this manner, We prove that R — R must be 
divisible by b^] and then the remaining factor (being of weight 0) is necessarily 
of the form Xa*, where ^ and Q are numerical constants. Thus 

R — R=: Tia'b'', and consequently V{Xa'b'') = . 

This is impossible unless X = 0, when the two reciprocants Rj R become equal, 
showing that there cannot be two different reciprocants for which the terms 
independent of b are the same. When, therefore, thef terms which do not involve 
b of any pure reciprocant are known, the complete expression of that recipro- 
cant can be determined without ambiguity. 

Each reciprocant of the series A, B, O, D, . . . . possesses the property of 
being, so to say, an Invariant relative to the one which precedes it, meaning 
that the operation of ft = a3j + 269^ + 3c9^ + . . . . on any letter gives (to a 
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factor pr^s) the one immediately preceding it. The first letter, j1, is an Invariant 
in the ordinary sense. We can in fact show that 

n5 = ^ X -J , 

nz?=3(7x-|-, 
njF=4Z)x-|, 



The proof depends on a formula established in Lecture XXVI of this course, 
viz. £IG — G£i = wa — h£i, 

where 6? is the generator 4 (oc — V) 9^ + 5 {ad — 6c) 9^ + . . . • , and w is the 

weight of the operand. 

Thus, observing that the weights of A, B, G, D, . . . . are 3,4,5,6,.... 

respectively, we have 

{SIG —Ga)A = (3a - ba)A, 

[aG — Ga)B= (4a — 6n) 5, 

(nC? - Ga)G= (5a — fell) (7, 



Now, since A is the well-known invariant a*d — 3a6c + 2b\ we may write 
!l1A = in the first of these equations, which then reduces to 

. aGA=SaA. 
But, since * 6 J5 = GA , 

we have 6£IB = £iGA = ZaA . 

Thus aB = Ax^. 

Again, substituting for ftjB in the formula 

^aG —Ga)B = (4a — ba) b, 

we find aGB- g(^^ = 4a5 - ^ A, 

where, since G (which is linear in 9^, 9c, ... . and does not contain 9^) does not 
operate on a, 

and consequently ^^^ + ^ 4 = laB, 

2 

VOL. IX. 
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Now, 7G= GB — MA) 

so that 7D.G = £iGB — A£iM— M£iA. 

But, since flif = fl^ac — ^*)= — ^ and a^ = 0, 

l£iG= £iGB + -^ ^ = laB. 

Thus £10= 25 X -|-. 

We may, in exactly the same way, prove that 

I1Z? = 3C^X Y» 

a^ = 4i) X -|- , 

and so on to any extent. 

In the following inductive proof it will be convenient to denote the letters 

A, B, G, D, E, 

by i^, Uy, v^j t^, t^4, . . . . , 

and then the theorem to be proved is that 

When this notation is used, the law of successive derivation which defines the 
capital letters is expressed by the equation 

(1) (n + 7)i/, + ,— Gu^^^+{n+ l)Mu^ = 0, 

where G is the generator 4 {ac — 6^) 9^ + 5 {ad — hc)de + , and Jf = ac — . 

Operating with II on the above equation, we obtain . 

(2) {n + 7)flt/,,+2— ii6^^n + i + {n+ l){MSlu^ + u^£iM) = 0. 

Now, the weights of ?^o> %» ^» • • • • are 3,4,5,.... respectively, and conse- 
quently the operation of 

£iG— GQ. = wa — ba 

on Un^i (whose weight is w + 4) gives 

{£IG— G£l) w„ +1 = (w + 4) ai*„ +1 — feflw^ + i. 

Or, assuming that Q.u^ = xu^^i X -^ for all values of x as far as n + 1 inclusive 

(it has previously been shown that £IB = J. X -^ and n<7= 25 X -^ , so that 
the theorem is true for ;c = 1 and x = 2), 

Q.Gu^^i = G£iu^^i + {n+ 4)aun^i — JHun+i 

= (n + 1) (7 (-|- uS)+ (n + 4)ai^„+i- (n +l)-^u^. 
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But ^remembering that G does not operate' on a, so that G'. — «, = — ffM„ J 
we have, in virtue of equation (1), 

Hence it follows that 
ilG'w,+i=^^^a{(w+ 6)«,+i + nM*„_i} + (n + 4)au„+i— (n+ 1) -^-m* 

On substituting this in (2) we obtain 

. (« + 7) {x1m„+, — (n + 2) -|- m„+i| 

+ (« + 1) if|xi«„ - n |-«„_,| 

+ («+!)«„ |nilf+^|=:0. 

This reduces to r\ / i n\ <* 

"«»+» = (»» + 2) -y ?<„+!. 

For, according to the assumption previously made in the course of the demon- 
stration, -. a 

so that the second term vanishes ; and the third term vanishes because 

nir=n(««-f) = -^. 

We have therefore proved that if the theorem is true for £iu^, when x has any 
value up to w + 1 inclusive, it is also true for Slu^^^. But the theorem holds 
for ;c = 1 , and for ;e = 2. It therefore holds universally for any positive integer 
value of X. 

Recalling the known values of the reciprocants M, A, B, G, D^ . . . . we 
observe that their principal terms are ac, a^d, a^e, ay, a^g, . . . . , where it is to 
be noticed that the most advanced of the small letters in the expression for any 
capital letter occurs only in the first degree multiplied by a power of a. In 
other words, My A, B, G^ D, . . . . form a series of Protomorphs, and conse- 
quently every Pure Reciprocant can, as we have already seen (vide American 
Journal of MathemcUicSj Vol. IX, p. 35), be expressed as a function of 
Uf M, Aj B, Gj Dj . . . . rational in all of them and integral in all except a. 
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But it is further to be noticed that whereas 

a is of degree 1 and weight , 
Jf " " " 2 '* " 2, 

A II n it *^ '' '^ ^ 

B '' " " 4 •* ** 4, 

and in fact that every capital letter is of equal weight and degree. 

From this it will follow that every Pure Reciprocant will be the product of 
a power of a into a function of the capital letters alone. 

For let i be the degree and w the weight of any pure reciprocant expressed 
in terms of a, M, A, B, (7, .... , and suppose one of its terms to be 

a^'M^A^B^'C ; 

then ?! + 26+ 3x + 4X + 5fi + = i 

and 26 + Sx + 4X + 6fi + . . . . = w. 

Hence >? = i — tc? , 

which is the same for every term of the pure reciprocant in question. Thus 
each term contains a*""**" as a factor, and the reciprocant is of the form 

a'-^^{M,A,B, G,D, ). 

Let us now consider any Principiant P; since P is a pure reciprocant, we 
must have P = a*-"^* (Jf, A, B, G,D, ) . 

But Principiants are subject to annihilation by il, and consequently HP = 0, 
which gives 

On writing for £iM , H^, £iB , £iG , 

their values — ^^'y* ^' -^^T' 25x-|-,.... 

we obtain 

^ (- hd^+ Ads + ^Bda+ 3(73^ +....)*= 0. 

Prom this it would follow that <I> is an invariant in the two sets of letters 

— b, M and A, B, G, D, . . . . ; 

but it is easy to see that it is an invariant in the latter set exclusively. For 
ifcf and A, B, (7, D, . . . . being all of them pure reciprocants, 

4> and d^^, 9^<I), a^*, d^^, . . . . , 

which are functions of M, A, B, (7, * . . . exclusively, must also be pure recip- 
rocants. 
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If, then, we operate with Fon 

(— ftajf + ^ds + ^Bdc + 3(73^, )<I> = 0, 

we shall find F( — 59 j^) <I> = (every other term being annihilated by V). Thus 

V{hdM) * = (9if*) T^6 = 2a»a^ = , 
and consequently 9^^ ^ = . Hence 

{Ads + 259c + ZGdn + )<!> = 0. 

The equation 9j/I> = shows that M does not appear in the expression for 
any principiant m terms of the capital letters, while 

{Ads + 2fi9e + ^Gdjy + )* = 

shows that <I> is an invariant in J., JB, (7, Z>, . . . . 
We have thus shown that every invariant of 

{A,B,G,....){x,yy 

is a principiant, and conversely that every principiant is an invariant of 

{A, B,G,... .)(x, yV, 
or such an invariant multiplied by a power of a. 



LECTURE XXIX. 



From the theorem that every Principiant is (to a power of a prfes) an 
Invariant in the reciprocantive elements A, B, C, . . . • we readily deduce its 
correlative in which, everything else remaining unchanged, the reciprocantive 
elements A, B, (7, . . . . are replaced by a set of invariantive elements which we 
call J-o, Ai, J.,, . • . . The equations connecting the new elements with the old 
ones are as follows : 

-4q =: -4, 

^=.-<4)^+(4)U, 

A=i>-<|)cr+s(A)'s-(A)U, 
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We have, in the first place, to prove that Ag, Ai, A,, . . . . are all of them 

invariants in the small letters a, b, c This is an immediate consequence 

of the identities £IA = , 

£1B = AX Y' 
il(7 = 25x-|-, 



established in the preceding Lecture, coupled with the fact that Cib = a . Thus 
S).Ao=£lA = 0, 

aAi = --^aA-\- (riB-Ax -|-) = o, 

£1A, = (-2-)'"^ - 2 (yX^^ - 4 X f) + (XIC- 25 X I) = ; 
and in general, writing the equation which gives Ai in the form 

. w(n-l)(n-2) / by-> 

"•" 1.2.3 V 2j ^'^ ' 

and operating on it with Ci, we find 

^- = (- t) "^ + " (- -|)"""("^ - ^ X t) 

= (each term vanishing separately). 

We next observe that 

(^, jii, ^, ){x, yY, being equal to {A, B, G, )(x — —y, y) , 

is a linear transformation of (J., J?, (7, . . . .){x, yy, 

b 

is equal to unity. 



'-I 



and that the determinant of the transformation 

1 

Hence every invariant in Aq, A^ A^, . . . . is equal to the corresponding 
invariant in J., JB, (7, .... , which proves the theorem in question. 

Each of the invariantive elements Aq, Ai, A^, . . . . is, 80 to say, a recipro- 
cant relative to the one which immediately precedes it, just as in the cognate 
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theorem each of the capital letters A, B, G, . . . . was an invarianl relative to 
its antecedent. It is in fact easily seen that 

VAi=—A^\ 
VAi = — 2Aya\ 

r ^3 ^^ SjoLj^CI j 



and in general VA^ = — w-4„_ia*. 

Thus, for example, if we operate with V on 

A=i'-s(|)c+3(AyB_(A)'^, 

remembering that -4, JB, G, D Q,Te pure reciprocants, we shall find 

SO that VAg = — 3 Jja*. 

In like manner, operating with V on 

A,=:{A,B,G ){-Y> 0" 

weobtein vA.^-^(A,B,.G )(—^, ij-^h 

This property enables us to give a proof (exactly similar to the proof of 
the cognate theorem in the preceding Lecture) of the theorem that every prin- 
cipiant is expressible as the product of an invariant in J-o, -4i, -4,> . . . • by a 
suitable power of a. We first observe that, using Nto denote ac — i*, 

form a series of invariantive protomorphs of equal degree and weight. 

Hence it follows that any invariant of degree i and weight w can be 
expressed in the form 

a^-^^(N, Aq, Ai, ^,, ), 

and consequently that every Principiant can be expressed in this form, provided 
only that V9=0. 
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Substituting for VA^, VAi, F-4,, .... their values given above, and at the same 
time observing that 

VN =V{ac— 6*) = 5a*6 — 4a*6 = a'b , 

we find F* = a» {bdy — ^3^, — 2A^d^^ — 3^3^, — ) <I> = . 

Finally, we prove that <I> does not contain iV, but is an invariant in J-o, j4i, ^ij, . . . . 
alone, by operating with £1 on 

(63^- A^^^ - 2A,d^^ - 3^3^, -....) cl> = 0, 
when it is easily seen that every term vanishes except the first, which gives 

n (63^<I>) = abx 3^* = 0, 
where, 116 = a being different from zero, we must have d^f^ = 0. 

The invariants Nj Aq, A^, A^, . . . . obey a law of successive derivation 
similar to that which holds for the reciprocants M, A^ B, (7, . . . . 
Starting with N=^ac — ft* and operating continually with 

G^ = a ^ — {Si + 2w)b = {4ac — bh^)d^ + {bad —lhc)dc+ , 

we shall find &N = 5 Jo, 

ff'A=6Ji, 
&A^ = 7^ — NA,, 
G'A^= 8^3— 2iVJi, 
G'A^= 9^4— SNA^, 



and generally G^-4„ = (n + 6) Jl„-,.i— nNA^^i , 

These equations are exactly analogous to 

aM=bA, 
GA=6B, 
GB=7G+MA, 
GG=8D+2MB, 
GD=9E+ZMG, 



in which Jf= ac — — 6*, and GM, GA, GB, .... are the educts of Jf, -4, jB, . . . • 

obtained by operating with 

G = a ^ — {Si + w)b = 4{ac — b^) 3, + 5 {ad _ tc) 3, + .' . . . 

It should be noticed that the two generators G and & are connected by the 
relation & = G — wb, 

where w is the weight of the operand. 
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Also, that 

(?6 = 4(ac — 6»)=4JV, and (?'J = 4ac — 66» = 4if . 
We may easily verify that 

G'N= 5^0 = 6 {a*d — Sabc + 26") 
by operating with Gf = (4ac — 6i*) 9> + (5ad — 76c) d^ on N= ac — 6*. 
To prove that 0'^^= ^A^, 

we operate on A^-=^A, 

for which the weight is 3 , with 

G>=G—Zb. 
Thus G'At= ((? — 3J) J. = 65— 36A = 6^1. 

For by definition Ai= B — f-^jA. 

In general, to find GfA^, we have by definition 

A,= {A,B,G )(_A,i)", 

and, since the weight of u4„ is n + 3 , 

GfA^^GA^-in + S^A^. 
Now, 

GA,= GiA,B,G,....)(-^,lJ 

= (GA, GB, GC,... .)(- 4- . l)"- ^{^,B,'g )(- A , iJ'^Gh. 

Substituting for GA, GB, GG their known values, and remembering that 

Qh = 4iVand that {A, B, G, ) (~ 4" • ^)" ^ = ^--i' '^^ ^*^® 

©^,= (65, 7G, 82) )(_i-, i)" 

+ if(0,^, 25, 3C, ....)(-Y,l)"-2niV^-i 

= 6(5, C7,i),....)(-4.l)'' + (^' ^' 22>,3^,....)(-|-,iy 

+ Jf (0 , .1, 25, 3C ) (— y . l)" - Zn^"^-!. 

But (0, G, 2D, BE ) (— X' ^y 

= nG(- A)"-' + n (n - 1) D (- |)""* 

= n{G,D,E,....)(-~,iy '; 

VOL. IX. 
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and similarly 

(0, A, 2B, 3(7, .. . .)(- y, iy=7i(^, B,C )(-4-' l)'"'=»»^-i. 

Hence 

GA„=6{B, G,D.....) (- |-, iy + n{G, D, E ) (--|-. l)"~' 

Now let U= (A, B, G, ) (u, »)"; 

JTT 

then -j— = n{A, B, (7, . . . .) {UyvY"^, 



du 
dU 
dv 



and ^ = n{B,G,D,... .)(«, ^r'^ 



whence it follows that 

(1) U=(A,B, G, ){u,v)*=u{A,B, G )(«,©)"-* 

+ v{B, G,D, )(«, ^;)"-^ 

Similarly, we see that 

(2) {B, G,D, )(m, vf=u{B, G,D, )(«, »)»-* 

+* v\g, D, E ){u, r)»-^ 

Writing u^ ^ and t> ^ 1 in the above equations, and remembering that 

(A,B,G,...)(--^, l)"=^. 
we obtain immediately from (1) 

iB,G,D )(-A, iy~' = A„+-^A,_„ 

and then (2) gives 

{0,D,E )(-A, iy-'=:(^A,^^+±A:) + ±-(A + -Y^-\) 

But it has been shown that 

GA„=6{B, G,D )(- I , l) +n(C, D,.E )(— y. l)"~* 

+ n{M-2N)A,_,. 
Hence, by substitution, 

GA„=Q (^+1+ \ ^„) 4- »(A+i + i^+ -^ ^-,) +«(if- 2^')^_l 

= (n+6)^„+i + (n + 3)6J„ + n(ilf+^-2JVr)A_i. 

Now, 
<7'4„=(?4„-(n + 3)6^ 

= (n+6)A+i+«(il/+|--2i\^)j„_x, 



I 
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where M+ -r-:= ac r^+ -r=«c — b*=: N. 

4 4 4 

Thus GTA^ = (n + 6) A^^^—nNA^^^, 

which proves the law of successive derivation for the invariantive elements 
Aq, Ai, A^j . . , . 

We now proceed to explain the method of transforming a Principiant, 
given in terms of the small letters a, ft, c, .... , into one expressed in terms 
of a, Af B, (7, • . . . 

Remembering that the expressions for 

A,B,G,D,E, 

have for their most advanced small letters 

d, e , f, g , h , . . . . , 

and that, in each capital letter, the most advanced letter occurs only in the first 
degree, multiplied by a power of a , it follows, as an immediate consequence, 
that we may, by continually substituting for the most advanced letter, eliminate 
di e,f^ g^hy . . . . from any rational integral function 

4>(a, ft, c, d, c,/, g,h, . . . .) 

and thus transform it into another function whose arguments are 

a, ft, c. A, B, G, D, E,. . . . 

and which is rational in all its arguments, and integral in all of them, with the 
possible exception of the first argument, a . 

But (see Lecture XXVIII) the result of this elimination is known to be 

a'-«^*(ji,5, G,D,E, ) 

in the case where 4> is a Principiant of known degree i and weight w. Hence 
ft and c must disappear spontaneously during the process of elimination. 

This being so, we can give ft and c any arbitrary values, without thereby 
affecting the result, and it will greatly simplify the work to take ft = and c = . 

It is also permissible to take a = 1 ; for, although the factor a*"** is thereby 
lost, it can always be restored in the final result because both i and w are known 

* The establishment of the scale of relation between the terms of the Aq^ Ai^ A2-i- * * * series and 
the above proof of it is due exclusively to Mr. Hammond. J. J. S. 
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numbers. Now, if we write a=l,6=0,c=0 in the known expressions for 

A, B, C, D, . . . . ,we shall find 

A=id, 

B=ie, 

0=/, 

E=h — ^de, 



Hence we have to eliminate d, e, /, g,h, . . . . between the above equations and 

P = 4>(1, 0, 0, d, e,/, g,h ), 

where P stands for the given Principiant. In other words, we have to substi- 
tute for 

a, b, e, d, e, /, g , h , . . . . 



1, 0, 



V + ^A'. 



15 



E-\--^AB,... 



in 



0, A, B, C, 

P = 4>(a, h, c, d,e,/,g,h ). 

The result of this substitution will be 

P = <P{A,B, 0,D,E ), 

where, to compensate for the factor lost by taking a = 1 , we must multiply ^ 
by a*"". As an easy example, consider the Principiant which Halphen calls A, 
and for which he obtains the expression - 



a 

-a* 







c 

b 



a» 





d 



/ 

e 

26d + c» 

2ad+2bo 

3J»+3oc 

Here the degree i = 8 and the weight to = 8 ; so that % — to = 0, and no factor 
has to be restored. On making the substitutions spoken of, the determinant 
becomes 



c 

2ab 
a* 



e 
d 

2bc 

2ac + b* 
Sab 




1 
— 1 








1 




A 




1 



B 


G 


A 


B 











2A 









which immediately reduces to AG — jB* by striking out the first three columns 
and the last three rows. 

Of this Principiant we shall have more to say hereafter. 
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LECTURE XXX. 

The method of substituting large letters for small ones will be better under- 
stood if we employ it to obtain an expression of the form 

a'-^^{M,A, B, G,D,E, ) 

for any pure reciprocant 

4) (a, ft, c, d, e,/, g, h, . . . .) 

of known degree i and weight w in the small letters. 

The transformation is effected by substituting in 4> for c, d, c,/, ^, ^, .... 
their values (which are perfectly definite) in terms of a , ft , Jf, J., 5, (7, Z>, -&, .... 
But since ft does not appear in the final result, we are at liberty to give it any 
arbitrary value, and it will be convenient to take ft = 0, for then (see Lecture 
XXVIII) we have 

M=ac, 

D = a^g — a*(?— 6a^ce + 7aV, 

o 

E = a»h^~ a^de — 7a»c/ + 29aVd , 



There is an additional advantage in taking ft = , viz. that then the values 
of the invariants N, Aq, Ai, A^, . . . . (see their definition at the beginning of 
Lecture XXIX) exactly coincide with those of the reciprocants M, A, B, G, . . . . 
set forth above. Hence, merely interchanging the capital letters, the same sub- 
stitutions enable us to express any invariant in terms ofajNyA^jAi, . . , . , as 
well as any reciprocant in terms of a, Jf, -4, 5, . . . . 

The solution of the above equations will give — , — , — , .... in terms of 

a a a 

-J-, — ^ , —7-, . . . . ; but we can, without loss of generality, put a = 1 , when we 

shall find a = 1 , 

ft = 0, 
c =M, 
d = A, 

e =B+2M^, 
/=G+5MA, 

g=D+ ^A'+6MB + 5M\ 

o 
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The substitution of these values in the pure reciprocant 

4>(a, 6, c, eZ, e,/, gr, A, . . . .) 
will convert it into 

We have written a = 1 for the sake of simplicity ; but without doing this we 
have, since ^ is homogeneous of degree i, 

4>(a, 0, c,d,e, )=:a*^(l, 0, ^, — , ^, ). 

Hence, substituting for — , — ,—,.... in terms of -^ > ^r > "^x" > • • • • » 

4>(a, 0, c, e?, c, ) = a^^-^ , -^, -^, • • • • J > 

or, since Jf, ^, jB, . . . . are of weights 2, 3, 4, .... , and ^ is of weight w, 
4>(a, 0, c, d, e, . . . .) = a*""*4>(if, ^, J5, . . . .). 

Thus, in consequence of writing a= 1, the factor a*"^ has been lost; but this 
factor can always be restored, both i and w being known numbers. 



When 4> is a Principiant, Jf will not appear in the final result, which will be 
identical with that obtained by the simpler substitutions of the preceding Lecture. 
If, for example, we substitute for 

a, b, c, d, € , / , 

1, 0, Jf, A, B+2M\ G+5MA, 

instead of 1, 0, 0, A, B ,, C , 

in the determinant expression for Halphen's A, previously given, it becomes 

M A B+2M^ G+5MA 

1 M A B+2M^ 
— 1 Jf * 

1 2i/ 2A 

10 ZM 

Subtracting the 4^^ row multiplied by M from the first, the determinant reduces to 

A B G+3MA 

1 M A B+2M^ 
— 1 Jf* 

1 3if 
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Again, subtracting the 2* column multiplied by 3Jf from the last, and reducing, 
the determinant becomes 

0, B, G 

1, A, B—M^ -AG—B', 
-1, 0, 3P 

where M disappears, as it ought to do, because A is a Principiant. 

In what follows we shall have frequent occasion to make use of the fact that 

if iZ^ is an absolute pure reciprocant, , "* , which we know is a pure recipro- 

a^dx 

cant, is also an absolute one. 

This is very easily proved. For let R be any pure reciprocant, of degree i 

and weight w, which becomes B^ when made absolute by division by a power of 

a , then ^ R \. « • • 

' i2^= — ^ , where ^=31 + 1^, 

and, using Cr as usual to denote the generator for pure reciprocants, 

dRa_ GB^ 

Hence ^^« - ^^ 

which is an absolute pure reciprocant because GtjB, which is of degree i + 1 and 

weight w + 1, must be divided by a « in order to make it absolute. Thus, if 
Ma, Aa, J?^, Gai • • • • are what My A, B, C7, . . . . become when each of them is 
made absolute by division by a power of a, we have 

a-^^B^ = 7G, + M^A^, 



We shall use these results in deducing the complete primitive of the differ- 
ential equation AG — B^^O 

from that of the equation in pure reciprocants, 

25A^—16M^=0. 
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This equation may be written in the form 

whence, by differentiation, we obtain 

which gives 60 A^. 6B^ = 48 JfJ. 5-4^; 

i.e. 5-B^ = 4JfJ. 

Differentiating this result, we find 

which gives G^ = M^A^ . 

We now restore the non -absolute reciprocants M, A, B, G] i. e. we write 

55 = 4lf and G — MA. 

Hence. 25 {AG— B^) = Jf (254* — 16Jf«) = (because 254* = 16JP). 

Now, the equation AG — jB* = remains unaltered by any homographic 
substitution, so that it will be satisfied not only by any solution of the equation 
in pure reciprocants 254* — 16-W= 0, but also by any homographic transforma- 
tion of such solution. But it has been shown (in Lecture XIII, American Journal 
of Maihematice, Vol. IX, p. 16) that the complete primitive of 254* — 16Jf^ = 
is a linear transformation of y = a:^, where X^ — ;i + 1 = {i. e. where ;i is a cube 
root of negative unity). 

Consequently any homographic transformation of y = cc^ is a solution of 

4C^— jB* = 0. 

Moreover, this is its complete primitive ; for the highest letter, /, which 
occurs in AG — 5*, corresponds to the seventh order of differentiation, and if we 
write _ Y _ X_ 

where X, F, Zare general linear functions ofx,y, 1 {i. e. if we make the most 
general homographic substitution), y = cc^ becomes F=X^Z^■"^ which will be 
found to contain exactly 7 independent arbitrary constants. Thus the complete 
primitive of 4(7 — 5* = is F=-Z^Z^""\ where X, F, Z are general linear 
functions of a, y, 1, and X is a cube root of negative unity. 

Observe that although any solution of M= also makes 4,5, (7, .... all 
vanish, and so satisfies AG — 5* = 0, we cannot from this infer that a homo- 
graphic transformation of the parabola y = a* will be the complete primitive of 
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'AG—B^ = 0. For, though FZ=XMs a solution of AG—B^=0, it only 
contains 5 independent arbitrary constants, and therefore cannot be its complete 
primitive. Neither can FZ=X* be obtained from the complete primitive by 
giving special values to the arbitrary constants. Hence FZ=X* is a singular 
solution of AG — B^= 0. 

We may also deduce the differential equation of the curve F=X^Z^"\ 
where ^ has a general value, from the corresponding equation in pure recipro- 
cants, 26 {2^^ — 6X+2)A^+ 16 {X + IfiP = 0, 

which has (see Ameiican Journal of MdthematicSj Vol. IX, p. 14) for its complete 
primitive any linear transformation of the general parabola y = a5\ 
Writing for shortness 

2;i«_5;i+ 2=p and {pi+iy=q, 

and at the same time making both A and M absolute, the above equation 

becomes 25pAl + 16qM^ = . 

Hence, by diflFerentiation, we obtain 

50pA^.6B^ + ^SqMi.5A^=:0, 

which gives 5/?5^ + 4g^ Jf^ = . 

After a second differentiation we find 

6p (7 Ga + M^Aa) + ^OqM^Aa = ; 

*. e. 7pGa + {p + 8q) M^A^ = 0. 

We now replace the absolute reciprocals M^, A^, B^, G^hy M, A, B, (7, 

and thus write the original equation and its two differentials in the form 

25pA^= — 16qM^, 

bpB= — Aq]\P, 

7pG= — {p + 8q)MA. 
Hence we find 

5\7. j^{AG—B') = — 25p (p + Sq) MA'— 16.7j»Jf* 

= Uq{p + q)M\ 
5\ 7\p^ {AG— &y = 16 V {P + Qf^^ 
5y^«=16Vilf", 
and, eliminating Jf from the two last equations, 

2\ 7\p'q {AG—&y=b'{p + qYA\ 
Now restoring p = 2A,* — 5X + 2 = (A, — 2)(2A, — 1) 

and . q={^+ l)\ 

we have ^ + gr = 3 (;t» _ ;\, 4. 1) ; 

Vol. iz. 



338 Sylvester : Lectures on the Theory of EeciprooanUf. 

BO that the final equation becomes 

2*. T {X + i)'(;i - 2)»(2;i — iy{AG — ffy = 3«.5» (;i> — ;i + i)'^'. 

The same reasoning as before will show that, for a general value of A,, the com- 
plete primitive of this equation is the general homographic transformation 
Y= X^Z^-"^ of the curve y = »\ 

There is, however, a special exceptional case in which the differential 
equation becomes 2\ 7^ (AC— &y = S\ 6^A\ 

the corresponding value of the parameter X being either 0, 1 or oo , as may be 
seen by solving the equation 

{X + l)»(;i — 2)«(2;i _ i)» = 4 (;t8 _ ;^, + i)^ 

In the case where A. = or oo we can, in the same manner as before, show 
that the complete primitive is a homographic transformation of the curve y = e* 
by deducing the differential equation from the corresponding equation in pure 
reciprocants, 25^1* + 8 Jf ' = , 

whose complete primitive is (see Lecture XIII) a linear transformation of y = €f. 
When X = 1 the corresponding equation in pure reciprocants is 

whose complete primitive may be shown to be a linear transformation of 
y=:x log X. The reason why these two distinct equations in pure reciprocants 
lead to the same equation in principiants is that the two curves y = e* and 
y =: X log X are homographically equivalent but not linearly transformable into 

JL 

one another. For we may write the equation y = a; log x in the form x'=e\ 

which is a homographic transformation of y = c*. 

Besides the special case just considered, in which the complete primitive 

Y 4 
of the equation in Principiants is -^ = 6 , we may notice that in which the 

parameter A is either — 1 , 2, or — , the differential equation reducing to A = 

simply, and its complete primitive F= X^Z^'^^ being the equation to a conic, 
as it should be. The case where 7} — X + 1 = and the differential equation 
reduces \.o AG — jB* = has been considered already. There remains the case 
in which ;i = 3 , when the complete primitive becomes YZ'^ = X^ (the equation 
of the general cuspidal cubic) and the differential equation assumes the simple 
form /AC—E'S^ / A\^ 

which is therefore the differential equation of cuspidal cubics. 
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We shall hereafter show that in this case the Principiant 

which is apparently of the 24*^ degree, loses a factor a* and so sinks to the 20**^ 
degree. It is, however, generally diflScult to determine the power of a contained 
as a factor in a Principiant given in terms of the large letters. 

The results obtained in the present Lecture agree with those of M. Halphen 
contained in his Th^e sur les Invariants diflFerentiels (Paris, Gauthier-Villars, 
1878), which contains a complete investigation of the properties of the Prin- 
cipiant AG— &j which he calls A. But our point of view is different from his. 
He obtains A in the form of a determinant from geometrical considerations. With 
him A = is the differential equation which expresses the condition that, at a 
point ac, y on any curve, a nodal cubic shall exist, having its node at a, y, and 
such that one of its branches shall have 8 -point contact with the curve at that 
point. With us AG — J5^ is the simplest example, after the Mongian J., of an 
invariant in the capital letters A, B^ G, . . . . 



LECTURE XXXI. 



We may include Jl among the arbitrary constants in the primitive equation 
F= X^Z*""^, which can also be written in the form 

a lOgX— log 7+ (1 — X) log Z= , 
or (X, Yj Z being general linear function of a;, y, 1) in the equivalent form 
% log (y + ax + /?) - log^ (y + a'x + /?') + (1 - ;i) log (y + a"x + /?") = const., 
which evidently contains 8 independent arbitrary constants. 

One of these will be made to disappear by differentiation, and thus we shall 
obtain a differential equation of the first order, containing 7 arbitrary constants, 
identical (when the constants are rearranged) with 

{y — a;0(?a;+ wiy) + < (fx + m'y + ri) + ?'x+ m"y + n" = 0, 

which is known as Jacobi's Equation. 

For, by differentiating the primitive equation, we obtain 
^ (« + a)(y + ax + /3)-^- {t + a')(y + a'x + /J')"' 

+ (1 - X){t + ol^y + a"x + /3")-^ = 0, 
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which, when cleared of negative indices by multiplication, becomes * 

+ {y + ax + ^){(y + a'x + ^^){t + a'^)-i^ + a"x + nt + <^l\ = 0. 

Writing this equation in the equivalent form 

A(y + a'a: + /?0{(a-a'0(y-a:0 + (i3"-iS)<+(a/3"-a"/?)} 

+ {y + ax + (3)\{a"-a^){y-xt) + {(3'-nt + {<^"^'-<^'n} = 
it is easily seen to be identical with Jacobins equation given above. 

The seven arbitrary constants which occur in Jacobi's equation are the 
mutual ratios of the eight coeflScients Z, m, ?, m', n', 7', m", n", any one of which 
may have an arbitrarily chosen value assigned to it. 

Taking tw = — 1 , the equation may be written in the form 
Pt + lxy — if+ Fx + rn'^y + n" = , 
where P=^tx^m'y + n^ — la^ + xy. 

In order to eliminate n" and 7', we differentiate the above equation twice. 
The first differentiation gives 

2aP + t{P+Ix— 2y + m") + ly + r=0, 

where P' = ~r- = 7 + m'< — 2lx + y + xt, and the second differentiation gives 

6bP + 2a{2P + lx—2y + m") + t{P'+2l— 2t) = 0. 

Now, P" = -— = 2a{m! + x) + 2{t — Z) ; so that, on substituting this value, the 

above equation becomes 

SbP + aQ = 0, (1) 

where Q= 2P + Ix— 2y + m'' + m!t + xt 

= 2lf + Zm't—Slx+ Sxt+ m". 

Differentiating (1) we have 

12cP + 3bP + 3bQ + ag = 0, 
where Q = Z (t — I) + 6a{x + m') = SB + 6aS, suppose. 

Thus we have 4cP+bP + bQ + aB + 2a^S= . (2) 

Differentiating this 4 times in succession, and at each step substituting for 

their values 2B + 2aS, SB + &aS, 2a, 1 , 

we obtain 4 more equations, from which, combined with the 2 previously 
obtained, we can eliminate . 

p, P', g, B, s. 
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= 0, 



Thus, differentiating (2), we find 

20dP + 8cP'+ h{2R + 2aS) + 4cQ + b{3B + 6aS) 
+ SbB + 2a» + 12abS + 2a* = 0; 
i. e. UP + 2cP + cQ + 2bB + babS + a* = 0, (3) 

and continuing the same process, 

6eP + SdP + dQ+ ZcB + (6ac + 36*) S+Sab=iO, (4) 

7/P+4eP +eQ + 4dB+{7ad+ 7bc)S + {4ac+ 2b^)= 0, (5) 

SgP + 6/P +/Q + 6eB + (8a6 + 86d + 4c*) /S + {5ad + 6bc) = . (6) 
The result of elimination is 



2a* 

5ab a* 

6ac + 36* 3a6 

7ad + 76c 4ac + 26* 

Sae+Sbd+ 4c* 5a<Z + 56c 

where the determinant equated to zero is a Principiant. 

In his Thfese sur les Invariants differentiels, p. 42, M. Halphen states that 
this equation can be found by eliminating the constants from Jacobi's equation, 
but he does not set out the work. When in the above determinant twice the 3* 
column is added to the second,, it becomes exactly identical with the one given 
by Halphen, which he calls T. 

We proceed to express the above result in terms of the capital letters, using 
the method explained in Lecture XXIX, and observing that the determinant is 
of degree 8 and of weight 12; so that in this case i — w=S— 12 = — 4, show- 
ing that the final result has to be multiplied by a""^ 

Substituting in the determinant for 



Sb 





a 





4c 


h 


6 


a 


6d 


2c 


c 


26 


6e 


Sd 


d 


3c 


y. 


4e 


e 


Ad 


^ 


5/ 


/ 


'he 







a h 


c d 


e 


f 


9 










1 


A 


B 


G 


D + 


8 ^' 




it becomes 










1 




























1 


2 







5^ 


















1 




65 




3^ 


A 















7(7 




45 


B 




4.A 


lA 







8I> + 26ui» 


5C 







bB 


SB 


5A 
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Subtracting the last column multiplied by 5^ from the first, and the 4** 
column multiplied by 2 from the 6***, and then striking out rows and columns, 



we obtain 










1 


























1 



























1 






QB 


3^ 


A 















1G 


45 


5 


AA 


— A 









iD 


bG 


G 


bB 


— 25 


bA 




• 








1 


























1 






= 


65 


3^ 

















7C 


45 


4J. 


— A 








82? 


5C 


bB 


— 25 bA 






= 




65 
7C 
82) 




ZA 
45 - 

bG - 






-A 
-25 


1 


6.1 


= 


65 ZA 
7G 45 
82) 5(7 




A 

25 



= 24 {AW — SABG + 2B^). 

If, using Halphen's notation, we call the principiant now under considera- 
tion T, what we have proved is that 

T= 24a'-^{AW — SABG+ 2B'), 

and consequently that AW — 3 ABC + 2B^ is divisible by a*. 

The diflFerential equation 7'= corresponds, as we have seen, to the com- 
plete primitive F= -^^Z^""^ in which X is counted as one of the arbitrary 
constants. 

This result may be otherwise obtained. For we have shown in the pre- 
ceding Lecture that the differential equation of the seventh order, from which 
all the arbitrary constants except ^ have disappeared, has the form 

{AC — B'f=xA', 
where x depends solely on A; . 

Writing this equation in the form 

(^(7— £*)^"* = const., 

and differentiating with respect to a;, we remove the remaining arbitrary con- 
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stant, and thus obtain the differential equation of the 8^^ order free from all 
arbitrary constants, a result which, to a factor pr^s, must coincide with 

r=o. 

We proceed to show how this differentiation may be performed without 
introducing any of the small letters. In the first place, it is clear that since 

G=^{ac — V)di, + b{ad — hc)dc+^loje—'bd)da+ 

does not contain da and is linear in the other differential reciprocals 3^, d^ > * ••f 
Ga'^{A, B, C, ) = a'G^{A, B, G, ) 

And since we have GA = 65, 

GBz=iTG+MA, 
GG=8D+ 2MB, 



it follows immediately that 

Ga'^ {A, B, G, )=za' {6Bd^ + TCBb + Sl>do+ )* 

+ a'M{AdB+ 2Bdo+ ^Gdn+ )*. 

This is true for any function of the capital letters, whatever its nature may 
be ; but when * is a principiant, it is also an invariant in the large letters; so that 
in this case we have 

{Ads + 253^ + ^Gdj, + )* = 

and Ga'^ = a'{6Bd^ +7(73^ + SDdo + )*. 

Now, the operation of (? on a function of degree i and weight w is equivalent to 
that of a^ (3i + ^) 6, or to that of a -r-; , when both i=0 and i<? = (which 

happens in the case of a plenarily absolute form). Hence, if we suppose 4> to 
be a plenarily absolute principiant, (?<E> is also a principiant, though not a plena- 
rily absolute one. 

cZ4> d^ 

For a is a principiant, and j— is a principiant; therefore a ^ or (t<E> is one 

also * Thus 6BdA + 7 (73^, + SDdo + , 

*See the concluding paragraph of Lecture XXV, where it was shown that P, being a principiant 

(of degree t and weight u?), a ^ — (3i + m?) tP is a reciprocant, and « gj — (3i + 2u7) hP an invariant. 

This proves, what we omitted to mention there, tliat P being a zero-weight principiant, 

G'P= \0.'2 ^ ) P is a principiant. 

It may here be remarked that a principiant of degree i and of zero weight is equal to the corre- 
sponding plenarily absolute principiant (which is a function of the large letters only) multiplied by the 
factor aS on which the operator O does not act. 
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acting on any plenarily absolute principiant, generates another principiant, but 
not a plenarily absolute one. 

We now resume the consideration of the equation 

{AG—&)A'-i = con&t. 
Differentiating and multiplying by a, we have 

Hence, by what precedes, 

(653^ + 7Ca,+ SDdc){{AG-B')A-i\ = 0; 
or, using to denote the operator, 

653^ + 7(73, + SDdo + , 

A-^e{AG—B')—^A-'^{AG — B*)eA = Oi 

or, observing that QA= 6J?, 

Ae{AC—&) — 16B{AG—B') = 0. 
This gives A{6BC— 14BG+ 8AD) — 16B{AC — B^) = 0; 
or finally AW — SAB G+2B^ = 0. 

We may find a generator for principiants expressed in terms of the large 
letters similar to the expression for the reciprocant generator O in terms of the 
small letters. For let P be any principiant, of weight w, which, when reduced 

to zero weight by division by J.', becomes PA * ; then 

(P^"^) 
is a principiant. But 

(P^~^) = ^"^"* {Ae — 2wB) P, 

where, remembering that A * is a principiant, (-40 — 2wB) P is one also. 
Now, the weights of A, B, G, Dj . . . . 

being 3, 4, 5, 6,...., 

we may write 

w = 3Ad^ + 4:BdB + 6Gdo+ 62)3^ + , 

and consequently 

Ae—2wB = A{6Bdjt+ TGds+ 82)9^+ 9^i>+ ) 

— 2B{^Adj, + ^BdB +5(73^+ ^Ddj, + ) 

= {^AG — f^B')dB + {iAD — 10BG)dc + {9AE—\2BD)dj, + ...., 
which is the generator in question. 
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As an ewy example of its use, suppose it to operate on AC — -B*; then 
{{7AG—S&)dj,+ {SAD—10BC)dc\{AO—B') 
=z^2B{7AO—SB') + A{SAD—10BG) 
= 8 {AW—aAB.C + 2^3) . 

The generator just obtained, 

{7A0—SB^)dB+ {SAD — 10BC)dc + (9AE — 12BD)dj> + » 

is a linear combination of Cay ley's two generators (given in Lecture IV, Vol. 
VIII, p. 222 of this Journal), which, when we write A, J?, (7, . . . . instead of 
the corresponding small letters, become 

(AC-&)dB + {AD-BG)do+{AE-BD)dj, + .... 
and {AC — 2&) d^ + (2AD — 4.BG) da + (3^^ — 6BD) di> + 

Thus we shall obtain the principiant generator by adding the second of Oayley's 
generators to six times the first. Either of Cayley's generators acting on a 
principiant would of course give an invariant in the large letters {i. e. a prin- 
cipiant), but the combination we have used has special relation to the theory of 
the generation of principiants by differentiation. 



LECTURE XXXII. 

I will now pass on to the consideration of the Principiant which, when 
equated to zero, gives the Differential Equation to the most general Algebraic 
Curve of any order. 

The DijBferential Equation to a Conic (see the reference given on p. 18, Vol. 
IX of this Journal) was obtained by Monge in the first decade of this century. 
This was followed by the determination, in 1868, by Mr ..Samuel Roberts, of the 
Differential Equation to the general Cubic (see Vol. X, p. 47 of Mathematical 
Questions and Solutions from the Educational Times). I do not consider that 
any substantial advance was made upon this by Mr. Muir, in the Philosophical 
Magazine for February, 1886, except that he sets out explicitly the quantities to 
be eliminated in obtaining the final result. These may of course be collected 
from the processes indicated by Mr. Roberts, but are not set forth by him. In 
speaking of the history of this part of the subject, I pass over M. Halphen's 

You IX. 
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process for obtaining the Differential Equation to a Conic. It is very ingen- 
ious, like everything that proceeds from his pen, but, being founded on the 
solution of a quadratic equation, does not admit of being extended to forms of 
a higher degree, and consequently, viewed in the light of subsequent experience, 
must be regarded as faulty in point of method. 

Let the Differential Equation to a curve of any order, when written in its 
simplest form, containing no extraneous factor, be ;^ = 0. It is convenient to 
give X a single name ; I call it the Criterion. The integral of the Criterion to 
a curve of order n must contain as many arbitrary constants as there are ratios 
between the coeflScients of a curve of the n^ order. The number of these 

ratios being 1 , the order of the Criterion ought to be --^ — . 

It must be independent of Perspective Projection, because projection does 
not affect the order of a curve. Hence it is a Principiant, and as such ought 
not (when y is regarded as the dependent and x as the independent variable) to 

contain either x, y or -~- (see Lecture XXIV, American Journal of Mathematics, 

Vol. IX, p. 155). 

Let £r= be an algebraical equation of the n^ order between x, y. I 
write symbolically 27= {p + qx + y)" = w", 

where the different powers and products of p, q, 1 which occur in the expan- 
sion of u^ are considered as representing the different coefficients in U] so that, 
ex. gr., if n = 3 the coefficients of 

2^, ay'x, 3y>, 3ya:», 6yx, 3y, jr«, 3a:», 3x, 1 
are represented by 

The number of terms in U is 

1 + 2 + 3 + .. ..+(«+!)== ^i^±l|!^±i^ 
The number of these containing y is 

l + 2 + 3 + ....+n = ^^(^. 

To obtain the Differential Equation we equate to zero the Differential 

Derivatives of U of all orders from w + 1 to —^ — inclusive, and from the 

^^ equations thus formed eliminate the 'T coefficients of the terms in U 
containing y. 
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All the coefficients of pure powers of x will obviously disappear under 
differentiation ; for no power of x higher than af^ occurs in U, and no differen- 
tial derivative of [7 of lower order than n + 1 is taken. 

We thus find a differential equation of the order -^ — , free from all the 

n* I 3n I 2 

— ~ coefficients of U. This equation might conceivably contain x, y and 

all the successive differential derivatives of y with respect to x. But we know 

h priori that it ought not to contain either x, y ov -j- ] and in fact we shall be 

able so to conduct the elimination that x, y and -j- appear only in the quanti- 
ties to be eliminated and not in the final result. 

Treating t^ =jp + ffa; + y as an ordinary algebraical quantity, we have, by 
Taylor's theorem, 

1.2,3,. .. r '^ = "^'^^H^ + ^^+ ^1:2 + ^« 172:3 + -'-> 

where %, Wj, 1^, . . . . are the successive differential derivatives of t^ with respect 
to X. And this result will remain true when for u^ we write Z7, meaning 

thereby that r-^r-s . -r^ will be the quantitative interpretation of the func- 

l,^,o,,,,t* Gut/ 

tion of w, Wi, 1^, . . . . which multiplies TC in the expansion of 

subject to the condition that this function shall be Jvn/ear in the coefficients of U. 
This condition can be fulfilled in only one way, so that there is no. ambiguity in 
such interpretation. Hence the equations obtained by equating to zero the suc- 

n,3 ^. 3ii 

cessive differential derivatives of U of all orders from n + 1 to — ~ — inclusive 
may be written under the form 

u + u^h'^ry^Y^ + v^ j^gTs + . . . • j = Oi 

i_ . . . .^ I « w' + 3n 

where r = 7i + l, w + 2, 7i + 3,..,. — ^ — . 

Now, using yi, ys, ys, . . . . to denote the successive differential derivatives of y 
with respect to a;, we have 
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and, in general, u^ = y, when i is any positive integer greater than 1 . Thus 

(h* h* \* 

w + WiA + y, — + ys j^gTg + j = 0; 

or, employing the usual modified derivatives a, 5, c, .... , 

CO. h"^ in {u + uji + ah^ + bh^ + ch^+ )" = 0. 

Writing now Q=zah* + bh^'\' ch^+ . ... , 

and expanding {u + Uih + Q)^ in ascending powers of Q, we have 

CO. h^ in ^{u + ujif + n{u + uJif^^^Q + "^^^^ (t« + u^hY^'q^ + . . . .| = 0, 

where, remembering that r>w, the value of co. A*" in(t* + uJiY is zero; so that, 
omitting this term, we may write 

CO. h' in |n {u + uJif-^Q + "^^^^^ {u + uJiy-'Q' +.... + Q*| = 0. 

The quantities to be eliminated will now be combinations of the various powers of 
u, Ui and 1 . Their number will be the same as that of the terms in (w, l^l, l)*"^ 

which is — ~— , the same number as that of the equations between which the 

elimination is to be performed. 

We now use {m.^i) to denote the coeflBcient of A"* in Q^ (which, since 

g = aA* + 6A» + cA*+ , 

will be independent of the combinations of u and Ui to be eliminated) , and in 

writing out the — ~— equations which result from making the coefficients of 

^n+1^ A*+^ h'"^ in 

n{u^'uJiY-''Q + '^^^^^^ .. + Qr 

vanish, we arrange their terms according to ascending values of m and f£. Thus, 
making the coefficient of h^"^^ vanish, we find 

and similarly, making the coeflBcient of ^"+* vanish, 

n«;-»(3.1) 4- n(n— l)«J-»w(4. 1) + ^"^^ «J-»(4. 2) + . . . . + («+ 2.«) = 0. 

J. ■ iU 

So in general the equation obtained by making the coefficient of A"+* vanish 
consists of a series of numerical multiples (which are independent of the value 
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of x) of «J~ V"' {$ + X, yj) where vi has all values from 1 to inclusive, and 6 



all values from 1 to n inclusive. Hence, by elimination, we find 



(2.1) 
(3.1) 
(4.1) 
(5.1) 
(6.1) 
(7.1) 
(8.1) 
(9.1) 
(10.1) 
(11.1) 



(3 

(4. 
(5, 
(6, 

(7. 

(8. 

(9. 
(10. 
(11. 
(12. 



1) 
1) 
1) 
1) 
1) 
1) 
1) 
1) 
1) 
1) 



(3.2) 

(4.2) 

(5.2) 

(6.2) 

(7.2) 

(8.2) 

(9.2) 

(10.2) 

(11.2) 

(12.2) 



(4.1) 

(6.1) 

(6.1) 

(7.1) 

(8.1) 

(9.1) 

(10.1) 

(11.1) 

(12.1) 

(13.1) 



(4.2) 

(5.2) 

(6.2) 

(7.2) 

(8.2) 

(9.2) 

(10.2) 

(11.2) 

(12.2) 

(13.2) 



(4.3) 

(5.3) 

(6.3) 

(7.3) 

(8.3) 

(9.3) 

(10.3) 

(11.3) 

(12.3) 

(13.3) 



(6.1) 

(6.1) 

(7.1) 

(8.1) 

(9.1) 

(10.1) 

(11.1) 

(12.1) 

(13.1) 

(14.1) 



(5.2) 

(6.2) 

(7.2) 

(8.2) 

(9.2) 

(10.2) 

(11.2) 

(12.2) 

(13.2) 

(14.2) 



(6.3) 

(6.3) 

(7.3) 

(8.3) 

(9.3) 

(10.3) 

(11.3) 

(12.3) 

(13.3) 

(14.3) 



(5.4) . 

(6.4). 

(7.4). 

(8.4). 

(9.4) . 
(10.4) . 
(11.4). 
(12.4) . 
(13.4). 
(14.4) . 



= 0, 



where the determinant on the left-hand side, consisting of — -~— rows and 

columns, is the Criterion of the curve of the n^ order. 

Thus in the case of the Cubic Criterion, which we shall specially consider, 
we have n= 3, and the elimination of St^, 6wxW, 3t/i, 3w*, 3w and 1 between 
the six equations 

Bvl (2.1) + 6t/it^(3. 1) + 3wi(3. 2) + 3w*(4. 1) + 3t^(4. 2) + (4.3) = 0, 
3wJ(3.1) + 6Mit^(4.l) + 3Mi(4.2) + 3ti»(5.l) + 3u(5.2) + (5.3) = 0, 
3tiJ(4.1)+6wiw(5,l) + 3t*i(6.2) + 3w«(6.1)-h3w(6.2) + (6.3)==0, 
3i^l(6.1) + 6i^w(6.1) + 3Mi(6.2) + 3tt*(7.1) + 3w(7.2) + (7.3)=0 
3r^(6.1) + 6Miw(7.I) + 3wi(7.2) + 3w*(8.1) + 3w(8.2) + (8.3) = 0, 
3ui(7.1) + 6t^w(8.l) + 3i^(8.2) + 3w»(9.l)-h3w(9.2) + (9.3)===0, 

gives the Cubic Criterion in the form of the determinant 



Remembering that 



(2.1) 
(3.1) 
(4.1) 
(5.1) 
(6.1) 
(7.1) 



(3.1) 
(4.1) 
(5.1) 
(6.1) 
(7.1) 
(8.1) 



(3.2) 
(4.2) 
(6.2) 
(6.2) 
(7.2) 
(8.2) 



(4.1) 
(5.1) 
(6.1) 
(7.1) 
(8.1) 
(9.1) 



(4.2) 
(6.2) 
(6.2) 
(7.2) 
(8.2) 
(9.2) 



(4.3) 
(6.3) 
(6.3) 
(7.3) 
(8.3) 
(9.3) 



(m.fi) = CO. hr in {ah* ■^bh* + ch*-\- )^ 

it is easy to express the Criterion explicitly in terms of a, 6, c, ... . 
Thus, since 

{ah* + bh' + ch*-{- )* = a»A*+ 2a6A» + (2ac+ 6*)A«4-(2adH- 26c)^' 

+ (2ae + 2W + c») A" + (2(^+ 25e + 20(2) ^» H- 
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and 

{ah^ + bh'+ch^ + y = aW + Sa^bh' + (3a*c + 3aJ») A* 

+ {Sa^d + 6abc + b^)h^ + 
the Cubic Criterion may be written in the form 



a 


b 





c 


a> 





b 


c 


a» 


d 


2ab 





c 


d 


2ab 


e 


2ac 4- 6» 


a» 


d 


e 


2ac + J» 


/ 


2ad+ ibc 


3a«6 


e 


f 


2ad+2&c 


9 


2ae + 2bd + <^ 


3a"c + 3oJ» 


f 


9 


2ae + 2bd-\-<^ 


h 


2a/+ ibe + 2od 


Sa*d + Qabc + b' 



in which it was originally obtained by Mr. Roberts. 

M. Halphen has remarked that the minor of h in the Cubic Criterion is the 
Principiant which he calls A (our AC — J5*) multiplied by a (see p. 60 of his 
Th^e). 

We proceed to determine the degree and weight of the Criterion of the 

curve of the n^^ order. These are the same as the degree and weight of its 

diagonal 

(2.1)(4.1)(5.2)(7.1)(8.2)(9.3)(11.1)(12.2)(13.3)(14.4) , 

which consists of — ^— factors, separable into n groups, 

(2,1), (4.1)(5.2), (7.1)(8.2)(9.3), (ll.l)(12.2)(13.3)(14.4), 

containing l,2,3,4,....n factors respectively. Now, 

(m.fi) = CO. hr in {ah* + bh'+ch* + )" 

= CO. A—*" in(a + bh + ch*-{- )^ 

and consequently (m.fi) is of degree (i and weight m — 2ft. Hence the degree 
of the Criterion (found by adding together the second numbers of the duads 
which occur in the diagonal) is 

l + (l + 2) + (H-2 + 3)4-(l+2 + 3 + 4) + .. ..+(l + 2 + 3 + .... + n) 

= 1+3 + 6 + 10+.... + ^'^ 
_ »(n + lXn + 2) 
- 6 

To find the weight of the Criterion, we begin by arranging the factors of its 
diagonal according to their weight. This is done by writing each group of 
factors in reverse order, so that the diagonal is written thus : 

(2.1)(6.2)(4.1)(9.8)(8.2)(7,1)(14.4)(13.3)(12.2)(11.1) 
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The weights of the factors are now seen to be 0, 1, 2, 3, ... . —^ 1 ; 



there being 



n^ + n 



factors in the diagonal, one of them of zero weight. Hence 



n' + w 







the weight of the Criterion is 

1 + 2 + 3 + .. .. + ( 

/n' + n - N w? + ^ 
_ V~2 V ~'2~ _ (n— l)n(n + l)(n + 2) . 
5 8 

If, in the above formulae, we make n= 2, we shall find that the degree is 
4 and the weight 3, whereas the Mongian'a'cZ — 3a6c + 26' (which is the Crite- 
rion of the second order) is of degree 3 and weight 3 . 

To account for this discrepancy, observe that in this case 
(2.1) (3.1) (3.2) a h 

(3.1) (4.1) (4.2) = h c a^ 
(4.1) (6.1) (5.2) c d 2a6 

which is divisible by a, the other factor being the Mongian, as may easily be 
verified. This is the only case in which the determinant expression for the 
Criterion contains an irrelevant factor. 

To express the Cubic Criterion in terms of a, -4, jB, (7, jD, E^ we first 

remark that its degree is ' ' =10, and its weight ' =15. Thus the 

O o 

deg. "wt. 

Cubic Criterion is expressible as the product of a" '^(10 — 15 = — 5) into a 
function of the capital letters, which we determine by the usual method of sub- 
stituting for 

a, 6, c, d, e ^ f , g , ^ i 

1, 0, 0, A, B, G, D + ^A\ E+^AB. 

When these substitutions are made, the Cubic Criterion becomes 



1 














A 


A 


B 


B 


G 


G 


D 



26 



A* 











1 





1 


A 













B 







1 





G 




2A 





2A 


^+'f 


A* 


25 





2B 


^+\^ 


AB 


2C 


3. 
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Subtracting the first column of this determinant from the fifth and reducing, we 



obtain 




A 
B 

G 



1 




2A 
2B 



A 
B 

G 

D+^A^ 
E+^AB 





A 

B 

G 




1 



3^ 



Again, subtracting the second column multiplied by A from the third and 
reducing, there results 

B 

G 



A 
B 

G 



n+^A^ 



E+^AB 




A 

B 



1 






G 



3J. 



which, after subtracting the first row multiplied by 3^ from the last and re- 
ducing, becomes 



B 

G 



D + -^A* 



G 

D + ^A» 

E+-^AB 



A 
B 

G 



-B(jOD -\--^A*G—BE—^AB^^ + c(bD + ~A*B—G*^ 

+ A(^GE+^ABG-iy'-~A*D-^A^ 

= (age— B»E— AB^ + 2BGD -G»\ — -^A (a*D — ZABG + 25»)— ^ A\ 

This expression, which is of degree-weight 16.15, instead of 10.16, must be 
divided by a* to give the correct value of the Cubic Criterion. 

(To be concluded in a avbiequaU number.) 



Sur une Classe de Nombres remarquables. 

Par Maurice d'Ocagne, 
IngSnieur des Fonts et Ghanssiesj a Rache/ort-s.-Mer, France. 



1. Les nombres que nous avons en vue, comme les coeflBcients du binome, 
comme les nombres de Bernoulli et les nombres d'Euler, jouent un role important 
dans maintes formules d'Analyse. lis ont done 6te rencontres par plusieurs 
auteurs parmi lesquels nous citerons MM. Schlomilch,* Catalan,f Cesaro.J Mais 
ils ont toujours 6t6 d^finis par ces auteurs au moyen de certaines formules 
d' Analyse dans lesquelles ils intervenaient. Nous les avons nous meme rencontres 
au cours de Tune de nos recherches.§ Aussi avons-nous pens^ qu'en raison 
de I'importance de leur role, il y avait interet a en faire une 6tude directe, en 
partant d'une definition aussi simple que possible. C'est une telle etude que 
nous allons presenter ici. On y trouvera un certain nombre de rcmarques 
nouvelles. 

Nous conviendrons d'abord de diverses notations qui doivent revenir fre- 
quemment au cours de ce travail. 

A"^ represente le produit de n nombres entiei's con^ecutifs dont le plus grand est 
m. C'est, comme on sait, le nombre des arrangements de m objets pris n a w. 
On convient, en outre, de poser A^=^ 1. Nous representerons aussi, suivant 
Fusage, A^ par p ! . 

C^ represente le quotient du produit de n nombres cons^utifs dont le plus 
grand est m par le produit des n premiers nombres. C'est le nombre des combi- 
naisons de m objets pris nkn. On convient aussi de poser CJ^ = 1 . 

*B0cherche8 sur lea Coefflcients dea Faculty ancUytiqves (Journal de OreUe^ t. 44, 1852, p. 844). 

t Sur une Suite de Polynomea entiers .... {Aesodaiion frangaiae pour VAvaneement dea Sciencea^ t. 
IX, 1880, p. 78). 

t Sur une Equation aux Diff^rencea m£l^ (NouveUea Annalea de MathhrusHquea^ 8^ S6rie, t. IV, 1885^ p. 
86) ; Diriv^ dea Fonctiona de Fonctiona (tWd., p. 41) ; Notea aur le Ccdcul iaobarique (ibid,, p. 59). 

I Sur un Algorithme alg&nique (NouveUea Annalea de MatMmatiquea, 8® S6rie, t. II, 1888, p. 220). 

Nous nous bomons d ces quelques citations bibliographiques. II serait possible assur^ment de les 
multiplier, mais les moyens nous font d^faut pour le faire d Theure oil nous ^crivons. 

VOL. IX. 
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/Si repr^sente la somme des produits deam premiers nombres pria n hn. 
Nous poserons encore /SJi = 1 . 

2. Definition des Nombres K^ . — Nous definirons les nombres que nous avons 
en vue au moyen d'un triangle arithmetique analogue a celui que Pascal a 
imaging pour definir les coefficients du binome. 

Ce nouveau triangle est le suivant 



K 




2 


8 


4 


6 


6 


7 


... 


1 


















2 




1 














8 




8 


1 












4 




7 


6 


1 










6 




15 


26 


10 


1 








6 




81 


90 


65 


15 


1 






7 




68 


801 


860 


140 


21 


1 









































dont la loi de formation s'enonce ainsi : 

Le bord vertical et le bord incline de ce triangle arithmStique sont entikremerd 
compost de 1. Ghaque nombre du triangle est egal h la somme de celui qui est 
placi immSdiatement av^dessus de lui multipliS par le numero de la cdonne dans 
laquelle ils se troxLvent tous deux, et de celui qui est situe imm^iatement h gauche de 
celui-ci. 

Nous representerons le nombre place k Tintersection de la tw""* ligne et de 
lajp**"® colonne par la notation £^,^, de sorte que 

Kl= 15, Kl=90, ^5= 140, etc 

Dans ces conditions, la loi de formation qui vient d'etre enonc6e tient tout 
enti^re dans les formules 

(irj,= i, ir~=i, 



(1) 
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On peut completer le tableau precedent en mettant des dans toutes les 
cases vides, ce qui revient k poser 

iTS^ = , lorsque p^m. 

Nous tiendrons compte de cette convention dans la suite. 

3. Certaines consequences d6coulent imm6diatement de la formule (1) . 

Par exemple, on a 

^fJi =(p- 1) Klzh + KP.zS, 



-K^-ji + 1 = ^in-p f 

et, en faisant la somme, 

(2) KP, ^pKl,^^ + (/>-!) K%,Z}, + .... + 2^^_^+i + Kl^^ . 

On a aussi 

KJH =pKP,^i + KlrX 



Kl = Klz\. 

Multipliant la premiere de ces 6galit6s par 1, la seconde par^, la troisifeme 
par^*, . . . , , la derni^re par^"**"^, et faisant la somme on a 
(3) ^5, = Kl,z\ + pKlrJ, + fKlrJz +....+ p'^-^KlzX. 

Ce ne sont pas les seules propriet6s qui puissent se d6duire directement des 
formules de definition. En voici.un autre exemple :* 
Considerons le determinant 

.... -Kro— 1 
.... Jifn 

.... -n^,»4.i 



A.= 









-'i-w + l 
^m + 2 



-S^-l^m -ffm + 1- • • • -ffjm— 8 -^m-» 
Kl^ •^^+l-^m + »' • • • -KS— » ^jSi — 1 

Laissant la premiere colonne intacte, remplapons les elements de chacune des 
autres par leur diflf6rence avec les elements correspondants de la colonne prece- 



* Voir auBsi plus loin au No. 10. 
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dente. 



Nous obtenons ainsi, en tenant compte des formulas (1), 

Kl 

Ki 2JE? zkl {m—\)K2Zl mK: 



A„ = 



SI 2Ki SKl+i 



ou 



A„=2.3.4 



m 






.{m-i)Ks;r:\ mKS^_^ 

J?"m — 1 jrm 
• • • -O-m— 1 -'^m 



KS-^ 



^+1 



Km -ffm + 1 • • • • -^»~8 -SJm— 2 

Continuant ^ op6rer toujours par le meme proc6d6, on arrive, de proche en 

proche, h, ce resultat : 

(4) A»=2.3»,4^ rre^-K 

4. Les formules (1) vont nous permettre encore de d6montrer cette intSres- 
sante proposition : 

^equation 

obt€7ive en multipliaiit les nombres de la m^^ ligne par 1, x, a:*, • • • . , faiaant la 
somme et Sgalant h Oj A toutes ses bagines b^elles. 

La proposition est 6vidente pour (^ (a;) = ; il suffit done de faire voir que 
si elle est vraie pour 4>m-i(a;)=0, elle Test encore pour 4>m(») = 0* Or, si 
r6quation ^m-i{^) = a toutes ses racines .r6elles, il en est de meme de T^qua- 
tion '4'ii»-i(a;) = a4)m-i(a;)= 0, et, par suite aussi, en vertu d'un th^orfeme connu 
qui d6coule imm6diatement du th6or&me de Rolle, de P^quation 

Mais, les formules (1) montrent que 

La proposition 6nonc6e est done d6montr6e. 

5. Pour avoir Pexpression expUdte du nombre K^ en fonction de ses indices 
TO et ^, nous ferons usage de certaines formules demontr6es dans notre Note 
sur un Algorithme algebrique. 
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Repr68entant par [oio, . . • . aj^**^ ce que devient le developpement de 
(«! + a, + . • . • + cip)^ lorsqu'on y remplace tous les coefficients par Punite, 
nous avons demontr6 que si Ton pose 

/{x) = {x — ai){x — Og) . . . . (a; — ttp) , 

on a Ko, . . . . S]^""''^ = ^^)» 

en convenant d'ailleurs de prendre 

"- "^-^ lo " m~p<0 

Or, on a, bien 6videmment, 

/' («*) = (a< — ai)(a< — a,) (a, — a4_,)(a< — a,+i) (a, — a^) ; 



done [oiOa aJ^"*-"*> = V^ 






^1^ n («! — aj)j^i^i <-i, i+1, 



<=1 



Mais, il r^sulte, toujours de la meme Note, que * 

^^=[123 pJ'^'PK 

On a done, en faisant dans la formule pr6c6dente ai = l,a, = 2,...*, ap=^p , 

^ - (1-2X1-3).... (1 -J,) + (2-l)(2-3)....(2-p) "•"•••• 

^ +.... + ^ 



•^ (i_l)(i_2) l.(— 1) {i—p) ^ (j>— l){l> — 2) 2.1 • 

Multipliant le premier terme haut et has par 1 , le second par 2 , le troisi&me par 
3, . . . . et retranscrivant la formule en intervertissant I'ordre des termes, on 
obtient 

^o; A„-^i (j,_i)!ii^(p_2)12! 

^\ ^r 2!(p — 2)1^^ ^ II (p — 1)1 
Cette formule se transforme imm^diatement en celle-ci 

(g,) jg-.^ j>"-c;(j>-ir+c^(p-2r-. . , .+(-i)^-«(^-'2>"+(-i)^-^cg-^i" ^ 

Telle est la formule qui donne expliciteraent K^ en fonction de m et de p . 

* Ce T^Bultat est d'ailleurs immediat. II est bien Evident, en effet, d'une part, que 

[123 p]<*-'>=p[138 p]<— '-^> + [123 (p — 1)]^*"'-"^; 

de Tautre, que [l]"-> = 1 , [123 nip=l . 
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EUe a d^j^ 6t6 obtenue par M. Schlomilch,* mais par une m^thode totalement 
diff6rente et quiparaitra sans doute moins simple. Apr^ la convention qui a 
6t6 faite sur les valeurs de {a^a^ .... ap]^*"""^^ pour m — ^= 0, on voit que la 
formule (5), ou sa transform6e (5'), subsiste quelles que soient les valeurs rela- 
tives de m et de ^, moyennant que Ton prenne, comme il en a deji 6t6 convenu 
plus haut (No. 2), K^zziQ pour p^m.-^ Pour m = jp, ^£= 1, et la formule 
(5') donne alors une remarquable identit6. 

6. Une autre propri6t6 de la fonetion \aya% .... aj^"*""^^ fait connaitre tr^- 
ais^ment lo, fonetion g^nSrcUrice du nombre -ff*. Nous avons, en eflfet, demontr6, 
toujours dans la meme Note que [ajo, .... Oj,]^"*""'^ est le coefficient du terme en 

— dans le d6veloppement de z rr-— — r t— ^^ — r suivant les puissances 

ascendantes de — . Ainsi 

X 

/ft\ 1 — ^ a. ^tl -4- -u :^t^ -4- 

V^^ ^x — l){x- 2) . . . . {x-p) ~ x^ "♦■ .r^+i ^ ^ x^ + «» ^ 

Dans ce d6veloppement en s6rie le rapport d'un terme au pr6c6dent est 

ou, d'apr^ la formule (6') 

x' p'^— Clip— !)•» + Ci{p— 2)'» 

qui peut s'^crire 

, y- Clt(l - !■)•*'+ Oip(l - I)""- ■ • . ■ 
^ >-<x->)"+<.-|)"-.... 

dont, la limite, lorsque m croit ind6finiment est 

JL 

X 

La s6rie sera done convergente pour 
Changeant sc en — , ce qui transforme la condition de convergence en 

X 



p 



*Ix>c. ct^M ! 1* Ce que M. Schldmilch d^signe par Cr" 8^6crit, avec nos notations, K2^k \ ce qu^il 
d^eigne par C** est, avec nos notations, S,*_i. 

t Voir au No. 15 une autre demonstration de la formule (5'). 



d'Ooagne: Sur wne Olasae de Nombres remarqvablea. 



359 



on obtient sous cette condition le d6veloppement 



(7) 
On 
(8) 



(1 — x)(l — 2a;) (1 —px) 

On tire de Ik 



^» (m— jj)lL (1— a;)(l — 2a?)....(l— px)J.=, 



7. Dans notre Note aur un Algorithme algSbrique le nombre que nous d6sig- 
nons ici par K* est d^sign^ par [lp]'"*~*^ Le nombre analogue 

[a(a+l)....(a+p — 1)]"»+*'>, 

d&ign6 abreviativement par [oy]"""*", pourra de meme etre figurl par la nota- 
tion ir^(a), et on aura 

Par suite, les nombres ^(a) seront donn6s par le triangle arithm6tique 



K{a) 




2 


8 


4 




1 












2 




1 








8 


a* 


2a + l 


1 






4 


a* 


8a* + 8a + 1 


8a + 8 


1 





















dans lequel cliaque SlSment de la p*^^ colonne est 6gal h la somme de celui qui est 
sitv& immediaiement av^dessus de lui multiple par jp + a — 1 , et de celui qui est 
immidiatement d gauche de celuird. 

Les nombres Kl{a) qui g6n6ralisent les nombres Kg jouissent de propriet6s 
tout-a-fait analogues. En particulier, on a 

^^' (x-a)(x— a— l)...(x-a-i>+l)~ a* ^ ^^^^ ^ " '^ v^ +-^ ^^" 

Nous avons fait connaitre {Joe. cit) I'expression des nombres [oj'"' au moyen 
des nombres [Ij""'. Traduisant cette fprmule ^ I'aide des notations du present 
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M6moire, aprfes y avoir remplace p par m+p, on obtient ce r&ultat remarquable 

U va sans dire, puisque K*i = pour p>ni, que la formule precMente 
s'arretera au terme en K^Si lorsque p-\-a — 1 sera sup6rieur h m . Ainsi 

= 7 + (a— l).2.6 + (a— l)(a — 2).3. 

= 3a''+3a+l. 
8. La formule (10) va nous permettre d'6tablir la condition de convergence 
de la s6rie (9). En eflfet, dans cette s6rie, le rapport d'un terme au pr^o^dent 
6tant „ _J_ irg+i(a) 

P"- X • Kl{a) ' 
les formules (10) et (5') permettront de le mettre sous la forme 
j^ pH-i-( 7 ^(p_l).»+i+ . . . ,+cU All{p+l )'+'-GUiP''+'+ a V ^-1)-^-^-. ■ . .] 
«>•» _C7^i(i'-ir +.... + C7i_i<[(p+i)- -C7i+i2>" +G*+,{p-ir -....] 

+ Gl-i^Ui [(ff + 2)"^^- c;v,(p+ 1)"+'+ Gl +. P''+'- gI U p- 1)"+^+ ....]+.... 

-\-GUAUi\ip+T -G^+iv+^r +GU,r -Gu,{p-ir +....]+.... 

Divisant haut et bas par p**, on voit que lorsque m crott ind^finiment, on a 

1 P + GUAlUl + -iy -C7,Vii>] 
ljirnp^ = —-Um —-; Vv= T" 

+GUA*^l (l + i)"""'- C^+,(l + j-y'^'+ (7»^.] + . . . . 
expression qu'on peut ^crire 

Limo - ^ Lim ^*"^'+ °^ (p + l)''+^+a»(p+2)''+^+ . . . ■+a,-,(y+a-l)''+^ 
♦^"* « p»+ai(p+l)'»+a,(p+2)»+....+a._i(^ + a-l)" 



+ +a.-^i(p+«— 1) 

+ + a,_i 

p-\-a — 1 

X 
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La fi^rie (9) sera dono convergente si 

X >jp + a — 1 . 

9. Si on multiplie les deux membres de r6galit6 (6) par {x — l){x — 2) .... (x — p) 
et qu^on en eCFectue ensuite Fidentification, on arrive h la for mule g6n6rale 

Faisant, dans cette formule, m successive ment 6gal a7w,m + l,m + 2,.... m+p , 
on obtient p+ 1 Equations lineaires en S^, S^ ,...., S^. Eliminant ces p 
quantites entre ces p + 1 Equations, on obtient la formule 

^S + p + S^f+p + l^S + p .•••^£+8 ^£+2 



(12) 









= 0. 



Ce determinant est d'une forme trfes-sym6trique. Tons les elements d'une 
parallMe quelconque k la diagonale principale sont, en effet, 6gaux entre eux. 
Les indices sup^rieurs sont les memes pour tons les Elements. Get indice com- 
mun, qui indique que tons les nombres KZ entrant dans la composition du deter- 
minant appartiennent k une meme colonne du triangle arithmetique de dSfinitioni 
est egal au nombre des Elements de chaque ligne ou de chaque colonne diminu6 
d'une unite; quant aux indices inferieurs ils d^croissent graduellement d'une 
parallMe k la diagonale principale k la suivante, quand on parcourt le determi- 
nant dans le sens de la seconde diagonale prise de gauche k droite. 

10. Nous allons faire voir que les formules (1) de definition permettent de 
demontrer directement la formule (12). 

Si nous remplapons les elements de. chaque ligne dii determinant, a Pexcep- 
tion de ceux de la premiere par lem' diflference avec les elements correspondants 
de la ligne immediatement superieure multiplies parp, nous ob tenons, en vertu 
de la formule (l), un determinant equivalent au premier et dans lequel les 
indices sup6rieurs des elements des j? derniferes lignes sont egaux kp — 1. 

Remplapons maintenant les elements de chacune des p — 1 derni^res lignes 
par leur exc^s sur les elements correspondants de la ligne immediatement supe- 
rieure, multiplies par p — 1 , Nous obtenons alors un determinant, encore 
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Equivalent au premier, et dans lequel les indices sup^rieurs des Elements des 
p — 1 derni^res lignes sont 6gaux kp — 2. 

Continuant ainsi de proche en proche, on arrive k transformer le determi- 
nant en un autre dans lequel les indices sup6rieurs des deux demiferes lignes 
sont egaux k 1. Or, d'une mani^re g6n6rale, 

Done, dans ce dernier determinant, les deux derni^res lignes sont unique- 
ment compos6es de 1 ; elles sont done semblables et le determinant est nul, ce 
qu'il s'agissait de prouver. 

11. On sait que si Ton pose 

Ai(x~)= (a + 1)* —a", 
A» (a;"*) = A^ ((x + 1)"*) — A^ (a:~) , 
A« (x~) = A» ((a + 1)*) — A> (x~) , 
etc 

on a, d'une manifere genSrale, 

AP{x'^)=:{x+p)'^-Ci{x+p-l)'^+Ci{x+p-2)'^— 

+ (_ l);>-i(7j>-i(a: +!)- + (_ i)P(7^x*. 

Faisant, dans cette formule a; = , nous avons 

AP(0~)=^~— (7p^(p— ir+ (7j(i)— 2^— +(— l)^-^(7/-il-. 

La comparaison de cette formule avec (6') montre que 

(13) A^{0^)= p\K£. 

Cette formule est trfes importante puisqu'elle montre, au coeflScient p\ 
prfes, I'identite des nombres K£ avec les nombres A'*(0") qui se rencontrent si 
fr^quemment en Analyse. Tons les r^sultats oii ceux-ci interviennent, prennent, 
grace a la definition si eiementaire que nous avons donnee des nombres K£ au 
No. 2, un caract^re de plus grande simplicite. Nous allons en donner quelques 
exemples. 

12. La formule d'Herschel qui fait connaitre la m**"® derivee d'une fonction 
^ quelconque de e*, au moyen des derivees 4>'(e*), 4>"(e*), . • . . de 4>(e*) prises 
par rapport k c* devient 

(14) D^^ie^) = Kie^q/{f) + Kl^^^\e^) + . . . . +K;:e^q>^^\^). 

La formule, remarquee par M. Cesarb,* qui donne la m*^"® difference A*y d'une 

* NouveUes Annates de Math^matigues, 1885, p. 64. 
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foQction quelcoQque, pour la difference Ax de la variable, s'6crit 

Pour y = 6*, cette formule donne, en posant Ax= z, 

1=0 

Pour y = ein jc, Ax = 2, 

(17) 2-8in-^Bin[x + ^^^)] = ^g±i8in[»+(^?4ii^].z-+^ 

Enfin, si on pose y= — etAx= — xz, la formule (16) redonne la formule 

•27 

(7) apr^s changement de z en jc, et de m en p, 

13. O'est ici le lieu de dire quelques mots des nombres de Bernoulli et 
d'Euler et de faire voir leur correlation avec les nombres KS, . 

Certains auteurs* donnent ainsi les valeurs des premiers Nombres de 
Bernoulli : 

d'autresf les 6crivent ainsi 

TO _^ ■'■ p ^ TO ^ TO ^ p " 

^1- Y^ ^»- 30"! ^«"" 42 ' ^^- 30 ' ^'-'66' 

Nous adopterons ici les notations suivantes 6galement connues et dont M. 
Cesar5, entre autres, fait usage dans sa remarquable etude sur les Nombres de 
Bernoulli et d^Euler.X k savoir 

A = 4-' ^8=0 , ^5 = ,J5,= , J5, = 

Cette manifere d'6crire les nombres de Bernoulli permet de les dJefinir par r6galite 
symbolique (J5 + 1)"— 5^ = v (r = l,2, 3,4, ) 

moyennant la convention que, dans le premier merabre, 5* doit etre remplac6 
parJ5<. 

* Voir notamment : J. A. Sbbbet, TraiU de Trigonomitrie, 5« 6dit., p. 2G0. 

J. Tanneby, Introduction d la Tfdorie des Fwictions d^une Variable, p. 192. 
t Voir DUHAMBL, Elements de Calcul infinitisimai, 8^ 6dit., t. II, p. 427. 
X Ncmv. Ann, de Math. 1886, p. 805. 
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De meme, les Nomhres d^EuIer 

Eq :^ 1 , E^ = — 1 , E^ = 5 , E^ = ^— 61 , -Eg = 1385 , . • • • 
E^ = 0, E^—0 , E^ = 0, E^=0 ,^, = , 

sont d^finis par Uegalit^ symbolique 

{E+ iy+ {E- iy=:z {v=l, 2, 3,4,5,... .). 

M. Cesar5 definit encore les Nombres uttra-henwullims par r6galite symbolique 
(S + l)''-ag^ = y (i;=0, 1, 2,3,4,....), 

et les Nomhres xtUra-euUriens par cette autre 

(l + iy + a(g- 1)^=0 (r=l,2,3,4, 6,....) 

avec la condition initiale ^o = 1 • 

Tons ces nombres jouent un role extremement important en Analyse. II 
suffit, pour s'en rendre compte, de lire le beau travail de M. Oesarb oil Ton trou- 
vera de trfes-curieuses propriet6s de ces nombres. Nous nous contenterons ici 
d'emprunter a ce M6moire les expressions de ces diverses sortes de nombres, en 
fonction des nombres Kji. 

On a 
n^\ 7? _ ^ r^l-g^.i 2!A-^,,^ 31J:«,, . (-ir(m-l)!g;?rh 

V^^^^«— yn — lL 22 2« "^ 2* ~ "^ 2'* J* 

On trouvera plus loin (No. 29) d'autres expressions de J5^. 

(19) ^„ = -i-[2.2! Jr»-2.3! Ki+ 4\K£] (Cette fonn«le«ant prolong 

1 jusqu'd ce qu^eUe s'arrdte 

+ -^[2.6! JT^ — 2.7! KJ, + 8! K^"] d'eUe-mdme, c'est-A-dire jus- 

^ qu'a ce qu'on tombe sur un 

- ^ [2. 10 ! Kio- 2. 11 ! ^^ + 12! Z2»] ^„*,t.)''"'"*' '"" "^^ 
+ 

f9n\ « - ^^r ltJr^_i 21^4-1 , . {m-l)\ Ks:z} -] 

(20) 8,--ma|_^^--3^ + ^-^-^^ + ....+ („_j^). J. 

(21) g„ = — cos d.l!Jri + cos cos 36.2! JE2 — 

+ (— 1)*- 1 cos"-^e cos (m + 1) 6.»»! -ff? 
6tant d6fini par tang* 6 = a. 

Notons encore cette formule que nous avons obtenue par transformation de 
laformule (8) du M6moire cite de M. Schlomilch, 

(22) Si = ^?.[^"-*^^";*''^- ^^P - — |§=TfP J^ip-l + • • • • 

^~ ^ '(22^-i)! ^^6^-* + + (l> + l)l ^^ + 0- 
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Nous nous bornerons au rappel de ces quelques examples, et nous allons re- 
prendre I'^tude des propri6tes des nombres K^. 

14. KeprSsentant par Fune fonction absolument quelconque, posons 



^"•="^*^— ^• 



Si nous dSveloppons le calcul pour lea premiss de ces fbnctions, dous 
trouvons Fi=F+a;F', 

Tt=:Y+ 7xT+ 6x»F"+a^r"', 
Yt=T+ 15a; F+ 26x»F"+ lOx' F"+x«F", 



Le rapprochement de ces formules et du triangle arithm^tique du No. 2 met 
bien nettement en Evidence la loi de formation des coefficients dans ces formules. 
On v6rifie d'ailleurs imm6diatement, en tenant compte de la formule (l), que la 
loi suppos6e vraie jusqu'^ I'indice m — 1, I'est encore pour I'indice m. On a 
done 

(23) Y^=Ki+,T+ £i+ixY'+ . . . . + ifr+ix— ^r«-«+ ^r^iVF'">. 

15. Cette formule est tr^ importante. Nous allons faire voir d'abord com- 
ment elle permet de retrouver I'expression (5') de jK"£. 

Pi-enons pour fonction F 

F=a;^ 
Nous avons F = A],x'~\ 

Y" =A*^'-\ 



y(»)_J«3.P-«. 

et Fi ={p+l)x^, 

y* =(i>+i)»x', 
Yj=(p+irxh 



*Faisant Y =:a^+ct-iaf-* + . . . . + aia;+.ao, 

on a F, n (i> + ira^+p^(h^iar^ + + 2''a,x + l-Oo . 

L^application successive du thtor^me de RoUe auz ^uations Fi = , Fa :r , . . . . i F» ^ permet 
d^6noncer ce thtor^me : 

Si Viquation FrrO a toutes sea raeinea r^eUeSt 

1«> Henestde mime de ViquxUion Ym = 0; 

3^ Cette demise equation a autant de ixudnes positives et autUfU de racines negatives que la premi^^e ; 

3^ Toute raciiie k^P^^ de la premiire ^luxtion^ si k^m^ est racine k — ?/i**P'« de la seconde. 
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La formule (23) donne done, dans ce cas, 

ou, en divisant les deux membres par x', 

(24) {p + 1)- = Jfi+i + Ji^+i + . . . . + A^-'^Kl^y, +.A*E:t}. 

Remarquons en passant que, si, dans cette formule, nous remplapons p par — , 

nous pouvons P^crire 

(24') (x + ar = ^+xa- + Kl^iU^^'x + Kl+^aT-^xix-a) + .... 

+ KS:^ix{x — a) ....{x — {m — l)a), 

formule qui pr6sente de Fanalogie avec celle du binome de Newton. 

Dans la formule (24), remplapons m par m — 1, et faisons successive ment 
^==0,1,2,....,^ — 1. Nous obtenons ainsi les p Equations 

2V^=^+ilii^, 



Ces p Equations du premier degre k p inconnues vont nous permettre de 
calculer ^£. Pour obtenir I'expression de cette quantity, nous emploierons 
Partifice suivant : multiplions 

la premi&re Equation par ( — ly^^G^'^^.l, 
" deuxi&me " " (— 1)^-»(7^->.2, 

'* troisi&me " *' (— l)^~'(7/'~'.3, 



" demifere " " G^.p, 

et faisons la somme des Equations ainsi transform6es, en remarquant qu'en vertu 
d'une propri6t6 bien connue des coeflBcients du binome, on a 

G'^g; - g^g;., + gig;_, _....+(_ iy--Gr''C: = o 

et, par suite, en multipliant par n I , 

G^A; - GlA^^^ + GIA;^, _....+(_ l)p--Gr''^ = 0. 



\ 

N, 
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Nous voyons alors que, dans le r^sultat final, les coefl&cients de Zi, jff^, . . . . , K^^ 
sont nuls, et qu'il reste 

Nous retrouvons ainsi la formule (5') . 

16. La formule (24') peut s'6crire 

(x + ar= si^,K:it\x^ + (/s;2-ii2ir+i - ^-iJ^stOox— ^ + . . . . 

Par comparaison avec la formule du binorae de Newton, on obtient cette identity 
g6n6rale 

(25) (7;-^ =G^^=S',^,KPJi\-SlKlX\+ . . . .+{-ir'-'Slz{KZtl 
En particulier, pour ^ = 1 

(25') m = Kl+,-l\Ki^, + 2! JTi+i- . ... + (- l)~-> - 1)! K^tl 
Si, dans la formule (24'), oi on suppose a = 1 , on fait a? = — (^ + 1), on a 

(26) {-l)y''=Kl^i-A],+ iEl^i+Ji^,Kl^i-.... + {-irA^^ 
En particulier, pour ^) = 

(26') 0=:Ki+,-l\ IP^+,+ 2\ IP^^,- . .. . +{-irml KZtl 

17. II est une autre propri6t6 des nombres K^ que la formule (23) donne 
tout naturellement. Si on prend pour fonction Y la fonction F^; de la suite pr6- 
c6dente, la fonction Y^ correspondante sera la fonction Yi;+„ de cette suite. La 
formule (23) donnera done, dans ce cas, 

y»+* = Ki+i Y, + Ki+rxYi, +.... + ^:+x«— ^ n-" + ^nix-rr 

Mais la meme formule donne aussi 

y*= ^»+ir+ Kl+ixY'+ .... + irj+,x*-^F'-^> + Kttl^Y^''- 
D6rivant m fois cette dernifere, en appliquant, pour avoir les derivees successives 
des produits tels que a*F*^, la rfegle connue de Leibnitz, puis portant les valeurs 
obtenues pour F^, F/, F^", . . . . , F^"*^ dans I'expression ci-dessus ecrite de Y^^j^, 
on obtient, en developpant le r6sultat obtenu par rapport k F, xF', a:*F", • . . • 
et en identifiant avec Pexpression de F„»+x: donn6e directement par la formule 
(23), ridentit6 g6n6rale que voici 

r ^,+iirit\ 

(27) Kli^,+r=: -| + Ki+r(Kl+\ + CIA]_,K\+, + GlA\Kit\) 

+ 

I +I^iVii^^+i+0\A\Kl+^ + G\AirQ+, + ... . + GU\K),X\). 
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Cette formule permet d'exprimer un nombre quelconque K^, au moyea de la 
double suite K^^^ ^^\ . . . . , iHL' ^t K^,,, -ffir^, . . . . , -Kl"i ^^ supposant 
w' + m" = m + 1 . II suffit, en effet, pour cela, de remplacer, dans la formule 
pr6c6dente, m + Z; + 1 par m, i + 1 par jp, w -f 1 par m', et A; -f 1 par m". 

18. On retrouve encore les nombres K^ dans d'autres suites d'operations 
analogues k celle du No. 14. Afin que la confusion ne soit pas possible avec 
celle-ci, d&ignons maintenant par y une fonction quelconque de x, et posons 
successivement dy 



y.=x^y-^ 



dx 

Cette seconde suite d'op6rations a d6ji 6t6 consid6r6e par M. Cesarb.* Le 
calcul successif de yi, y,, ys* • • • • nxontre, d'une fapon analogue h celle du No. 
14, que 
(28) y^=Kixi/+Klu^f+. . . . +K:,xy^\ 

Designant par Z une fonction quelconque de jc, consid6rons encore les fonc- 
tions definies par la suite d'op6rations 

Z, =xZi + dx^"^' 

Zm = xZ^_x + ^ »'2»_i. 

Oalculant les valeurs des premieres fonctions on trouve 
Zi=(a;+l)Z+a;Z', 

Z, = (a^+3x+ l)Z + (2x4- 3)a^'+a»Z", 
Zs = (ar'+ 6!B» + 7a; + 1) Z + (3a» + 12a; -|- 7) xZ' + (3x + 6) q?Z"-\-^Z"\ 

On se trouve done ainsi conduit ^ la loi remarquable exprimde par 
(28r Z^ = 4>„+x(x)Z + %^^ xZ' + ^%^ «»^"+ .... 

1 , 2 .... w 
• JVouv. Ann. de Math. 18S5, p. 30. 
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en posant, comme au No. 4, 

On v6rifie, en eflfet, en tenant compte des relations (1), que cette loi suppos^e 
vraie pour I'indice m — 1 , Test encore pour Tindice m . 

19. Les formules (23) et (28) sont susceptibles de nombreuses applications, 
principalement k la recherche de certains d6veloppements de fonctions. 

Supposons que la fonction /(x) soit, pour certaines valeurs de la variable, 
developpable suivant les puissances de x par la formule 

/(ar) = ao + aiX + a%x^ + + ajfic^ + . . . . 

Si nous poson8/(a;) = Fet que nous appliquions la formule (23), en remarquant, 
pour calculer ce que devient le second membre, que si F= »^, on aT^=^{p+ !)"*»'' ; 
nous obtenons 

(29) K^^if-hKi+ixf +....+ JS^tlx^f'^' 

= Oq. 1* + ai. 2*a; + +<h(P+ ^T^^ + 

Posant de meme /(x) = y, appliquant la formule (28) en remarquant que 
y^^zip'^x^ pour y = x^, et divisant, au resultat, les deux membres par a, on a 

(30) Kif+Klxf'+ .... +Jr5B"*-y^">=ai.l"*+a,.2~a; + . . . . + app"a:^-^+ .... 

On obtient encore ce dernier resultat en posant/' (x) = Y, et calculant F„_i 
par la formule (23). 
Comme on a 

f^^{x) = ^X + A^^ia^^ix + + A^^jfl^^^^ + , 

si on pose /**^(x)= Fet que Ton calcule ensuite Y^ par la formule (23), cela 
donne 

(31) ^.+1/'*^ + Kl^ixf^-^'^ +.... + ^:l:Ix"/«+-^ 

Cette formule comprend les deux pr6c6dentes comme cas particuliers. 
Une remarque importante se place ici. Dans le dernier d6veloppement le 
rapport d'un terme au pr6c6dent est 6gal a 

{p+n){p + n-l)....{p + l) {p + ir _an^ 

{p + n—l){p + n—2) p ' p"^ 'a„+p-i 

ou 



X 



(i + iLVi + JLV^.^, 

\ p/\ p/ a„+p_i 



X 

\ p/\ p/ a„+p_] 
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dont la limite, lorsque p croit indefiniment, est 6gale k la limite de 

Si doDC, on a choisi une valeur de x telle que 

Lim-^^^a;<l, 

de fapon k rendre convergent le developpement de/(x), cette valeur de x rendra 
egalement convergent les d6veloppements (29), (30) et (31). 

Cette remarque une fois faite, nous pouvons en toute security faire des 
applications des formules precedentes. 

20. Prenons d'abord/(a;) =€'. Dans ce cas, on a, quel que soit a, 

X 3? X^ 

*'~^"*"T"^r:2 + — + 1.2.... p + — 

D'ailleurs toutes les deriv6es de ef 6tant 6gale8 ^ cette fonctipn, les formules 
(29), (30) et (31) conduisent toutes au meme r6sultat que voici 

(32) e'{Kl+i+ KI+IX+ .... + KZtl^) 

Si, remplapant, dans cette formule, e* par son developpement 6crit plus haut, on 
fait I'identification des deux membres, on tombe sur la formule (24). 
Si, dans cette meme formule, on fait x= 1, et que Ton pose 

Ki^, + Ki^^ + .... + ^:ti = i.+i, 

on a 

(33) ei«+,= l-4-^+-^ + .... + ^^±^ + .... 

M. Oesarb, qui a obtenu cette formule, attribue la propri6t6 qu'elle exprime 
k savoir que la serie du second membre est 6gale k un multiple entier du nombre 
6 , ^ M. Dobinski. 

21. Arretons-nous un instant aux propri6t6s des nombres i„^ si intimement 
li6s aux nombres K^ . 

La formule (33) donne les identites 

2»»— 1 Om— 1 

eL^ =1— i+__ + l__-f. 



1! ' 2! 

om— 8 qm— 2 

eL, =1 +^ +^ +. 
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qu'oa peut 6crire 

eL^ — II + 21 "^ 3! "^ ' 

-i«— 1 2*'*'"^ ^^"^ 



«-^»-i=^n- + -or- + 



II ' 2! ' 3! 



T 1.2,3, 



e-i-t- jj + 2j +.31 -I---" 
Multiplions ces «i + 1 derni^res %alit6s respectivement par 

/TO pi /nrm— 1 /nrm 

'^»> '^»» • • • ■ ) t/m } ^i») 

et faisons en la somme en remarquant que 

ClflT + Ci.a— ' +.... + Gl-^a + CSa" = (a + 1)". 
II vient, en posant, par convention Xo = 1 , 

om om Am 

ou, en comparant avec la formule (33), 

(34) . GIL^ + ^U.-i +.... + Gl-^L, + GlLo=:L^^,. 

Cette formule permet de calculer les nombres Z^ par voie r6currente en partant, 
par convention, de i© == 1 • 

EUe peut s'ecrire symholiquement^ 

(340 X'»+^ = (i+l)^ 

Sous cette forme, elle a 6t6 donnee sans demonstration par M. Oesarb.* On 
trouve pour Xi, Zg, Z^, .... les valeurs 

1, 2, 5, 15, 52, 203, 877, 4140, 

Appliquant, en partant de la formule (34') les principes du calcul symbolique, 
M. Cesarb a d6montre, entre autres curieux resultats, que Ton a 

(35) ^"/=^ + ^T + ^A + ^«r:i^ + ---- 

Nous ferons remarquer que cette formule peut s'6crire 

(35) 6-= 1 + Aiog(i4.x)+ A [;iog(i 4. «,)]»+ ^-^ [log (n-x)]» + . . . . 

*N(mv. Ann. de Math. 1886, p. 89, formule (5). 
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La formule (35) fait connaitre la fonction g^n^ratrice des nombres L^. On a 



J _ r arer "^ -j 

L da"* J«=o* 



22. Prenons maintenant fix) = :: . 

Nous avons, pour x<C 1 , 

-1- = 1 + X + a:*+ +x^+.... 

1 — X 

Done, si nous posons :; = Y, nous avons, pour «< 1 , par application de 

1 — X 

la formule (29), 

w^; i_x ^ n_a;)« ^ — + /i_5p\«+i — ^ T-^ ^^'-'-i^JP * ^ — » 

et, par application de la formule (30), 

(37) (l^)i + (i^3 + ....+ ^~-§.+l==l»+2-x+....+i>-x''-> + .... 

Cette derni^re formule a 6t6 donate par M. Catalan.* L'identification des pre- 
miers membres des formules (36) et (37) donne 

GiIil+^-l\Gi.,Kl+,+ 2lKi+,:=l\ Gl_,Kl-2\ Gl_,Ki+Z\Ki, 
d'une mani^re g6n6rale, 

(38) ^(-l)'t!(7*-'.^J4\=:^(-l)*(*+l)!C^-U^i+^ • 
i=o . «=o 

et en outre 

iTi+i- 1! Ki+^+2\ Ki+j-. . . . + (-l)"m! KZt\-0. 

Nous avons d6j^ trouv6 cette dernifere formule ; c'est la formule (26'). 
Quant k la formule (33), elle donne, toujours pour les valeurs de x< 1, 

^"""f (1 — »)»+» + " (1— x)»+» + "^ (1 — a;)» + "'+^ 

= ^1" + Al+i2'x +.... + ^2+1 (P + !)"«" + . . . . 

*^88bciationfran^i8ep(>ur VAvancement dee SdenceSf Reims, 1880, p. 78. 
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Nous pourrions multiplier les exemples d'application des formules (29), (30) et 
(31); mais nous nous en tiendrons a ce qui pr6cfede. 
23, Con8id6rons I'^quation difFerentielle lin6aire 

(40) Ki+^ +Ei+,{x + a) J + Kl^^{x + ay^ +.... 

EUe appartient a un type que I'on soit int6grer en amenant T^quation par le . 

changement de variable 

a; + a = e' 

k n'avoir que des coeflBcients constants. Mais elle pr6sente une particularity 
digne de remarque, k savoir que I'fiquation alg6brique, qui r6sout T^quation 
diff6rentielle lin6aire k coefficients constants k laquelle elle conduit, a toutes ses 
racines egales. Nous allons mettre ce fait en Evidence. Calculant les premi&res 
d6riv6e8 de y par rapport a a; au moyen des d6rivees par rapport a <, on trouve 

^^^^^ dx dt\ 

(x + a) ^-^^ -3^ + 2 ^ , 
On est done conduit i poser 

Pour ddterminer les coeflBcients Aj, ^ , ^_i, faisons 

y={x+ay. 
II vient alors 



^=p{p-l)....{p-m + l){x + ay--, 

§=i>*^ = /(»'+«)''. 

et la formule pr^c^dente donne, apr^s suppression du facteurp(j:H-a)'' commun 

auz deux membres, 

{p-l)ip-2)....(p-{m-l)) 

=i>'-^+ Xii)"-»+ X,2>"-»+ . . . . + K-*P + K-i- 
On d6duit de IS, que a< = (— lySl^i. 
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dt 



= ^(e*— a), 



Par suite, 

(41) (x + ar|^ = ^-;Sl._x^ + .... + (-ir-^-S':zl 

Cette formule transforme F^quation (40) en celle-ci 

+ -^ 

ou, en se r6f6rant ^ la formule (25), et posant <^ (e* — a) = 4>(<), 

Pour int6grer cette 6quation, on commencera par int6grer l'6quation priv6e de 
second membre. L'6quation resolvante de celle-ci est 

1 + 01^+01^ + .... + 0^:- v-^ + 0-* = 

ou (l+z)*=o, 

ainsi que nous Tavions annonc6. 

L'int^grale g6n6rale de I'^quation priv6e de second membre sera done, 
Ci, ci, . . • . , c„» designant des constantes arbitraires, 

e, + <^ + cJ? + .... + ejr-^ 

y- -^ • 

On en d^duirait Pint^grale g6n6rale de P^quation pourvue du second membre 
4>(<), en y ajoutant I'int^grale particulifere de cette dernifere, que permet de former 
la m6thode de Oauchy. 

Nous avons tenu & developper sur cet exemple la m6thode classique, ^ cause 
de la particularity que r^v^le, dans ce cas, Tapplication de cette m6thode, mais 
on voit tout de suite que P^quation (40) pent etre integr6e par des quadratures 
successives. 

En eflfet, nous n'oterons rien ^ la g6n6ralit6 de I'^quation (40) en y faisant 
a = , et en T^crivant 



d'Ocagne: Sur une Glaese de Nombrea remarqvables. 375 

Or si, nous comparons cette Equation k la formule (23), nous voyons qu'en repr6- 
sentant par T l'int§grale cherch6e, on a 

r* = ^(a;). 

Par suite, ^ tr ^ / \ 

^a;r„_, = 4>(x). 

D'oii, par integration «r„_,=/4,(x)cfa, + c„ 

De meme, de proche en proche, 



r=i-/i./. . . . l/»(.)&+'^<'°«'')'"+'^P°f "+■-+"', 

les signes / 6tant au nombFe de m . 
Prenons comme exemple le cas oil 

m = 2 ^{x) = ^^,. 

On tombe ainsi sur VExercice No. 520 de Prenet.* On a alors 

/ dx _ 1 
{l—xf~l — x' 

xj (!—«)» "~ »(!—«) "V*" 1 — a;' 

Par suite, I'intfigrale g6n6rale correspondante sera 

C'est sous cette forme que Frenet Fa obtenue par la methode ordinaire. 
Nous ferons observer qu'il est plus simple de T^crire 

— l0g(l — g) +Ci logX + Cg 
X 

24. Nous allons maintenant faire connaitre une formule, source de nom- 
breuses identit^s, que nous appliquerons a plusieurs exemples, et qui nous 

* RecueU d^Exereices sur le Ckdcul infinUSsimaly 3® Mit , pp. 244 et 815. 
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donnera, en particulier, diverses propriSt^s des nombres K^,. Certaines de ces 
propri6t6s, a leur tour, uous conduiront ^ diverses expressions des nombres de 
Bernoulli. 

/(n) repr6sentant une fonction quelconque du nombre entier n, posons 
/i(n) =/(l)+/(2) + ....+/(n), 
A{n) =/,(!) +/i(2) + . . . . +/i(7i), 



/*+! W =/*(!) +/»(2) + . . . . +Mn). 

Un calcul de proche en proche qui n'offre pas la moindre difficult^ montre 
que 

(42) /,+i(n) = GU^1J{1) + GU,^J{2) +.... + Glf{n). 

Telle est la formule que nous avons en vue. Si on salt, d'une autre mani^re, 
pour une fonction /(n) donn6e, exprimer /a^i(7i), cette formule fournit une 
identity. Nous allons en donner des exemples. L'un d'eux aura trait aux 
nombres K^. 

25. Faisons d'abord 

/(n) =G\ = ru 
Nous avons alors 

/i(n) =G\ +G\ +.... + C7i =Ci+i, 

/,(«) =C\ +(7| +.... + C7i+i=CU., 



et la formule (42) donne 

(43) ^m+i=^S+»-i + 2C7i+*_,+ .. ..+nC». 

26. Faisons maintenant 

fin) = a«-». 
Nous avons alors 

(a-l)/i(«) =a»-l, 

(a-l)/,(n-l) = a— »-l, 



(a-l)/i(l) =a-l, 

et en faisant la somme 

(a — l)/,(n) =«^~i— «' 

d'oil (a — l)y, (n) = a"+^ — a — n (a — 1) , 

(a — 1)*/, (n — 1) = a» — a — (n — l)(a — 1), 

(a - l)y, (1) = a» - a - (a - 1), 



d'Ocagnb: Sur une Glasse de Nomhres remdrqvxihles. 377 

et, en faisant encore la somme 

(a _ IfMn) = a» 1^ - „a - "^^^^ (a - l), 
ou (a - l)y, («) = a»+» - a» - C7ia(a - 1) - C7» +i(a - 1)'. 

En continuant ainsi de proche en proche, on arrive ^ la formule suivante 
(a-l)*+V*+i(n)=a-+*- [«*+ Cia'-^a-l) 

+ Cl+^a!'-*{a-\y+ . . . . + C7J+,_i(a-l)*]. 
La formule (42) donne done, dans ce cas, 
(44) (a-l)*+^[(75+,_,+ C*+t_,a+.... + C7»a»-T 

[a*+ ^V-^(a-l)+ (7« +,«»-»(«-!)«+... . + C7*+»_i(a-l)»] . 



= a»+*— 



Pour a= 2, cette formule devient 



(45) C7J+t-i+ 2C7*+»_,+ . . . . + 2»-^(7| 

= 2«+*-[2*+2*-^CJ. + 2*-»C7»+,+ .... + CS+*_J. 
Pour a = — 1 , 

(40) 2*+^[C7J+*_,- (7S+,_, + .... + (- l)»-^Ca 

= (- 1)»-^ + [1+ C7i2+ C71+,2'+ . . . . + GU,-^n . 
27. Nous allons maintenant, en faisant 

/(n) = n- 
rencontrer des proprietes des nombres K^^. 

Reprenons les formules obtenues au No. 15, en faisant jp = 0,l, 2, 3.... 
dans la formule (24) oh on remplace m par m — 1. Ces formules peuvent 
s'ecrire, en multipliant les deux membres de la 1*" par 1 , ceux de la 2*°^® par 
2, .... , ceux de la n**°*® par n, 
l"=:(7}jrjL, 

3«= G\Kl+2\ G\Kl+ 3! GlKl, 



^n 



Faisant la somme, nous avons* 
(47) l'»+2-+....+n-=/x(n) = l!C»+iir|L+2!C7»+i^„+....+ n!C»ti^;. 

Continuant un calcul analogue de proche en proche on trouve 
(470 /^+i(«) = 1! ClXW,Kl+ 2! Gi\U,Kl+. ...+»! CmtX^l' 

*Si on avait n >m, le second membre s^arreterait eyidemment au terme n\ C'^^^K^ . La formule 
(47) n^en est pas moins g6u6rale, puisque nous avons fait la conyention de prendre £* = pour n'^m. 
Mdme remai-que pour les formules suivantes. 
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La formule (42) donne alors 

(48) ^i+*-il" + ^i+*-.2" + .... + ^^"= 1! citUi^ 

+ 2! Clt\+,El + . . . . +n! CZtttl^l' 
On peut, pour /(n) = n", obteuir /»+i(n) d'une autre mani^re. II suffit, en 
effet, tout simplement, de remplacer m — 1 par m dans les formules du No. 15, 
dont nous venons de parler. Cela donne 

1-= ClKi+i, 

3-=(7^,+i+l! G\Kl,+,+ 2\ GIKI+,, 

d'ou, par addition, 

(49) 1»+ 2»+ .... +nr=Mn) = GlKi+i+ 1 ! GiEl+,+ .... 

+ (n-l)!C:Jri+i. 

Be proche en proche, toujours par le meme proced6, on arrive h. 
(49') /*+x(n)= GitlJn.+1+ll Git\Ki+i+ .... +(n-l)I Gltl^^U,. 
La formule (42) donne alors 

(50) C»+,_,l"+ C7*+*_,2-+ . . . . + (7Jn- 

= Git\^„+i + 1 ' Gtt\Kl,+,+ . . . . + (n- 1)! (7:t*^:+i. 

Enfin, une troisifeme m^thode se pr6sente pour le calcul de/t+i(n), en supposant 
toujours /(n) = n". 

En efFet, la formule (26) donne 

= Ki+,-l\G\Kl+, +2\GlKUi -....+{-irmlGZKZXl 
(-l)- = ^,+i-l! GlKl+i +2! G\Ki+, _.... + (_!)«„,! G:i+^Kttl 

(-kr=£il',-\\GU^Kl+[+2^^^^^^ 
En additionnant ces 6galit4s, on a 

(51) (- 1)- [1- + 2» + . . . . + n"] = (- l)"/i (n) 

= C7i+,/a+i-l! (7i+,^„+i+ . . . . + (-l)«7»! Gzn+iKZtl 

Faitont successivement dans cette formule n=l, 2, 3, ....,n, plapant en 
outre, en tete des 6galit6s ainsi obtenues, la formule (26*), et additionnant, on 
trouve 

(-i)y2(«) = c7U,n+i- 1! Gu,Ki^,+ . . ..+(-!)•«! c::i:i+,ir:ti. 
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Oontinuant ainsi, de proche en proche, eu faisaut intervenir k chaque fois la 
formule (26), on arrive finalement au resultat que voici 

(51') (- i)y*+x(«)= ^iti+i^M+i- 1 ! ciXU*Kl+i + . • . . 

Par suite, la formule (42) donne 

(52) C5+»_il"+ C* ^t_,2-4- . . . . + CJn» 

= (- l)*[C7UUi^«+i- 1 ' C*tl+»^»+i + • . • • 

28. Si nou8 faisons encore 

/(n)=2n-l, 

nous avons /i (n) = 1 + 3 + 5 + . . • . + 2n — 1 = /i*. 

Done, en posant f{^) = ^*» 

on a /*+i(^)=/i(w). 

Or, /jfc (n) c'est yi(n) du No. pr6c6dent en supposant wi = 2 . On a done, 

d'apr^s la formule (47') ou on a remplac6 h par h — 1 , 

/*+i(») =/i(n) = 1 ! ^Ui^ + 2! (7i:t'* 
= GiX\-{-iGiX\ 

La formule (42) donne done 

(53) (7S+*_i+3(7S+*_,+ 5C7i+»_,+ ....+(2n-l)CJ = C*t'*+i+C7*t\. 

Si au lieu de la formule (47') on prend (49'), en y remplapant encore Te par 
Te — 1 , on a pour le cas actuel 

/.+i(«)= CU,.^K\+l\GiX\-xK\^-2\ GlXl-xK\ 

= Ci+._, + GIX\_,+ 2{GlX\-i + c^n-i) 

On retombe done sur la formule (53) . 

Enfin la formule (51'), toujours apr^ remplacement de k par h — 1, et 
pour ffi = 2, donne 

f,^,{ri) = GUicK\-l\ GlX\+xKl-{-2\ GlXU,Kl 
= <?»+k — 3c7^^fc^i+ 2C/^^A^.g 

= 2{GIX\+*- Gix\+x)-{cilX\+^- cu.) 

= ^n + k+lH"(^n + fc + l ^n + fc) 

On est ainsi encore ramen6 ^ la formule (53). 
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29. Ba adoptant la d6finition des nombres B^ de Bernoulli, que nous avons 
admise au No. 13, en vertu de laquelle 

5i=— , ^8=0 , ^5=0 , B^=0 ,...., 

on salt que J5« est le coeflBcient de n dans le d6veloppement de 

5^=1~+ 2~+ + vr 

suivant les puissances de n. 

Or, la formule (47) donne 

^ _ii JTi (^ + 1)^0- 9t /r« (^ + l)^(n— 1) , o, j^ (n + l)n(n— l)( n— 2) ^ 

^» — Ai A»i — 21 *" "* 31 r ^- ^m ^ ►"•••• 

On en deduit, en prenant le coeflScient de n, 

(54) 5,„_ -2 3- + -4 • •.. + (- 1) — ^y- • 

La formule (49) donne k son tour 

^ -in A4-i!jr» ^— IJ-LotTT^ n(n-l) (n-2) 

On en deduit de meme 

^&5j //„_ J - 2 + 3 -•••• + (-1) -m^i' 

Enfin la formule (51) donne 

d'ou Ton tire 

(56) B^= (_i)»^i^,+(_i)»+i J| jTH.^^ + (_ i)»« |i^Bl^,4-. . . .+ ^iE^:ti. 

Cette dernifere expression est moins commode pour le calcul que les deux pr§c6- 
dentes. 

On trouvera dans une Note, qui va paraitre cette annee au Bulletin de 
hi Socike mathematique de France, d^autres applications de la formule (42^. 



Extraits de deux Lettres addressees a M. Craig. 

Par M. Hermite. 



SUR LA FORMULE DB FOURIER. 

* * * * Je suppose qu'on ait entre les limites a = 0, a; = 2^ : 

f{x) = 2^.6«*-, 
rindice m parcourant la s6rie des nombres entiers, 0, =fc 1, zfc 2, etc. D6com- 
posons maintenant cette s6rie en deux autres, et soit : 

1 



Mix 



<D(a:) = -2 A + 2^«6' 
(m= 1, 2, 3, ) 

(7n= 1, 2, 3, ) 

de sorte qu'on aura : . f{x) = <!>(») + * {x). 

Je vais 6tablir que dans le demi plan situ6 au dessus de Taxe des abscisses, 
c'est ^ dire pour toutes les valeurs imaginaires, z^^x-^- iy ouy est une quantity 
positive difFerente de zero, on a cette expression : 

* ("^^ = ^0 /(^) ^^* ^' ^^• 
Et semblablement si Ton suppose y n6gatif : 

ce sera done I'extension de chacune des fonctions, dans les regions consider^es, 
qu'on obtient au moyen de f{x) , et en employant les seules valeurs r^elles de la 
variable qui sont comprises entre a; = et x = 271. 
Pour cela je fais usage des relations suivantes : 



£ 



Mia r ' ^ ^ 



e«« cot — ^r— dx = iiTte^^'^f 



cot Q c?g = 2in, 



£ 



e-»<*cot%-^<ia = 0, 
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qui ont lieu pour m positif, la variable z repr^sentant un point dont rordonn^e 

est positive. Biles font voir que dans Tint^grale / /(2c)cot — ^dx^ les termes 

affect^s des coefficients A^ oil Pindice est nfigatif, disparaissent, et nous en con- 
cluons imin^diatement I'expression annonc6e : 

On a ensuite, dans la region inferieure du plan, m 6tant toujours un entier 
positif: X>cot'-=-'&,= o, 



r 



2 
cot -^^ efa = — 2f7f , 



e""*** cot ^-^ da? = — AiTte" "^, 
2 

et ces relations nous donnent : 

A la formule de Fourier : 

je joint ainsi la fonction uniforme dans tout le plan : 

qui a Taxe des abscisses poxu* coupure, de sorte qu'en designant par N et N' deux 
points infiniment voisins, Tun au dessus Tautre au dessous de Taxe, on a la rela- 
tion : 4> (i^ — <D {N^) = /{x) . 

Je remarquerai encore que la consideration de cette coupure donne imm6diate- 
ment les int6grales d^finies qui viennent d'etre employees. Qu'on pose en efiTet : 



j^r^ 



e*"cot — — dxy 



^'"^^ • /e— =jr'><--') cot ^ efe, 

on trouve d'abord : D, (Je*"*^) = . 

So it done 3^"^-=. (7, I'expression de cette oonstante par Tint^grale montre 
qu'elle s'6vanouit pour z infiniment grand et au dessous de I'axe des abscisses ; on 
a par consequent (7=0 dans le demi plan au dessous de cet axe. Pranchissons 
la coupure, TintSgrale en passant du point W au point N Paugmente de Mn^ et 
dans le demi plan au dessus de la coupure, on obtient 

d'oii: J=4t7te"*'. 

Mais j'ai suppos6 Tentier m positif et different de z6ro; on trouve quand il est 
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nul, cot — ^ = — iTf, ou + wt, pour une valeur infinie de 25, au dessous puis 

au dessus de Faxe des abscisses, et Ton en conclut alors, /= — 2in, /= + 2in 
pour chaucun des demi plans. Le cas de m n6gatif, se traiterait le meme. 

Additions. 

En donnant communication i M. Lipschitz des r^sultats qui pr6c6dent, j'ai 
6t6 inform^ qu'ils se trouvaient 6tablis par une autre voie,. dans son ouvrage 
Lehrbuch der Analysis, T. II, p. 724. La note suivante expose la m6thode suivie 
par rillustre g6ometre. 

Soit f{x + iy) une fonction uniforme et continue pour toutes les valeurs 
a; + iy , oii a:* + y*< 1 , et qui prend pour a? + iy = une valeur r6elle, en outre 
soit d68ign6 par g{x + iy) la fonction, qui est conjug^e a/(x + iy). Alors pour 
chaque valeur x-^-iy^ Tint^rieur du cercle a^ + y'< 1 , on a Pexpression 

/(- + iy) = -4£(/W + !'(^'-))(i=s=-.V+¥) - "^) *'• 

En remplapant la variable complexe x + iy par la fonction exponentielle e*", la 
variable nouvelle (a doit avoir une partie imaginaire positive, et P^quation pro- 
posee prend la forme suivante : 

>•(«'") = ^£(/(«") + 9 («-'-))(rd^- -\)^- 

La demonstration est ramenee au theoreme de Cauchy k I'aide de la remarque 
que le second facteur, qui se trouve sous le signe int6gral, pent etre 6crit 

i Ve'" — e^ 2 c" /' 

i Ve-'«— e-*-~ 2 e-*« J' 
Cela 6tant I'int^grale propos6e se trouve 6gale h la somme des deux int6grales 

En appliquant le th6orfeme de Oauchy on voit facilement, que la premiere int6- 

grale prend la valeur /(e^) ^/(O), la seconde integrale la valeur -— gr(o) . A 

cause de la supposition, que /(O) doit etre une quantity r6elle, la difference 
s-/(0) + -^ fl^ (0) s'6vanouit. Partant, la somme des deux int6grales s'6gale S. 
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la valeur/(e*"), ce qu^il fallait prouver. Si Ton fait usage de PSquation 

1 1 \ /a — io\ 

i^:?^ - T = ^ ^^*« \r-¥-) ' 

le resultat en question passe dans la forme suivante : 



SUR UNE FORMULE DE GaUSS. 

Dans le m6moire intitule : De nexu inter multitudinem classium, etc. (OEuvres 
de Gauss, T. II, p. 269), on trouve I'expression suivante du nombre des valeurs 
entiferes de x et ?/ qui satisfont a la condition : cc* + ^ = J. . 

Soit r rentier contenu dans \/A, et q Rentier contenu dans W^-l- ^.j desig- 



nons aussi par r^^+^\ r^^+*^ .... les entiers les plus voisins de ^A — {q + 1)*, 
\/-4 — (q+ 2)^ . . . . , jusqu'a \/ A — r^; le nombre cherch6 est : 

V+ 1 + 47-+ 8 [r^^+i) + r<^+«)+ + r^'"^]. 

Pour d6montrer cette formule je reraarquerai d'abord qu'on obtient facile- 
ment le nombre des points dont les coordonn6es sont des nombres entiers et qui 
sont a I'interieur d'un rectangle ayant ses cotes parallfeles aux axes et son centre 
^ Porigine. Nomraons la base et la hauteur 2a et 26, soit ensuite ^ et gr les 
entiers contenus dans a et 6, le produit {2p + l){'2q + 1) sera le nombre du 
points consideres qui sont a TintSrieur et sur le contour du rectangle. 




Cela pose, inscrivons un carr6 dans le cercle x* + y* = J. , on aura 



OA = AB = ^yA, 



et si Ton designe par q Tentier contenu dans \/ — J. , le nombre des points qui 
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8ont dans le carr6 et sur son contour, sera (2^ + !)*• U faut maintenant y 
joindre ceux qui se trouvent dans les quatre segments egaux ^ BMB] et dont 
voici remuneration. 

Sur AMno\\& avons en premier lieu les points dont les abscisses sont: q+1, 
<2 + 2, . . . . r, r d6signant conune plus haut I'entier contenu dans V-^; l^ur 
nombre est par consequent, r — q. 

A ces diverses abscisses correspondent les ordonn6es : 

V^_(^+l)^ ^A-{q+2)\ .... sTT^^, 

et en employant la notation de Gauss, nous avons sur la premiere un nombre de 
points 6gal ^ r^«+*>, sur la seconde a r^^+^\ etc.; done dans le segment BMB\ un 

nombre ^gal h, : 

r — q+2 [r(^+i> + r<«+») + + r^*"^] . 

Quadruplons cette valeur et ajoutons a celle que nous avons obtenue pour le 
carr6 inscrit, on trouve la quantite 

{2q + l)«+ 4(r — j) + 8 [r^^+D + r<^+»^ + + 7^^>], 

qui se r6duit a I'expression de Gtiuss : 

4^ + 1 + 4r + 8 [r<«+^> + r^^+*> + + r^'"^]. 

D'une manifere toute semblable s'obtient le nombre des points contenus a Tinte- 
rieur et sur le contour de Fellipse : 

Ay'+B:x^ = N. 
Soit h, cet effet, en d^signant par E{x) Rentier contenu dans x: 

nous avons cette formule dont celle de Gauss est un cas particulier : 
4a/? + 1 + 2(a + b) + 2(x.+i + a:.+,+ . . . . + x,) 
+ 2(y^+i+y^+,+ + y^). 

Sur l'Expeession du Sinus par un Peoduit de Facteurs primairbs. 

La formule suivante qui a ete donnee pour la premiere fois par M. Weier- 
strass: tt f/^ ^ 



sin x=zxn [A ^ V ] (ti = di 1 , ± 2, ), 
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conduit facilement a une expression semblable pour cos a;, au moyen de T^qua- 

tion sin 2a? 

cos a; = -z— — . 
2 am a; 

Soit en effet, m=:dbl, ±3, ±6, etc., nous pouvons 6crire : 

sin X = xTl[{l - ^y^ n [(l - ^)e^] ; 
tons les facteurs de sin x se trouveront ainsi mis en Evidence dans sin 2a:, on en 

Mais on pourrait d^sirer parvenir £b cette expression, en partant de la relation 
cos X = sin (— + xj , c'est ce que je vais faire au moyen d'une remarque sur la 
formule g6n6rale : j^^^^ _ jj rA _ ^N ^.(.)-| ^ 

oh les polynomes P„ {x) sont de degr6s quelconques. 
Changeons X en a; + ^, et employ ons Tidentit^: 

on aura d'abord : 

F(. + £) = n [(l - A)(, _ ^,).—']; 

divisons ensuite membre i membre avec r6galit6 : 

J'(^=n[(l--^)e''-«)] 
et nous obtiendrons la formule 

D'une manifere semblable, et en partant de la relation : 

F{x) = xTl [(l - -|-)e''-^*^], 
on trouverait: 

^=(l+^)n[(l-^)e'.™]. 

Mais ce r^sultat applique a sin a?, en supposant f = ^ , donne Texpression 
suivante : 

(n = zbl, ±2, etc.) 
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qui ne coincide pas avec la formule obtenue tout-sb-rheure : 

cos X = n r^l J e^^'l . 

On remarque toutefois qu'en posant m= 2n — 1 , les facteurs exponentiels 

e»» et e^», tendent vers la meme limite, lorsque le nombre entier n augmente, 
mais la diff6rence entre les deux resultats doit etre expliquee ; voici une consid- 
eration qui liivera toute diflBculte ! 

Reprenons P^quation dont se tire 1' expression de sinus par un produit de 
facteurs primaires : 

cot X = h > r 1 1 ; 

(n = =b 1, ifc 2, ), 

et d'oii on conclut en changeant x en x + ^: 

cot(x + a = -^ + y r-TET — + — 1- 

^ ^ aj + c ^i-/La? + c — wr n;rJ 
Retranchons membre k membre avec I'egalit^: 

cot a = h 7 r 1 1 » 

a Amm/La — rue nn J 

oii a d6signe une constante arbitraire, on aura ainsi : 

cot (a; + ^) — cota = — r-^ h 7 [—7-^= 1> 

et plus simplement : 

cot (a; + ^) — cot a = > \—r-E 1 » 

^ ^' ^-^La?-f-f — nn a — nnJ 

en supposant maintenant n = 0, ifc 1 , dz 2, etc. 
De la se tire si nous integrons depuis x = : 

et par consequent : 

smc L\ rnz — f/ J 

La quantite a dans cette formule est quelconque, on pent meme la prende 
6gale ^ zero. Qu'on mette h. part en effet le facteur correspondant a n = qui 

est seul ^ consid^rer dans ce cas f 1 + "f- j^""^? on observera que pour a = la 
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difiR&rence cot a s'^vanouit, de sorte qu'on obtient alors : 

4±S = (. + i)n[0--l->^]. 

Ce r^sultat conduit en supposant ^ = -^ , a I'expression consideree plus haut : 

— 0-^)n[0-i^,)«"-]. 

Je change ensuite g en f + -^ et a en a + -^ , on trouve ainsi en posant 

2 2 

m = 2n — 1 : 

cos;r L\ mn — f/ J 

(m = ±1, =b3, ±5, ), 

d'oii pour ^ = et a = : 

cos a? = n rfl j e"*''! . 

On voit done que les deux expressions diflferentes que nous avions remontr^es 
s'accordent, puisqu'elles ne sont que des cas particuliers d'une formule plus 
g6n6rale. 



l\po Broofs of Cauchy^s Theorem. 

By F. Franklin. 



The following proofs of Cauchy's theorem that / wdz has the same value 

for any two paths joining the points 1 and 2, provided that «£? is a uniform and 
continuous function of 2 (= ac + i) throughout the area included between those 
paths, are very simple; and I think they have the merit of more pointedly 
turning on the fundamental property that dw/dz is independent of the direc- 
tion of dz than do the proofs usually given. 

l^ Let the integral be taken along a certain path, and let the path be 
slightly deformed ; denote the effect of this deformation by 8 ; then 

8 I wdz = / ^ {wdz) = / Sw.dz + I w.8{dz) =^ j 8w.dz-{- j wd{8z) 
= [i£?iz]i + / {hw.dz- — hz,dw) 

= / {hw.dz — hz . dw) , 

since hz is zero at the points 1 and 2. All this is true whether t(? be a function 
of z or merely a function of x and y. But ii w is a function of z, uniform and 
continuous in the region in question, 8w/8z^= dw/dz, or hw.dz — &.dt/? = 0; 
hence the deformation does not affect the integral. This proves the theorem. 

2^. Consider an infinitesimal contour, c , containing the point z© • ^t the 
point Zo l^t «/? = Wq, and put z=:zo + ^,«^? = «^o + <i«>« Then 

/ lodz = / {wq + G))d^=^WQ I d^ + I od^ 
since I d^ is obviously 0. Now, if tc is a function of z (uniform and continuous 
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in the region considered), o/^ is constant, = A say, around the contour by the 
fundamental property already referred to ; hence 

/«&=^Xr«=i-^jrd(r)=o. 

Thus the integral taken around an infinitesimal contour vanishes. Hence, by 
addition, the integral taken around any contour vanishes, and the theorem is 
proved. 

Strictly speaking, what was proved about / tt?dfe is not that it is absolutely 

p, but that it is an infinitesimal of a higher order than the second ; but this is of 
course suflScient for the purpose. 

It may be added that neither of these proofs depends on the fact that 
a := cc + iy ; they are equally applicable if z is any function of x and y , and w a 
function of 2; z and w being supposed uniform and continuous in the region 
concerned. 

Baltdiorb, Feb. 19, 1887. 
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